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Abstract

The concept of Boehmian was motivated by the so called regular operators introduced by
T.K.Boehme. The construction of Boehmians is similar to the construction of field of quotients.
Several integral transforms have been extended to various class of Boehmians. We study here
Kamal transform and extend it to Strong Boehmian space. This Kamal tranform is 1-1 and
continuous in the space of Boehmians. Inverse Kamal transform is also defined.
2010 Mathematics Subject Classifications: 54C40, 14E20, 46E25, 20C20.
Keywords and phrases: Kamal Transform, Convolution Theorem, Boehmians, Distribution.

1 Introduction
Boehmians have an algebraic character of Mikusinski operators and do not have any restriction
on the support. Here we discuss the Kamal transform defined by [11] on certain space of
Strong Boehmians. Definition and some properties of Kamal transforms are given. The Kamal
transform was introduced by Abdelilah Kamal [11] and many properties are discussed in [10, 13].
Some application related to population growth and decay of Kamal transform are given in[3].
Khandelwal [13] discussed Kamal transform and Kamal decomposition method for solving
system of non linear PDE. Also Alomari and Kilicman[7] studied generalized Hartley-Hilbert and
Fourier-Hilbert transform and extended them to a class of Boehmians. Al-omari [6] studied the
distributional Elzaki transform and gave the extension to Boehmian space. The application of
Natural transform and Boehmians [5] is also studied by Al-omari. Sudhansh Aggarwal [2, 3]
gave application of Kamal transform for solving voltera integral equation, population growth
& decay problems. S.K.Q Al-omari [6] gave application and the relation between Boehmians
and Elzaki transform. E.R. Dill & P. Mikusinski [9] defined the concept of Strong Boehmians
& its applications. The concept of Mikusinski operators was defined by T.K. Boehme[8]. R.
Roopkumar & E.R. Negrin [17] discussed the unified extension of Stieltjes and Poission transform
to Boehmians.

The Kamal transform of f(t) is defined by [11]

K[ f (t)] = F(v) =

∞∫
0

f (t)e−t/v dt J1 ≤ v ≤ J2(1.1)
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over the set of functions

(1.2) A = { f (t) : ∃M, J1, J2 > 0 | f (t)| < Me|t|/J j if t ∈ (−1) j × [0,∞)}.

We denote the usual convolution of f and g by

(1.3) ( f ∗ g)(x) =

∫
R+

f (x − t) g(t) dt.

The Kamal transform of the convolution product is given by

(1.4) K( f ∗ g) = K( f ) · K(g).

General properties of Kamal transforms:

1. If α, β ∈ R and K[ f ] = F(v) and K[g] = G(v) then Kamal transform is linear.

K[α f + βg] =

∞∫
0

(α f + βg) (t) e−t/v dt

= α

∞∫
0

f (t) e−t/v dt + β

∞∫
0

g(t) e−t/v dt

= αK[ f ] + βK[g]
= αF(v) + βG(v).

2. If f (t) = eat, sin at, cos at then corresponding K[ f (t)] is given by
v

1 − av
,

av2

1 + a2v2 ,
v

1 + a2v2

For more properties see [11].

2 Strong Boehmians
We study Strong Boehmians [4, 9] and General Boehmians [5]-[8]. Let I+ is the set of positive
real numbers and F denote the Schwartz space of test functions φ with compact supports over I+

and η(Ω) be the space of all infinitely differentiable functions over Ω where Ω= [1,∞)× I+. The
dual of η(Ω) is η′(Ω) consists of distributions of compact supports. Let f ∈ η(Ω) and φ ∈ F the
convolution of f and φ is given by

( f #φ)(x) =

∫
I+

f (α, t) φ(x − t)dt,(2.1)

where α ∈ [1,∞).
Let µ(I+) be the subset of F of the test functions such that∫

I+

φ(x) dx = 1.(2.2)

The pair ( f , φ) or ( f /φ) of functions such that f ∈ η(Ω) , φ ∈ µ(I+) is said to be quotient of
function denoted by ( f , φ) or ( f /φ) if and only if

{ f (α, x)}#{βφ (βx)} = { f (β, x)}#{αφ (αx)},(2.3)

for all α, β ∈ [1,∞)
or we define

f (α, x) # dβ φ(x) = f (β, x) # dα φ(x),
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where

dβ φ(x) = β φ(βx),
dα φ(x) = αφ(αx).

We use both the definitions whenever we required. Two quotients ( f , φ) and (g, ψ) are said to
be equivalent that is ( f , φ) ∼ (g, ψ) if and only if

f (α, x)#βψ (βx) = g (β, x) #αφ(αx),(2.4)

α,β ∈[1,∞).
Let the set be denoted by

B = {( f , φ)|∀ f ∈ η(Ω) , φ ∈ µ(I+)}.(2.5)

Then the equivalence class [( f , φ)] containing ( f , φ) is called Strong Boehmian. The space of
all such Boehmians is denoted by L (η, µ, #) is called as space of Strong Boehmians. Following
conclusions are given in [9]

1. Let φ, ψ ∈ µ(I+) then φ # ψ ∈ µ(I+),
2. Let f ∈ η(Ω) and φ ∈ µ(I+) then f # φ ∈ η(Ω),
3. Let (f,φ) ∈B and ψ ∈ µ(I+) then

( f #ψ, φ#ψ) ∈ B and ( f , φ) ∼ ( f #ψ, φ#ψ).(2.6)

4. If φ ∈ µ(I+) then for α≥1 αφ(α x) ∈ µ(I+),
5. Let ( f , φ) ∈ B, z > 0 and h(α, x) = f (α + z, x) and ψ = zφ(zx) then

(g, ψ) ∈ B and (g, ψ) ∼ ( f , φ).(2.7)

Further the operation of addition and scalar multiplication in L (η, µ, #) are defined in the usual
notation as,

(2.8)
f
φ

+
g
ψ

=
f #ψ + g#φ
φ#ψ

, λ ·
f
φ

=
λ f
φ
,

f
φ

#ψ =
f #ψ
φ
.

The above operations are well defined in L and hence L is a vector space.
Let

DP = (
∂

∂x1
)P1(

∂

∂x2
)P2(

∂

∂x3
)P3 · · · (

∂

∂xN
)PN(2.9)

where P = (p1, p2, · · · , pN) and p1, p2, · · · , pN are nonnegative integers for
f
φ
∈ L (η, µ, #) define

Dp(
f
φ

) =
Dp f
φ

, where Dp is well defined operation on L . A sequence of Strong Boehmians {yn}

is said to converge to a Strong Boehmian y if y =
f
φ

and yn =
fn

φ
for some f , fn ∈ η & φ ∈ µ(I+),

n ∈ N and fn → f uniformly on compact subset of Ω as n→∞.

3 General Construction of Boehmians
Mikusinski introduced a new class of generalised function space called Boehmian space, which
is suitable for extending integral transforms. The construction of Boehmian space and its
convergence is given in [15] The construction of Boehmians consists of following elements:

1. A set Γ,
2. Commutative semi group(S,⊗),
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3. An operationF: Γ × S→ Γ such that for each x ∈ Γ and φ1, φ2 ∈
a
⊂ S xF(φ1 ⊗

φ2) = (xF φ1) ⊗ (xF φ2),
4. (a) A collection

a
⊂ S such that if x, y ∈ Γ , φn ∈

a
xF φn = yF φn

∀n⇒ x = y,

(b) If φn ∈
a

and ψn ∈
a

then φn⊗ψn ∈
a

,
a

is a set of all delta sequences.

Consider

B = {(xn, φn) : xn ∈ Γ, φn ∈
i
, xnF φm = xmF φn ∀m, n ∈ N}.(3.1)

If (xn, φn), (yn, ψn) ∈ B xnFψm = ymFφn ∀m, n ∈ N we say that (xn, φn) ∼ (yn, ψn).The
relation ∼ is an equivalence relation in B.The space of equivalence classes in B is denoted by
LB(Γ, S ,

a
). Elements of LB(Γ, S ,

a
) are called General Boehmians.We define a mapping which

is a canonical mapping between Γ and LB as x → xF φn/φn.
In LB(Γ, S ,

a
) there are two type convergences

1. A sequence qn in LB(Γ, ρ,
a

) is said to be δ convergent to q in LB(Γ, S ,
a

) denoted by

qn
δ
−→ q if there exist a delta sequence δn such that ( qnF δn), ( qF δn) ∈ Γ and for all k,n

∈ N ( qnF δk)→ ( qF δk) as n→∞ in Γ,
2. A sequence ( qn) in LB(Γ, S ,

a
) is said to be

a
convergent to q in LB(Γ, S ,

a
) denoted by

qn

a

−→ q if there exist (δn) ∈
a

such that (qn − q)F δn ∈ Γ ∀n ∈ N and
(qn − q)F δn → 0 as n → ∞ in Γ.

Following lemma is an equivalent statement for δ- convergence given by [17]

Lemma 3.1. qn
δ
−→ q (as n→ ∞ ) in LB(Γ, S ,

a
) if and only if there exist fn,k, fk ∈ Γ and δk ∈

a

such that
qn = [ fn,k/δk] q = [ fn/δk]

and for each k ∈ N fn,k → fk as n→ ∞ on Γ.

4 Kamal Transform of Strong Boehmians
Theorem 4.1 (Convolution theorem). Let f ∈ η(Ω) and φ ∈ µ(I+) then

K( f # βψ(βx))(ξ) = K( f (x)) · βK(ψ(βx))(4.1)

= f̂ (ξ) · βψ̂(βξ).

If onwards we define

f (α, x) # βψ (βx) = f (α, x)# dβ ψ(x),

where,

dβ ψ(x) = βψ(βx)

Then,

K( f # dβ ψ) (ξ) = f̂ (α, ξ) · dβ ψ̂(ξ),

where f̂ and ψ̂ are Kamal transforms of f and ψ.
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Proof. By using definition of Kamal transform, Fubini’s theorem,

K( f (α, t)# dα ψ(x))(ξ) =

∞∫
0

f (α, t) dt

∞∫
0

dα ψ(x − t)e−x/ξ dx(4.2)

=

∞∫
0

f (α, t) dt

∞∫
0

α ψ(αx − αt) e−x/ξ dx.

Put αx − αt = z i.e x =
z
α

+ t and dx =
dz
α

to get(4.3)

K( f (α, t)#dαψ(x))(ξ) =

∞∫
0

f (α, t) dt

∞∫
0

αψ(z) e−( z
α+t)/ξ dz

=

∞∫
0

f (α, t) dt

∞∫
0

αψ(z) e−
z
αξ · e−

t
ξ dz

=

∞∫
0

e−
t
ξ f (α, t) dt

∞∫
0

αψ(z) e−
z
αξ dz

= f̂ (α, ξ) · dα ψ̂(ξ),
which completes the proof of the Theorem.

Now we define the images of Kamal transform of Strong Boehmians.

Definition 4.1. Let
a

1(I+) or
a

1 be a set of delta sequences such that ψn ∈ µ(I+) and suppose
ψn⊂(0, γn) γn > 0, γn → 0 as n→ ∞.
Let m(I+) be the set of images of Kamal transforms of all µ(I+) elements and

a
2(I+) be the set

of Kamal transform of all delta sequences from
a

1 for f ∈ η(Ω) and ψ̂ ∈ m(I+) we define the
operation ~ as

f (α, ξ) ~ ψ̂(ξ) = f (α, ξ) da ψ̂(ξ) as ∈ [1,∞),
from which we see that

f ~ ψ̂ ∈ η(Ω) as f ∈ η(Ω) and da · ψ̂ ∈ m(I+).(4.4)

Lemma 4.1. 1. If φ̂n, ψ̂n ∈
a

2(I+) then ψ̂n ~ φ̂n ∈
a

2(I+) ∀n ∈ N
2. Let f , g ∈ η(Ω) and ψ̂n ∈

a
2(I+) such that

f (c, ξ) ~ ψ̂n(ξ) = g(d, ξ) ~ ψ̂n(ξ)(4.5)
then f (c, ξ) = g(d, ξ) ∀c, d ∈ [1,∞).

Proof. 1. φ̂n, ψ̂n ∈
a

2(I+) we find the sequences φn, ψn ∈
a

1(I+).
Since φn #ψn ∈

a
1(I+), we get

(4.6) K(φn #ψn) = φ̂n(ξ) · ψ̂n(ξ) = φ̂n ~ ψ̂n ∈
a

2(I+) ∀n ∈ N [by(4.4)].

2. Let ψ̂n ∈
a

2(I+) where ψ̂n is delta sequence daψ̂n → 1 hence ψ̂n → 1 as n→ ∞
f (c, ξ) ~ ψ̂n(ξ) = f (c, ξ) daψ̂n(ξ) → f (c, ξ) as n→ ∞,(4.7)

g(d, ξ) ~ ψ̂n(ξ) = g(d, ξ) daψ̂n(ξ) → g(d, ξ) as n→ ∞,(4.8)
from (4.7) and (4.8) f (c, ξ) = g(d, ξ) ∀ξ ∈ I+ c, d ∈ [1,∞), which completes the proof.
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Lemma 4.2. The mapping η(Ω) ~ m(I+)→ m(I+) defined by

f (α, ξ) ~ φ̂n(ξ) = f (α, ξ) daφ̂n(ξ)(4.9)

satisfies the following properties:

1 φ̂n ~ ψ̂n = ψ̂n ~ φ̂n for every (φ̂n), (ψ̂n) ∈
a

2(I+) then

( f + g) ~ φ̂n = f ~ φ̂n + g ~ φ̂n,

2 If f ∈ η(Ω), (φ̂n), (ψ̂n) ∈
a

2(I+) then

( f ~ φ̂n) ~ ψ̂n = f ~ (φ̂n ~ ψ̂n),

3 If f ∈ η(Ω), (φ̂n), (ψ̂n) ∈
a

2(I+) then

( f ~ φ̂n) ~ ψ̂n = f ~ (φ̂n ~ ψ̂n).

Theorem 4.2. The following are true

1 If fn → f in η(Ω) and ψ̂ ∈ m(I+) then fn ~ ψ̂→ f ~ ψ̂ as n→ ∞,
2 If fn → f in η(Ω) and ψ̂n ∈

a
2(I+) then fn ~ ψ̂n → f as n→ ∞.

Proof. 1. ψ̂ ∈ m(I+) fn, f ∈ η(Ω) then

(4.10) |Dk
ξ( fn(α, ξ) ~ ˆψ(ξ) − f (α, ξ) ~ ˆψ(ξ))| = |Dk

ξ · da ψ̂(ξ) ( fn − f )(α, ξ)| → 0.

As n→ ∞ in η(Ω), therefore fn ~ ψ̂→ f ~ ψ̂.
2. φ̂m

a
2(I+) then da φ̂n(ξ)→ 1 as n→ ∞ implies

(4.11) |Dk
ξ( fn ~ ψ̂n(ξ) − f (α, ξ)| → |Dk

ξ( fn(α, ξ) − f (α, ξ)| → 0 as n→ ∞.

Hence fn ~ ψ̂n → f , which completes the proof.
The General Boehmian space LB(η, m,

a
2, ~) or LBis constructed. We give some properties

of sum, scalar multiplication, differentiation as

[
fn

φ̂n
] + [

gn

ψ̂n
] = [

fn ~ ψ̂n + gn ~ φ̂n

φ̂n ~ ψ̂n
], α[

fn

φ̂n
] = [

α fn

φ̂n
].(4.12)

[
fn

φ̂n
] ~ [

gn

ψ̂n
] = [

fn ~ gn

φ̂n ~ ψ̂n
],Dα[

fn

φ̂n
] = [

Dα fn

φ̂n
].(4.13)

Now we are concerned with the Strong Boehmians which are described by the set (η, #) and the
subset (µ, #) with the family

a
1 of delta sequences such a space is denoted by L (η, (µ, #),

a
1, #)

or simply by L .This space preserve the operation of addition, scalar multiplication,differentiation
and the convolution.

Definition 4.2. Let f ∈ η(Ω) and φ ∈ µ(I+) we define the Kamal transform of the Strong Boehmians
[ fn/φn] in L by

γ̃[
fn

φn
] = [

f̂n

daφ̂n
] ∈ LB where LBis General Boehmians.(4.14)

Theorem 4.3. The Kamal transform γ̃ : L → LB is well defined.
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Proof. Let [
fn

φn
], [

gn

ψn
] ∈ L are such that [

fn

φn
] = [

gn

ψn
]. Then

fn(α, x) # dβ ψn(x) = gn(β, x) # dα φn(x).(4.15)
Apply the convolution theorem on both sides of (4.15)

ĝn

dβ ψ̂n
=

f̂n

dα φ̂n

Hence

γ̃ [
fn

φn
] = γ̃ [

gn

ψn
],(4.16)

which completes the proof.

Theorem 4.4. (ψn), (φn) ∈
a

1(I+) and f , g ∈ η(Ω) then mapping γ̃ : L → LB is one-one.

Proof. Now by (4.16)
γ̃ [ fn/φn] = γ̃ [gn/ψn] in LB.

Therefore
f̂n(α, ξ) ~ ψ̂n(ξ) = ĝn(β, ξ) ~ φ̂n(ξ),

f̂n(α, ξ) dβ ψ̂n(ξ) = ĝn(β, ξ) dα φ̂n(ξ),

K( fn(α, x) # dβ ψn(x)) = K(gn(β, x) # dα φn(x)).
Since Kamal transform is one-one.

fn(α, x) # dβ ψn(x) = gn(β, x) # dα φn(x)

⇒
fn(α, x)
φn(x)

∼
gn(β, x)
ψn(x)

⇒ [
fn

φn
] = [

gn

ψn
],

which completes the proof.

Theorem 4.5. γ̃ : L → LB is continuous with respect to µ convergence.

Proof. Let yn → y ∈ L by using the convergence concept in µ in L [[9], [Theorem (2.6)]], we

have φ for all yn such that yn = [
fn

φ
] y = [

f
φ

] and fn → f as n→ ∞

Hence f̂n → f̂ as n→ ∞

⇒
f̂n

dαφ̂
→

f̂
dαφ̂

as n→ ∞

Therefore γ̃ yn → γ̃ y as n → ∞ in LB.

Definition 4.3. Let z = [ f̂n/dα φ̂n] ∈ LB then we can define γ̃−1 of γ̃ by

γ̃−1z = [
fn

φn
] ∈ L .

We can prove that γ̃−1 is well defined,linear,continuous w.r.t. δ convergence.
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Theorem 4.6. The mapping γ̃−1 : LB → L is well defined.

Proof. Let
[ f̂n/daφ̂n] = [ĥm/dbψ̂n] a, b ∈ [1,∞).

Then
f̂n(a, ξ) ~ ψ̂m(ξ) = ĥm(b, ξ) ~ φ̂n(ξ).

By(4.4)

f̂n(a, ξ) db ψ̂m(ξ) = ĥm(b, ξ) da φ̂n(ξ),(4.17)

therefore by Theorem (4.1)

K( fn(a, x) # db ψm(x)) = K(hm(b, x) # da φn(x)).

Hence

fn(a, x) # db ψm(x) = hm(b, x) # da φn(x),(4.18)

which completes the proof.

Theorem 4.7. The mapping γ̃−1 : LB → L is linear

Proof. Let [ f̂n/daφ̂n], [ĥn/dbψ̂n] ∈ LB & c ∈ [1,∞).
Then by (4.4)

γ̃−1{[ f̂n/daφ̂n] + [ĥn/dbψ̂n]} = γ̃−1{
f̂n(a, ξ) dbψ̂n(ξ) + ĥn(b, ξ) daφ̂n(ξ)

daφ̂n(ξ) # dbψ̂n(ξ)
}(4.19)

= [
fn(a, x) # dbψn(x) + hn(b, x) # daφn(x)

daφn(x) # dbψn(x)
]

= [
fn

φn
+

hn

ψn
]

= γ̃−1[ f̂n/daφ̂n] + γ̃−1[ĥn/dbψ̂n].

We can also prove that
γ̃−1[ ˆc fn/daφ̂n] = c γ̃−1[ f̂n/daφ̂n],

which completes the proof.

Theorem 4.8. The mapping γ̃−1 : LB → L is continuous w.r.t. δ convergence.

Proof. Let xn → x in LB

Therefore,
xn = [ĥn,k/daφ̂k] x = [ĥk/daφ̂k]

and
ĥn,k → ĥk as n→ ∞.

Applying inverse Kamal transform

hn,k → hk as n→ ∞

⇒ hn/φn → f /φn as n→ ∞,

which completes the proof.
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5 Conclusion
In this paper we defined the Strong Boehmians for Kamal transform and defined a mapping from
Strong Boehmians to General Boehmians. Also we defined the convolution and inverse transform
from General Boehmian to Strong Boehmians. An attempt is made to define Strong Boehmian
with some references.
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