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Abstract

The concept of Boehmian was motivated by the so called regular operators introduced by
T.K.Boehme. The construction of Boehmians is similar to the construction of field of quotients.
Several integral transforms have been extended to various class of Boehmians. We study here
Kamal transform and extend it to Strong Boehmian space. This Kamal tranform is 1-1 and
continuous in the space of Boehmians. Inverse Kamal transform is also defined.
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1 Introduction

Boehmians have an algebraic character of Mikusinski operators and do not have any restriction
on the support. Here we discuss the Kamal transform defined by [11] on certain space of
Strong Boehmians. Definition and some properties of Kamal transforms are given. The Kamal
transform was introduced by Abdelilah Kamal [11] and many properties are discussed in [10, 13].
Some application related to population growth and decay of Kamal transform are given in[3].
Khandelwal [13] discussed Kamal transform and Kamal decomposition method for solving
system of non linear PDE. Also Alomari and Kilicman[7] studied generalized Hartley-Hilbert and
Fourier-Hilbert transform and extended them to a class of Boehmians. Al-omari [6] studied the
distributional Elzaki transform and gave the extension to Boehmian space. The application of
Natural transform and Boehmians [5] is also studied by Al-omari. Sudhansh Aggarwal [2, 3]
gave application of Kamal transform for solving voltera integral equation, population growth
& decay problems. S.K.Q Al-omari [6] gave application and the relation between Boehmians
and Elzaki transform. E.R. Dill & P. Mikusinski [9] defined the concept of Strong Boehmians
& its applications. The concept of Mikusinski operators was defined by T.K. Boehme[8]. R.
Roopkumar & E.R. Negrin [17] discussed the unified extension of Stieltjes and Poission transform
to Boehmians.

The Kamal transform of f{t) is defined by [11]

(1.1) KIf(®)] = FOv) = f fe™dr L <v<
0
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over the set of functions

(1.2) A ={f@):AIM, J,J, >0 [f@O < M"i if te(~1) x[0,c0)}.
We denote the usual convolution of f and g by
(13) (9w = [ fa-ngmar
R+

The Kamal transform of the convolution product is given by

(1.4) K(f +g) = K(f)- K(g).
General properties of Kamal transforms:

1. If @, € Rand K[f] = F(v) and K[g] = G(v) then Kamal transform is linear.

Klaf +Bg) = f (@f +Bg) (e di

0
a f f(Hye ' de+ B f g(t)e " dt
0 0

aK[f]+BK[g]
= aF(v) + BG(v).

av2 v

2. If f(z) = e”, sinat, t th ding K[f(#)] is given b , )
f(t) = e”, sinat, cos at then corresponding K[ f(¢)] is given yl—av T2 22 1o

For more properties see [11].

2 Strong Boehmians

We study Strong Boehmians [4, 9] and General Boehmians [5]-[8]. Let I, is the set of positive
real numbers and .% denote the Schwartz space of test functions ¢ with compact supports over I,
and 77(Q2) be the space of all infinitely differentiable functions over Q2 where Q= [1,00)x I,. The
dual of n(Q) is 17/(Q) consists of distributions of compact supports. Let f € n(Q2) and ¢ € .¥ the
convolution of f and ¢ is given by

2.1 (f#e)(x) = f fla, 1) ¢(x — ndr,
L

where a € [1, ).
Let u(1,) be the subset of .% of the test functions such that

2.2) fqb(x) dx = 1.
Iy

The pair (f, @) or (f/¢$) of functions such that f € n(Q) ,¢ € u(l,) is said to be quotient of
function denoted by (f, ¢) or (f/¢) if and only if
(2.3) {f(a, )Be (B0} = {f (B, O)}#{ad (ax)},

for all @, B € [1, o)
or we define

fla, x)#dg p(x) = f(B, %) #do (),
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where

dp p(x) = B P(Bx),
do ¢(x) = a gp(ax).
We use both the definitions whenever we required. Two quotients (f, ¢) and (g, ) are said to
be equivalent that is (f, ¢) ~ (g,¢) if and only if

(2.4) Sla, )#HBY (Bx) = g (B, x) # a ¢(ax),
a,B €[1,00).

Let the set be denoted by
(2.5) B ={(f,PIVf €n€)), ¢ € u(l,)}.

Then the equivalence class [(f, ¢)] containing (f, ¢) is called Strong Boehmian. The space of
all such Boehmians is denoted by .Z(n, u, #) is called as space of Strong Boehmians. Following
conclusions are given in [9]

1. Let ¢, ¥ € u(1,) then ¢ # € u(l,),

2. Letf e n(Q2) and ¢ € u(l,) then f # ¢ € n(Q),

3. Let (f,¢) € Z and ¢ € u(l,) then

(2.6) (fp, ¢#p) € B and  (f,¢) ~ (f#Y, p#p).

4. If ¢ € u(1,) then for a>1  ad(a x) € u(l,),
5.Let(f,¢) € B,z>0 and h(a,x)= f(a+z x)and ¥ = z¢(zx) then

2.7) (g¥)e# and (g,¥)~ (f.9).

Further the operation of addition and scalar multiplication in .2 (1, u, #) are defined in the usual
notation as,
_[Hurgte [ A f, _ f#

, A L Lgy =
Py ¢ o ¢ ¢

The above operations are well defined in . and hence .Z is a vector space.
Let

(2.8) g +

& |00

P _ iPl iPZiP3... iPN
(2.9) D _(6x1) (axz) (ax3) (6xN)

where P = (py, p2, -+, py) and py, pa,- -+, py are nonnegative integers for {;j € L, u,#) define
f,_D'f

DP(=) = —, where D” is well defined operation on .Z. A sequence of Strong Boehmians {y,}
P P q g

¢
is said to converge to a Strong Boehmian y if y = £ and y, = % for some f, f, e n & ¢ € u(l,),

n € N and f, — f uniformly on compact subset of Q as n —co.

3 General Construction of Boehmians

Mikusinski introduced a new class of generalised function space called Boehmian space, which
is suitable for extending integral transforms. The construction of Boehmian space and its
convergence is given in [15] The construction of Boehmians consists of following elements:

1. AsetT,
2. Commutative semi group(S,®),
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3. An operation %: I' x S — I' such that for each x € ' and ¢y, ¢, € A\ C S x k(¢ ®
$2) = (x K ¢1) ® (x K ¢2),
4. (a) A collection A\ c S such that if x,y e T', ¢, € A x Kk ¢, = yk o,
Vn= x=y,

(b) If ¢, € A and ¢, € \ then ¢, @y, € A, A is a set of all delta sequences.

Consider
(31) % :{(xna¢n):xner’¢n€Aaxn*¢m:xm*¢n ¥Ym,n € N}.

If (Xp, ), O ¥n) € B Xk = yukp, VYm,n € N we say that (x,,$,) ~ (v, ). The
relation ~ is an equivalence relation in % .The space of equivalence classes in % is denoted by
LT, S, \). Elements of %5 (T, S, /\) are called General Boechmians.We define a mapping which
is a canonical mapping between I and %5 as x — x % ¢,,/,.

In %4 (T, S, /\) there are two type convergences

1. A sequence g, in Z(T,p, /\) is said to be ¢ convergent to g in 2 (T, S, /\) denoted by

e 5 g if there exist a delta sequence ¢, such that ( g, % d,), ( ¢ % J,) € I' and for all k,n
€ N(g,%0)— (g% d)asn— coinl,
2. A sequence ( ¢,) in Z»(T,S, \) is said to be /A convergent to ¢ in %5 (T, S, /\) denoted by

gy A> q if there exist (6,) € /\ such that (¢, — 9)% 6, €’ Vn € N and
(¢.— 9% 6, > 0asn — coinT.

Following lemma is an equivalent statement for 6- convergence given by [17]

Lemma 3.1. g, hA g (as n— o ) in £, S, \) if and only if there exist f,, fx € T and 6, € \
such that

gn = [fux/6k] g = [fu/6k]
and for eachk € N f, — frasn — coonlT.
4 Kamal Transform of Strong Boehmians
Theorem 4.1 (Convolution theorem). Let f € n(Q) and ¢ € u(l,) then
4.1) K(f#By(Bx))(¢E) = K(f(x)) - BK(Y(Bx))
= &) - BBE).
If onwards we define
fla, ) #By (Bx) = fla, x)# dsgy(x),

where,

dg Y(x) = BY(Bx)
Then,

K(f#ds ) (&) = f(@, &) - dg §(&),

where f and § are Kamal transforms of f and .
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Proof. By using definition of Kamal transform, Fubini’s theorem,

[ee)

(4.2) K(f(er, 0 dy p(x)(E) = f fla,ndi f do (x — De™ € dx
0

0

(o)

= ff(a/, 1) dt fa Ylax — ar) e ¢ dx.
0

0

d
4.3) Put ax—at=z 1le x= z +¢t and dx= e to get
a a

(o)

KU (a0t = [ fanar [au e 0% az
0

0

(o)

:ff(a,t)dt fat//(z) e e E dz
0

0

[Se] (o9

:fe_si f(a,r)dt faw(z) e % dz

0 0
= f(@. &) dy Y16,
which completes the proof of the Theorem.
Now we define the images of Kamal transform of Strong Boehmians.

Definition 4.1. Let \,(I,) or \, be a set of delta sequences such that ¥, € u(l.) and suppose
VaC(0, vu) ¥ >0, v, = 0asn — oo.
Let m(1,) be the set of images of Kamal transforms of all u(1,) elements and |\,(I.) be the set
of Kamal transform of all delta sequences from |\, for f € n(Q) and ¥ € m(l,) we define the
operation ® as

f@.&) ® (&) = f(@.&) d.Y(€) as€[l,00),
from which we see that
4.4) fey enQ) asfenQ) and d,-cmd,).
Lemma 4.1. 1. If §,, i, € \y(I,) then y,®¢, € \,(I.) VneN
2. Let f, g € n(Q) and i, € \,(I,) such that
4.5) [(e. &) ®Yu(€) = 8(d, &) ® Yn(€)

then f(c,&) = g(d,¢) Ve,d e [1,00).

Proof. 1. §,, i, € \,(I,) we find the sequences ¢,, ¥, € A\, (I.).
Since ¢, #¢, € \,(I1}), we get

(4.6) K(¢n# ) = $u(€) - 4u(&) = @Y € \J(I.) YneN [by4.4)].

2. Let ,, € \,(I;) where i, is delta sequence d i, — 1 hence i, — 1asn — oo
4.7 (€, &) ®Yn(é) = f(c, &) dn(§) — f(c,&) as n— oo,

(4.8) 8d, &) @y, (&) = g(d, &) dy, (&) — g(d, &) as n— oo,

from (4.7) and (4.8) f(c,é) = g(d, &) Véel, c,de|l, o), which completes the proof.
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Lemma 4.2. The mapping n(Q2) ® m(l,) — m(l,) defined by
4.9) [(@,8) ® $.(&) = f(@, &) dudu(é)
satisfies the following properties:

1 ¢, @, = ® &, for every ($,), (W) € \,(I) then

f+9@d=f @b+ gy,
2Iff enQ), (), W) € \,(L,) then

(f @ ) @Y, = f @ (dy ® Y1),
3IFf enQ), (b)), W) € A(LL) then

(f®d) ®¥u = [ &y ® Y).
Theorem 4.2. The following are true
1 If f, —>finn(Q)andtﬁA e m(l,) thenfn®lﬁ7 f@®yasn— oo,
2 If fy— finn(Q)and y, € \,(1,) then f,, ® Y, > fasn — co.
Proof. 1. em(l,) f,, f € n(Q) then

(4.10) IDi(f(, &) @ Y(&) — f(@,&) ® Yl(&))] = IDf - dy Y(&) (fu — e, &) — 0.

As n — oo in (Q), therefore f, ® J — f @ ).
2. ¢ N\ )then d, $,(€) = 1 as n — oo implies

(4.11) Di(fu ® Yu(€) — f(@, &)l — ID(fil@, &) = f(@, &) = 0 as n — oo

Hence f, ® Y, — f, which completes the proof.
The General Boehmian space .2 (17, m, /\,, ®) or £is constructed. We give some properties
of sum, scalar multiplication, differentiation as

fn 8n fn ®'ﬁn + 8, ® an fn a’fn
412 Loy Sy = (LBt 80 @ Py Sy @y
12 5, Yy 5= 15,
Vl n n n Da
.13) L e (8 = f®g] perpdny = (20

Now we are concerned with the Strong Boehmlans which are described by the set (77, #) and the
subset (u, #) with the family A1 of delta sequences such a space is denoted by Z (1, (u, #), Al, #)
or simply by .Z.This space preserve the operation of addition, scalar multiplication,differentiation
and the convolution.

Definition 4.2. Let f € n(Q) and ¢ € u(1,) we define the Kamal transform of the Strong Boehmians
[fa/@al in £ by

(4.14) (];" df; 1 € & where Lyis General Boehmians.

Theorem 4.3. The Kamal transformy : £ — £ is well defined.
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Joy &n Jo

8n
Proof. Let [—],[=] € .Z are such that [=——] = [=]. Then
f ¢n lpn ¢n l//n
(4.15) Jola, X) #dg (x) = ga(B, X) #do Pn(x).
Apply the convolution theorem on both sides of (4.15)
& _ o
dﬁ (ﬁn da ¢An
Hence
I R /)
(4.16) yI=1=7v[—-1
Pn U

which completes the proof.
Theorem 4.4. (Y1), (¢,) € N\, and f,g € n(Q) then mapping v : L — £y is one-one.
Proof. Now by (4.16)
5/ [ﬁz/¢n] = 5/ [gn/wn] in g% .
Therefore
F(@,8) ® (&) = 6:(B,6) @ §.(&),
Fo@. &) dp (@) = (B, &) do $u(E),

K(f,,(a, X) # d,B l//n(x)) = K(gn(ﬂ’ X) # da ¢n(-x))
Since Kamal transform is one-one.

ﬁl(a’ X) #d,B l/’n(x) = gn(ﬁ, X) #d, ¢n(x)
flan) g
$u(x) Yn(X)
Juy _ Sy

= [2] =

®n Yn

which completes the proof.
Theorem 4.5. y . £ — Ly is continuous with respect to u convergence.

Proof. Lety, — y € .Z by using the convergence concept in u in Z[[9], [Theorem (2.6)]], we

have ¢ for all y, such that y, = [%] y= [g] and f, » fasn —
Hencefn —>fasn—> 00
= an - fA asn— o
do¢®  doop

Therefore yy, — yyasn — ooin Zy.
Definition 4.3. Let z = [f,/d, 6,1 € £y then we can define y~' of ¥ by
1 _
yz=[=—] € Z.
&n

We can prove that 7~ is well defined, linear,continuous w.r.t. 6 convergence.
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Theorem 4.6. The mapping 7' : L5 — £ is well defined.

Proof. Let X R X R
[fo/datbn) = [ln/dpf]  a,b € [1,00).
Then
F(@,8) ® (&) = hu(D,€) ® $,(£).
By(4.4)
4.17) Fu@, &) dp hn(&) = (b, &) dy $u(),

therefore by Theorem (4.1)

K(fu(a, x) #dp¥n(x)) = K(hy(D, x)#d, ¢pp(x)).
Hence

(4.18) Jula, ) #dp Yru(x) = hy(b, x) #dy §(x),
which completes the proof.

Theorem 4.7. The mapping ' : Ly — £ is linear
Proof. Let[f,/du,), [ha/dpin] € L5 & c€ [1,00).

Then by (4.4)
419 UL Jdobo] + Uh Jdyd 1) = 7! fn(a,f)dbl/in(f)+hn(Ab,§)da¢5n(€)
(4.19) Y AU/ dabn] + [/ dpiba]} = 7 LA i) }
B [fn(a, x) #dpr(x) + h,(b, x) #d,Pn(X)
- da¢n(x) # dblr//n(x)
_fo
=t

= 77 ol datl + 77 /).
We can also prove that

;)7_1 [C’.\fn/da(ﬁn] = 05/_1 [f‘n/daé\n]’

which completes the proof.
Theorem 4.8. The mapping ¥~' : Ly — £ is continuous w.r.t. § convergence.

Proof. Let x, — xin. %
Therefore,
Xn = [hn,k/da¢k] X = [hk/da¢k]

and
hoj — hy as n — oo.

Applying inverse Kamal transform

hox — hy as n— o
= /¢y — [l as n— oo,

which completes the proof.
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S Conclusion

In this paper we defined the Strong Boehmians for Kamal transform and defined a mapping from
Strong Boehmians to General Boehmians. Also we defined the convolution and inverse transform
from General Boehmian to Strong Boehmians. An attempt is made to define Strong Boehmian
with some references.
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