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Summary. In the case of some functions it is possible to invert a 
certain convolution transform by a similar convolution transform. 
Ta Li [6] and Buschman [3] have proved this for Tchebicheffand 
Legendre polynomials. In this article we consider a similar problem 
involving the generalised Bateman k-function [7] as its kernel. The 
technique used here is that of Widder [8]. 

1. Introduction. The Bateman k-function was first introduced 

J
rr/2 

Bateman [!] in the form k. (x)= 
0 

cos (x tan e-ne) de and then 

by Chakravarty [4] in the form k (x)= - · 2• cos"9 cos(x tan 0 II 2 Jrr/2 
n 7' 0 

-no) de, where u> -1. Recently, Srivastava [7] generalised the fun
u 

ction k (x) of Chakravarty in the form 
n 

(1.1) k (x)=- sin"e cos'o cos (x tan 0-ne) de U, V 2 JTC/2 
11 71' 0 

and made a systematic study of this function. We will take in 
general n, u and v to be non-negative integers. 

The classical Laplace transform of f\t) as defined by the equation 

(I. 2) F(p)=p I~ e-vt f(t) dt, R(p)>O 

will be symbolically denoted by F(p)+f(t). 
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·The following results will be used in th~ sequel : 

(1.3) k2m, 2/(X)-7-2(-l)m p'm+1 (l-p)"-1-m-1/(l +p)"+l+m+l 
2n 

provided R(p)>O, (n-1) is a positive integer and (n-1-m-1)>0 

(I .4) 
2m, 21( x ) e-X/2 k -
2n 2 

provided n>l+m; n>-1and21>-I. 

Also from (1.3) we can deduce 

(1.6) 

' : ((7) 

e-•12 k 2m, 2/( .:<._) 
2n 2 

n-z·-m 
-'-p(2p+ J)2m (-l)n-1-1 2-21-2m~_,P~~~~. 
· (p+I)n+i+m+l 

ea" k 2m, 21 ( _;<,_ ) 
2n 2 

eax k ~ 2111~ 21 ( x ) 
2n 2 

(1+2 2 )"-1-m-1 
_.__z2mf2 (-!)'" p(p-a)'m __ p- a __ 
· (1-2p-t 2a)"+ 1+m+i 

being yalid under the same conditions as in (I.3). 
•ii!•'' " 

To prove (I.3) and (1.4) see Srivastava [7J. 

The object of this paper is to obtain an inversion formula of the 
convolution transf0rn1 whose kernel is the generalised Bateman fun. 

k
lt, v 

ction n (x) as defined by (1.1). 
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2. Theorem 1. Let n>l, g(x) be a function of x s11ch that its 
first (21+1) differential coefficients are continuous in o.;;x< oo and 
vanish at x=O,f(x) be a function defined by 

J
' 2m, 21 

(2.1) j(x)= 
0 

e"<x-t> k
2
n [Hx-t)]g(t) dt 

and 

• (2.2) Fm (p)=2" (p--a)-•m (p-a-~)4'+4m+4 F(p) 

where 

(2.3) F(p)-7-f(x) 

Then f(x) and its (41+3) differential coefficients with respect to x 
are continuous in o.;;x<! oo and vanish at x=O, and g(x) is given by 

(2.4) g(x)=-J" e0 «-t> kZm, 
21 

(£-x)j (t) dt where 
o 2n+41+4m+4 2 m 

• • f (x) is the inverse Laplace transform of F (p). 
m . m 

Proof. From (1.1) it is easy to verify 

(2.5) 
2m 21 ) e•(x-t) k , ['(x-t)]=e<•-l: (x-t) 
2n 

2 

k 

2 (': ) (k-2n+ l). (x-t)2n-k-v-1 
' v 

V=O 

where k=n-l-r-1. 

Since the right-hand side of (2.5) is a polynomial in (x -t) and 
the lowest degree of (x-t) in this expression is (21 + I), hence the 

first 21 differential coefficients of e0 <•-•> k~;· 21 
[t(x-t)] with respect 

to x are continuous in O~x<"" and vanish at x=t. 
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Now differentiating (2.1) µtimes with respect to x we obtain 

(2.6) /µ) (x)= r: nµ[ ea<x-t) k~:' 21 
[Hx-1)] g(t)Jdt 

for µ=0, 1, 2, .. ., (21+1). 

Since g(x) and its first (21 + l) differential coefficients with res
pect to x are continuous in O<;;x< co and vanish at x=O it is obvi
ous that on differenting (2.6) further,f(x) and all its first (41+3) 
differential coefficients are also continuous in o.s;;x<oo and vanish 
at x=O. 

Clearly, if F(p)-7-f(t), then 

(2 7) p' F(p)-7-D' f(x) s=O, 1, 2, .. ., (41+4). 

If we assume G(p)-7-g(t), then the equation (2.1) is transformed to 

(-l)m [ . (I-2p+2a)'-1-m-1 J 
F(p)= -P-· 2•m+•. p(p-2)'m. (1+2p-2a)•+i+m+i· G(p) 

which may also be written in the form 

(2.8) G(p)- ( 1)'" 2•mH p a 
[ 

. (
l+2 _ 2 )n+21+2m+2-(l+m+I) 

- - (l-Zp+ia)"+2l+2m+Z+(l+m+I)' 

(p-2a)'m] (241 (p--a)-4m [(p-a-t)4l+4m+4 F(p)] 

The result (2.4) follows, after a little simplification, on inverting 
(2.8) with the help of a result of Erdelyi (4, p. 131 (20)] and the 
equation (2.2). 

Theorem. 2. Let n>l, g(x) be a function of x such that its 
first (21+ 1) differential coefficients with respect to x are continuous 
in O<;x<oo and vanish at x=O,f(x) be a function defined by 

(2.9) f(x)= e•<•-t> k [$(t-x)] g(t) dt 
J

:i: 2n1, 21 

o 2n+41+4m+4 · 

and 

• 
(2.10) F (p)=2" (p-a)-"' (p- a-{)dlt4mt4 F(p) 

m 



The Inversion of a Convolution Transform... 173 

where 

(2.11) F(p)+f(x) 

Then f(x) and all its first (41+3) differential coefficients with 
respect to x are continuous in O<x<oo and vanish at x=O, and 
g(x) is given by 

(2.12) g(x) = - e"<•-i> k ' [f(x-t)] f (t) I• Zm U • 

o 2n m 

• • 
where f (x) is the inverse Laplace transform of F (p). 

m m 

Proof. The proof of this theorem is similar to that of Theorem 1. 

Also on using (2. 7) we can write 

( ')41+4m+4 F( ) . D ')41+4m+4 r.(t) p-a-, p -c-{ -a-, 1 , 

If we take m=O and use the above equation then Theorems I 
and 2 are reduced to the results of Bhartiya [2] for the inversion of a 

convolution transform whose kernel is the function k" (x) of Chakra
n 

var ti. 
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