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1. Introduction and Summary. Consider the Markov chain 
·on the non-negative integers with matrix P • of transition probabi
lities given by 

n+i-1 
p,0 =1- Z Pv=Yn.i-i (say), i=O, 1, ... , 

v=O 

i=l, ... , i+n. 

=0 i=i+n+l, ... , 

where p,;;,o, i=O, I, ... , ~ Pi= I, and n is a positive integer. This 
i=O 

type of Markov chain arises in numerous contexts. For example, for 
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n= I, the determination of the stationary probabilities appears in 
Karlin ([2 p. 82) where P, arises in the context of an embedded 
Markov chain in a queuing model. For n;;;.i the matrix P, is rele
vant to the fluctuations of a non-backlogged inventory that is re
plenished periodically with n units and subject to demand for a 
period having distribution {p,}. In [I) P, is used as an approxi
mating stochastic matrix to one that arises in the management of 
blood inventory where discarding of units in inventory takes place 
due to aging. P0 is, also, a transition matrix of a random walk that 
takes, at most, n steps to the right and has a reflecting barrier at the 
origin. Of interest to us are the stationary probabilities associated 
with P,. 

Throughout we shall assume 

(i) ~ vp, >n (the positive recurrent case) 
v=o 

(ii) Po>O 

(iii) {p,} is aperiodic. 

In section 2 the stationary probabilities are shown to be func
tions of the roots of equation (I) that lie within the unit circle. One 
root which is real dominates all the others. In section 3 the behavior 

of this root as a function of.}; vp, is explored for the Poisson case · 
'!!=O 

and more generally. In section 4 the special case of- n=2 is 
summarized. 

Related techniques can be found in Tak~cs [6). An alternative 
approach can be found in Keilson [3] together with a more inclusive 
discussion of the various contexts in which this type of process 
arises. See also Smith [5] and Lindley [4] for related discussions. 

2. The Main Results. Le:mma 1. Under (i), (ii), (iii) the 
equation 

~ Pv X'V=Xn .-o (I) 

has precisely n (perhaps not distinct) complex roots of modulus less 
than I, none of which is zero ; among these roots the one with the 
largest modulus is positive and real. 
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Proof. Let g(x)=x', h(X)= ~ p,x• 
t>=O 

and f(x)=g:x)~h(x). Since g(l)=h(1)=1, g(O)=O, h(O)='p0 !>0, 

g'(1)=n, h'(I)= ~ vp, >nit follows that the graph of g lies above 
.~, 

that of h when x (x< 1) is close to l, but g lies bolow h at x=O. 
Hence, g and h must cross at some point in the open interval (0, !). 
However, they cross on1y a finite nu1n~er of times, since, otherwise, 
f(x) is identically zero, contradicting (i). Therefore there is a largest 
real root, x0 , 0<x0 <I of (I) and g(x) "i>h(x) for all real x in (x0, I). 

, Let C be a circle about 0 of radius r, for any ro(x0 , !). On C, 

~ 

lh(ZJI = I :,; Pv z·1 
ti=O 

<!Zin 

=ig(ZJI. 

From Rouche's.Theorem/(Z) and g(Z), being analytic functions, 
have the same number of zeros, namely n, inside C. Since C can be 
arbitrarily close to the circle IZI =x0 the zeros lie in or on the circle 
IZl=x,. 

The assumption' (iii), however implies I ~ p,z"I< i P.IZI• if 
v=.o v=o 

Z is not real and positive ; hence, only one zero, the real one, is on 
the circle IZI =x0• Since p0 >0, it is obvious that no roots of (I) 
are zero. This completes the proof of lemma I. 

Lemma 2. Suppose [Pii] i, j=O, 1, ... is any transition matrix. 

Suppose the sequence of complex numbers {7t;}, i=O, !, ...... 
.satisfies 

... (2) 

~ 1iiPij=7i;,j=1, 2, ...... . .. (3) 
i=O 

then (3) holds for j= 0. 
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Proof. We can, using (2), (3), and (4) write 

® ® ® ® ® 

71'0= ~ 1tJ- 4 '1r1= 
j=O i=l 

.S k 1Ii Pi;= ~ ;r;i 
J=I i=o J=o 

Label the roots of (1) 81, •.• , 8"' with 81 =x,, the largest root. Let 

n • 
wi= .S Kr 6

1 
, i=O, 1, ..... . 

r=1 r 
(4) 

where K, (j= l, .. ., n) are arbitrary constants, complex or real. 

Lemma 3. The sequence {71";, i=O, ... } satisfies the equations 
(3) for r;;.n. 

Proof. The proof is immediately verified nsing the fact that 
o,, .. ., 6,, are roots of (1). 

Lemma 4. If 61, .. ., e,, ·are distinct then there exist non-zero 
n 

complex constants K1, •• ., Kn such that $ K,;60 and {7r;} defined by 
i=O 

(4) satisfy (3) forj=l, .. ., n-l. 

Proof. The equations (3) for j= I, •. ., n- I in terms of K1,. • ., Kn 
are 

n j a:.n i n.K,(.'% 
~ K, 6 = 2: .S Kr 6 Pn-i+i= ~ .(., Pn-i+i 

1 r=1 r i=-O r=1 r r=1 t=o 

• 
p. e 

r 

n n n-i-l v 
= :;: K, e1-• Ce - :;: p, e ). (5) 

r=1 r "7=0 r. 

Cancelling the left side of (5) with the first term ou the right 
we get 

n-i-1 n v-n+j 
$ p, :;: K, e, =0, j=I, .. ., n-1. (6) 

v=o r=l 

Considering the equations in (6) sequentially iu reverse order, 
using (ii), we obtain the system 
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( I 
I 

The matrix A=-\ 
I 
l 

=0. j=I, ... , n-1. 

-n+lj 
61 I 

j- is of rank n 
-n+I I 

6n J 

•.. (7) 

since 61, ••• , 6n are distinct and non-zero. The lemma follows from 
this fact. 

Lemma 5. Let{/"\ n =I, .. ., be the n-step transition probabi-
u . 

Jity matrix of any Markov chain over the non-negative integers such 
that 

p(~) =a; -;;,o, j=O, l, ... independent of i. 
lj 

i=O, I, ... is a sequence of complex numbers such that 

.(a) ~ 1T' p,j=1T,, j=O, 1, ... 
i= 0 

(b) • 
~ 171'il < 00 ' 

i=O 

theu 

• 
n3 = -~ 1T'i ai, j=O, 1, ... 

i=o 

Proof. Follows from standard Markov chain arguments. 

Corollary. If {7r,} i=O, l, ... satisfy the conditions of lemma 5 

then either i 7Ti*O or 11j-o. 
i=O 

h c 'f , "' Int e 1ormer case 1 , 71'i =-.--, 
~ "' j=O 

i=O, 1, ... ,then 7r/= ~ n/ Pit):O and ~ 11/=l; that is {7r/}. 
i=O j=O 

i =0, I, ... are tbe stationary probabilities of {p,,}. 

We can then state 

Theorem. 1. If {p,} satisfies (i), (ii), (iii) there are n roots 
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81, ••• , e11 , to (1) within the unit circle. If 81, .•• , &n. are distinct, 
then, 

and 

, 

n i 
::;: K, 6 

r,,,,1 r 
'ITi =------

K, 
1- Or 

i=O, I, .. ., 

where K1, ... , K. is a non-trivial solution to (7), are stationary pro
babilities of Pn. 

Proof. The assertions concerning the roots follow from 

Lemma J. By Lemmas 3 and 4, {7t1} i=O, ...... satisfies (3) for 
/;>l; since 10,l<l, r=l, .. ., m lemma 2 asserts that (3) is also satis
fied for j=O. Thereforqa) of lemma 5 is satisfied. Since (b) is 
also satisfied lemma 5 holds. By lemma 4, ,.,,,,.o; hence, by the 

corollary to lemma 5 2: ,.,,,,=o and.{7r/} are stationary probabilities 
i=o 

of P •. 

Remark. By assumptions (i), (ii), and (iii), Pn is, in fact, the 
transition matrix of a single class positive recurrent Markov chain. 
Thusa1>0,j=0, !, ... and7r/>0,j=0, 1, ... and {7r;'}}=0, !, ... is 
the unique set of stationary probabilities for P n· 

When multiple roots are present, the form of the stationary proba
bilities change, but in a classical pattern. Suppose 0 1s a multiple 
root of ( 1) of order µ. Then it is readily seen that 0 is a common 
rootof'i;Jkp 1 0'-n'0'~0,k=0, 1, ... , µ-!. 

F h. · b h h (r) ., · · c (3) f . ....._ ro1n t 1s, 1t can e s O\vn t at 1r. = J 01 sat1s!les or J .p-n 
J 

for r=O, ... , µ-1. Hence, if6 1 , (1 2 , •• ., flm are the roots within the 
unit circle of (I) of 111ultiplicity µi, i=l, .. ,, nz, th the dominant, 
perhaps multiple, root, then 

~ "'.;:-
1 

K ('l (r)I') . 0 1 7r1=.:.,, ;;., l. 1f ,I.]= , , ,,, (8) 
i=l r=l r 
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where "'(r) (iJ=/ e~. i=l, ... , m, and K, (i), r=I, .•. ,µ,-!; 
J l 

i= I, ... ,mare arbitrary non-trivial constants that satisfy lemma 3. It 
can also be shown that lemma 4 holds ; the matrix corresponding 
to A is 

r -I -2 -(n-1) I 
I e1 01 e1 I 

I I 
I -1 -2 ( I) -(n-1) I 
I I -e -2e I 
I 1 1 - n- el 

I 
~ I 

(-1)' o~ 1 -2 -(n-1) I 
A="'( 1 (-2)' e -(l-11)' e >-

I 1 1 I 
I 

(-IJ"'-1 e-1 {J.1-l -2 µ1-1 -(n-1) I 
I I (-21 a

1 
.•• (1-n) 6

1 I 
I I I 
I 

(-IJ"m-1 e-1 (-2t'"-1 6-2 µ -1 -(n-1) I 
I (1-n) m em J L ... 

m m 

All other aspects of the proof of theorem I are unchanged by the 
presence of multiple roots of ( !). Therefore, we can state the follow
ing, of which theorem I is a special case. 

Theorem 2. If {Pn} satisfies (i), (ii), and (iii) there are m (m.,;;n) 
roots 61, ••• , e,. to (!) within the unit circle. Ifµ, is the multiplicity 

m 
ofe,, then .:;: µ,=11. The quantities 

i..,.1 

where n1, }=0, I, ... , are given by (8) are stationary probabilities 
of P 11 • 

The remark following theorem I holds here as well. 

3. The behaviour of the clo:minant root. Special Case of 
Poisson Distribution. Suppose {p,} is a Poisson distribution with 
mean A=n+z, e:>O. Then if x 0 is the dominant root of(!) and 
,V=!-x0 , taking logarithms in(!) we get 

-(1-i-e/n) y=log (l-y) (9) 
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Expanding log (1-y) and dividing through (9) by y yields 

e/n=y/2+y'/3+y'/4+...... (10) 

From (10) it is clear that y, O<y.;;;1, is the unique solution to 
(9). Let '1)=2e/n. From (10) we get the inequalities 

'l)>y and 'I)> y+2/3y' (11) 

The second unequality in (11) provides an upper bound for y; 
namely 

y<3/4 h/1 +8/3'1)-1) 

='l)-2/3n2 + ... (12) 

On substituting 'I) for yin all terms but the linear term in (!OJ and 
using the first inequality of (11) we get 

that is 

'l)<y+2/3'1)'+2/4'1)2 + ... 

=Y +2/'I) (1/3'1)3+ 1/4'1)4 + ... +'I)+ I /2'1)'-'1)-1/2'1) 2
) 

=y+2/'I) (-log (l-'l))-'1)-1/2'1)'); 

y>2(1+'1)+1/'I) log (I -'I)) ) 

='l)-2/3'1)2-2/4'1)3 - ••• (13) 

(Note. The two approximations are the same in the first two 
terms;) 

We have proved 

Theorem 3. If {p,} is Poisson with mean ,\=n+e, e>O, then 
x,, o.;;;x,<1, is the unique real solution to(!), upper and lower 
bounds on 1-xo are given by (12) and (13), and lim,_,. 0 x 0 =1. 

More general case. Suppose we have a family of distributions 
{p,(s), O<e<;;L} such that 

(iv) 1-(e)= ~ i p<(e)=n+e. 
i=o 

(v) o2(6)= .L (i->. (e) )2 p;(e) <oo, \fe 
i=o 

(vi) 3 u., W30<P<Po(e)<o:<I, \f<. 

Let x(e), O<x(e)<I satisfy (I) when {p,(e)} is the distribution. 
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Then 

Po(•)+Pn x•(•)-x"(•)<;O 

yielding 

x(•):>(i:~~·i.J)"" :;;.~11n=y (say),¥<. 

Thus l >y>O provides a uniform lower bound for x(•). Let 
x=e-e. 

Then O<;-log y. Let 

M (6)= S p,(•) e-". 
€ i""O 

Then for x satisfying (I) and on taking logarithms we have that 
0 satisfies 

-nO=log M, (O). (14) 

Since, cr'(•)=log" M, (0)< oo, log M, (0) can be expanded, using 

Taylor's theorem, to 

log M, (O)=log M, (0) +log' M, (0) O+l/2 log" M
0 

(T) 02 

for some O<,<o. Evaluating each term and substituting in (14) 
we get 

Let 

-nB=-A(<) e+ 

1/2 5, Pi (•)-fr 'Ei' p(•) e-iT -c~. ip, (<) e-iT )' a• 

M
2 

(T) • 
Pi (e) e-is 
M, (6) ' 

A(<, 6)= S iq. (O). Then 
i=o l, e: 

the coefficient of 02/2 in (15) becomes 

(15) 

(l6) 
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We now show that lc(e, e) is bounded away from 0 for every 
O<e<L and O<;;;o<;;;-log y. 

I i p, (e) e-•' 
1=0 

f.(e, 0) 
M8 (G) 

>.I ip; (e) ei log Y 
i=o 

k(n+L) 
;;;, ~ P< (e) ek(n+L) log Y. 

i=l 

If k> 1, using the Chebychev-Markov in.equality and (vi), we have 

k(n+L) 
· }; p, (e) /<(n+L) log Y;;;,[I-l/k-po (e)] ek(n+L) log Y. 

i=1 

i.e., 

>(1-1/k-e<) e'<Cn+l) log Y. 

Thus, choosing k large enough we see that 

inf 

O<e<L 

0<;;;6<;;;-log y 

ic(e, 8)=~ >0. From (15) and (iv), 

e;;;,I/2 ~~ B; V•; 

-2e 
a,\' 

x(e) > e V e. 

Consequently lime->O X(e)= 1. Summarizing we have proved. 

Theorem. 4. If {p, (e)) O<e<;;;L, is a family of distributions 
satisfying (i), (ii), .. ., (vi), then there exists a constant £:, >~'>0 

such that x(e);;;,e- 2•1 !:, for all 0«,<;;;L. 

4. Special Case of n=2. For n=2, G1 and es are distinct .. 
Also, since 81 is real, e, must be real. It can be shown that 
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