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Abstract

In recent papers, new sets of Sheffer and Brenke polynomials based on higher
order Bell numbers, and several integer sequences related to them have been studied.
In this article we find families of Sheffer polynomials, including as a particular
case generalized Hermite polynomial families, deriving their recurrence relations and
differential equations, which are sometimes of fractional type.
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1 Introduction
In recent articles [8, 18], new sets of Sheffer [21] and Brenke [7] polynomials based on higher
order Bell numbers [15, 16, 17, 18] have been studied. Furthermore, several integer sequences
associated with the considered polynomials sets both of exponential and logarithmic type
have been introduced [8].
In this article we find families of Sheffer polynomials, including as a particular case
generalized Hermite polynomial families.
The classical Hermite polynomials have been previously considered by Laplace and sub-
sequently studied by Chebyshev and Hermite. V.A. Steklov proved their density in the
weighted space L2

w(x)(−∞,+∞), with w(x) = e−x
2
.

It is worth to recall that these polynomials have been introduced by the beginning in the
multi-dimensional case, and were deeply analyzed by Appell and Kampé de Fériet in classical
book [1] and widely studied and applied by G. Dattoli and his collaborators (see e.g. [9, 11]).
Many extensions of the Hermite polynomials have been proposed in literature by several
authors, so that it seems quite impossible to list all of them. We just remember the most
important contributions, limiting ourselves to the one-dimensional case [12, 14, 6, 20, 23].

2 Sheffer and Appell polynomial families
We start recalling the particular meaning of the term set in the framework of polynomial
theory.

Definition 2.1. A polynomial family {Pn(x)}n≥0 is called a polynomial set

iff ∀n, degPn = n.

In what follows, we are dealing with polynomial families that, in several cases, do not
satisfy the above condition.
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The Appell polynomials {An(x)} are introduced [21] by means of the exponential
generating function [24] of the type:

A(t) exp(xt) =
∞∑
n=0

An(x)
tn

n!
, (2.1)

where

A(t) =
∞∑
n=0

an
tn

n!
, (a0 6= 0) . (2.2)

The Sheffer polynomials [21] {sn(x)} generalize the Appell family, by considering the
generating function [24]:

A(t) exp(xH(t)) =
∞∑
n=0

sn(x)
tn

n!
, (2.3)

where

A(t) =
∞∑
n=0

an
tn

n!
, (a0 6= 0) , H(t) =

∞∑
n=0

hn
tn

n!
, (h0 = 0) . (2.4)

Obviously, when H(t) ≡ t, the Sheffer polynomials give back the Appell sets.
According to a different characterization (see [19, p. 18]), the same Sheffer sequence

{sn(x)} can be defined by means of the pair (g(t), f(t)), where g(t) is an invertible series and
f(t) is a delta series:

g(t) =
∞∑
n=0

gn
tn

n!
, (g0 6= 0) , f(t) =

∞∑
n=0

fn
tn

n!
, (f0 = 0, f1 6= 0) . (2.5)

Denoting by f−1(t) the compositional inverse of f(t) (i.e. such that f (f−1(t)) =
f−1 (f(t)) = t), the exponential generating function of the sequence {sn(x)} is given by

1

g[f−1(t)]
exp

(
xf−1(t)

)
=
∞∑
n=0

sn(x)
tn

n!
, (2.6)

so that

A(t) =
1

g[f−1(t)]
, H(t) = f−1(t) . (2.7)

When g(t) ≡ 1, the Sheffer sequence corresponding to the pair (1, f(t)) is called the
associated Sheffer sequence {σn(x)} for f(t), and its exponential generating function is given
by

exp
(
xf−1(t)

)
=
∞∑
n=0

σn(x)
tn

n!
. (2.8)

A list of known Appel and Sheffer polynomial sequences and their associated ones can be
found in [5].

Remark 2.1. It is well known [7, 13] that there is a natural link between the function H(t)
and the degree of polynomials sn(x) in expansion (2.3). Namely,

deg sn = n iff, in equation (2.4), h1 6= 0.
Actually, in what follows, if H(t) is a polynomial of degree m, we have found that deg sn ≤

[ n
m

], where [·] denotes the integral part.
In general, we are dealing with a Sheffer polynomial set iff the condition h1 6= 0 is

satisfied.

81



3 An extensions of the Hermite polynomials
We put, in this Section:

A(t) = exp[α (t+ γ)m] , H(t) = β tn , (3.1)

where α, β are real numbers and m,n positive integer numbers.
We consider the generalized Hermite polynomial families Hk(α, β, γ,m, n;x), defined by

the generating function

G(t, x) = exp[α (t+ γ)m + x β tn] =
∞∑
k=0

Hk(α, β, γ,m, n;x)
tk

k!
. (3.2)

Remark 3.1. Note that the fourth parameter β is unessential, since it only produces a
change of scale on the x-axis. Actually it has been introduced for recovering exactly the
Hermite polynomial set by putting α = −1, β = 2, γ = 0, m = 2, n = 1.

The above generating function (3.2) includes, as particular cases, several other families
of classical polynomials generalizing the Hermite set.

We find:
• the Gould Hopper polynomials (G(t, x) = exp[xt + htr]), assuming α = h, β = 1, γ = 0,
m = r, n = 1;
• the L.R. Bragg polynomials (G(t, x) = exp[pxt − tp]), assuming α = −1, β = p, γ = 0,
m = p, n = 1;
• the Lahiri polynomials (G(t, x) = exp[νxt − tm]), assuming α = −1, β = ν, γ = 0,
m = m, n = 1;
• the two variables higher order Hermite-Kampé de Fériet polynomials, (G(t, x) = exp[xt+
ytm]), assuming α = y, β = 1, γ = 0, m = m, n = 1.

4 Properties of the polynomials Hk(α, β, γ,m, n;x)
4.1 A differential identity
Theorem 4.1. For any k ≥ 0, the polynomials Hk(α, β, γ,m, n;x) satisfy the differential
identity:

H′k(α, β, γ,m, n;x) = β (k)nHk−n(α, β, γ,m, n;x) , (4.1)

where we have used the falling factorial symbol (k)n := k(k − 1) · · · (k − n+ 1).

Proof. Differentiating G(t, x) with respect to x , we have:

∂G

∂x
= β tnG(t, x) = β

∞∑
k=0

Hk(α, β, γ,m, n;x)
tk+n

k!
, (4.2)

and therefore:

∂G

∂x
=
∞∑
k=0

H′k(α, β, γ,m, n;x)
tk

k!
= β

∞∑
k=0

[k(k − 1) · · · (k − n+ 1)]Hk−n(α, β, γ,m, n;x)
tk

k!
,

so that the differential identity (4.1) is proved. �
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4.2 Recurrence relation
Theorem 4.2. For any k ≥ 0, the polynomials Hk(α, β, γ,m, n;x) satisfy the recurrence
relation:

Hk+1(α, β, γ,m, n;x) = αm
m−1∑
h=0

(
m− 1

h

)
γm−h−1(k)hHk−h(α, β, γ,m, n;x) +

+ βn (k)n−1 xHk−n+1(α, β, γ,m, n;x) ,

(4.3)

where (k)h := k(k − 1) · · · (k − h+ 1) and (k)n−1 := k(k − 1) · · · (k − n+ 2).

Proof. Differentiating G(t, x) with respect to t , and putting, for shortness: Hk(x) :=
Hk(α, β, γ,m, n;x), we find:

∂G

∂t
=
[
αm (t+ γ)m−1 + βnx tn−1

]
G(t, x) =

∞∑
k=0

Hk+1(x)
tk

k!
, (4.4)

and therefore
∞∑
k=0

Hk+1(x)
tk

k!
= αm

∞∑
k=0

Hk(x)
tk

k!

m−1∑
h=0

(
m− 1

h

)
γm−h−1th + βn

∞∑
k=0

xHk(x)
tk+n−1

k!
,

i.e.
∞∑
k=0

Hk+1(x)
tk

k!
= αm

∞∑
k=0

Hk(x)
m−1∑
h=0

(
m− 1

h

)
γm−h−1 t

k+h

k!
+ βn

∞∑
k=0

xHk(x)
tk+n−1

k!
,

∞∑
k=0

Hk+1(x)
tk

k!
= αm

∞∑
k=0

[
m−1∑
h=0

(
m− 1

h

)
γm−h−1(k)h

]
Hk−h(x)

tk

k!
+

+ βn
∞∑
k=0

x (k)n−1Hk−n+1(x)
tk

k!
,

so that the recurrence (4.3) follows. �

4.3 Shift operators
We recall that a polynomial set {pn(x)} is called quasi-monomial if and only if there exist
two operators P̂ and M̂ such that

P̂ (pk(x)) = kpk−1(x) , M̂ (pk(x)) = pk+1(x) , (k = 1, 2, . . . ). (4.5)

P̂ is called the derivative operator and M̂ the multiplication operator, as they act in the
same way of classical operators on monomials.
This definition, tracing back to a paper by J.F. Steffensen [25], has been recently improved
by G. Dattoli [9] and widely used in several applications (see e.g. [10, 11]).
Y. Ben Cheikh [3] proved that every polynomial set is quasi-monomial under the action of
suitable derivative and multiplication operators. In particular, in the same article (Corollary
3.2), the following result is proved

Theorem 4.3. Let (pk(x)) denote a Boas-Buck polynomial set, i.e. a set defined by the
generating function

A(t)ψ(xH(t)) =
∞∑
k=0

pk(x)
tk

k!
, (4.6)
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where

A(t) =
∞∑
k=0

ãkt
k , (ã0 6= 0) , ψ(t) =

∞∑
k=0

γ̃kt
k , (γ̃k 6= 0 ∀k) , (4.7)

with ψ(t) not a polynomial, and lastly

H(t) =
∞∑
k=0

h̃k t
k+1 , (h̃0 6= 0) . (4.8)

Let σ ∈ Λ(−) the lowering operator defined by

σ(1) = 0 , σ(xk) =
γ̃k−1

γ̃k
xk−1 , (k = 1, 2, . . . ). (4.9)

Put

σ−1(xk) =
γ̃k+1

γ̃k
xk+1, (k = 0, 1, 2, . . . ). (4.10)

Denoting, as before, by f(t) the compositional inverse of H(t), the Boas-Buck polynomial
set {pk(x)} is quasi-monomial under the action of the operators

P̂ = f(σ) , M̂ =
A′[f(σ)]

A[f(σ)]
+ xDxH

′[f(σ)]σ−1 , (4.11)

where prime denotes the ordinary derivatives with respect to t.

Remark 4.1. It is worth to note that the above mentioned result (Corollary 3.2 in [3]), given
for polynomial sets, never uses in proof the condition h1 6= 0. Therefore, it can be applied
even to polynomials defined by Sheffer generating functions (2.3), i.e. to Sheffer polynomial
families.

Note that in our case we are dealing with a Sheffer polynomial family, so that, since we
have ψ(t) = et, the operator σ defined by equation (4.9) simply reduces to the derivative
operator Dx. Furthermore, we have:

A′(t) = A(t)αm (t+ γ)m−1 ,
A′(t)

A(t)
= αm (t+ γ)m−1 ,

H ′(t) = β n tn−1 , H−1(t) = f(t) = β−1/n t1/n ,
so that we have the theorem

Theorem 4.4. The generalized Hermite polynomial family {Hk(α, β, γ,m, n;x)} is quasi-
monomial under the action of the operators

P̂ = β−1/nD
1/n
x , M̂ = αm

(
β−1/nD

1/n
x + γ

)m−1

+ nxβ1/nD
(n−1)/n
x . (4.12)

so that
M̂P̂ = αmβ−1/n

(
β−1/nD1/n

x + γ
)m−1

D1/n
x + nxDx .

4.4 Differential equation
According to the results of monomiality principle [9, 11], the quasi-monomial polynomials
{pn(x)} satisfy the differential equation

M̂P̂ pk(x) = k pk(x) . (4.13)
In the present case, we have

Theorem 4.5. Putting, for shortness: Hk(x) := Hk(α, β, γ,m, n;x), the generalized
Hermite polynomials {Hk(x)} satisfy the differential equation[

αmβ−1/n
(
β−1/nD1/n

x + γ
)m−1

D1/n
x + nxDx

]
Hk(x) = kHk(x) , (4.14)

i.e. [
αm

m−1∑
h=0

(
m− 1

h

)
β−(h+1)/nγm−h−1D(h+1)/n

x + nxDx

]
Hk(x) = kHk(x) . (4.15)
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5 The particular case when γ = 0
Since all the classical extension of the Hermite polynomials recalled in Remark 2 are obtained
by letting γ = 0, it is convenient to rewrite the preceding formulas in this particular case.

We put, in this Section:

A(t) = exp(α tm) , H(t) = βtn , (5.1)

where α, β are real numbers and m,n positive integer numbers.
Then, putting Hk(α, β,m, n;x) := Hk(α, β, 0,m, n;x), we consider the generalized Hermite
polynomial families Hk(α, β,m, n;x), defined by the generating function

G(t, x) = exp[α tm + x βtn] =
∞∑
k=0

Hk(α, β,m, n;x)
tk

k!
. (5.2)

By using the same techniques of the preceding Section, we find the following results.

5.1 A differential identity
Theorem 5.1. For any k ≥ 0, the polynomials Hk(α, β,m, n;x) satisfy the differential
identity:

H′k(α, β,m, n;x) = β (k)nHk−n(α, β,m, n;x) , (5.3)

where we have used the falling factorial symbol (k)n := k(k − 1) · · · (k − n+ 1).

5.2 Recurrence relation
Theorem 5.2. For any k ≥ 0, the polynomials Hk(α, β,m, n;x) satisfy the recurrence
relation:

Hk+1(α, β, γ,m, n;x) = αm (k)m−1Hk−m+1(α, β,m, n;x) + βn (k)n−1 xHk−n+1(α, β,m, n;x) ,(5.4)

where (k)m−1 := k(k − 1) · · · (k −m+ 2) and (k)n−1 := k(k − 1) · · · (k − n+ 2).

5.3 Shift operators
Theorem 5.3. The generalized Hermite polynomial family {Hk(α, β,m, n;x)} is quasi-
monomial under the action of the operators

P̂ = β−1/nD
1/n
x , M̂ = αmβ(1−m)/nD

(m−1)/n
x + nxβ1/nD

(n−1)/n
x . (5.5)

so that

M̂P̂ = αmβ−m/nDm/n
x + nxDx .

5.4 Differential equation
Theorem 5.4. The generalized Hermite polynomials {Hk(α, β,m, n;x)} satisfy the differ-
ential equation[

αmβ−m/nDm/n
x + nxDx

]
Hk(α, β,m, n;x) = kHk(α, β,m, n;x) . (5.6)

Remark 5.1. Note that the equation (5.6), when n = 1, is an ordinary differential equation
of order m. The corresponding polynomials constitute a standard polynomial set (for any
index k we find a polynomial of degree n = k).

When n = 1 and m = 2 we have a three term recurrence relation so that the polynomials
are orthogonal with respect to a suitable measure.

When n = 1 and m > 2 we find again a the three term recurrence relation but the indexes
are delayed.
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When n > 1 the differential equation is of fractional order, so that the polynomial degree
n does not correspond to the index k.

For example, if n = 3 and m = 1 the polynomials are arranged in groups containing each
three polynomials, and the polynomial degree n increases every three steps, according to the
rule k = 3n+ j, (j = 0, 1, 2), i.e. k − j ≡ n, (mod 3).

If (n,m) = 1 the degree of polynomials appear in different order, depending on the values
of n and m.

This can be easily checked by using the computer algebra program Alpha c©.

5.5 First few values, in particular cases, when α = β = 1 and γ = 0
As an example, assuming α = β = 1, and by using a simplified notation, we consider here
the polynomials H0(1, 1, 3, 1;x) =: H0(3, 1;x) (a Gould-Hopper case):

H0(3, 1;x) = 1
H1(3, 1;x) = x
H2(3, 1;x) = x2

H3(3, 1;x) = x3 + 6
H4(3, 1;x) = x4 + 24x
H5(3, 1;x) = x5 + 60x2

H6(3, 1;x) = x6 + 120x3 + 360
H7(3, 1;x) = x7 + 210x4 + 2520x
H8(3, 1;x) = x8 + 336x5 + 10080x2

and the polynomials H0(1, 1, 1, 3;x) =: H0(1, 3;x):

H0(1, 3;x) = 1
H1(1, 3;x) = 1
H2(1, 3;x) = 1
H3(1, 3;x) = 6x+ 1
H4(1, 3;x) = 24x+ 1
H5(1, 3;x) = 60x+ 1
H6(1, 3;x) = 360x2 + 120x+ 1
H7(1, 3;x) = 2520x2 + 210x+ 1
H8(1, 3;x) = 10080x2 + 336x+ 1.

Remark 5.2. It is worth to note that interchanging (m, 1) (the Gould-Hopper case)
with (1,m) (the fractional derivative case), the corresponding polynomials can be easily
reconstructed, since the coefficients appear in reverse order and the degree obey the increasing
order rule observed in the preceding Remark 4. This is a general phenomenon, not only
appearing when m = 3.

5.6 First few values in a particular case, when γ = 1

Putting, for shortness, H̃k(x) := Hk(1, 1, 1, 2, 1;x), we consider here the polynomials defined
by the generating function

G(t, x) = exp[(t+ 1)2 + x t] =
∞∑
k=0

H̃k(x)
tk

k!
.
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We find:

H̃0(x) = e

H̃1(x) = e (x+ 2)

H̃2(x) = e (x2 + 4x+ 6)

H̃3(x) = e (x3 + 6x2 + 18x+ 20)

H̃4(x) = e (x4 + 8x3 + 36x2 + 80x+ 76)

H̃5(x) = e (x5 + 10x4 + 60x3 + 200x2 + 380x+ 312) .

Remark 5.3. Note that the sequence {1, 2, 6, 20, 76, 312, . . . } appears in the Encyclopedia
of Integer Sequences [22] under # A000898, namely, the sequence defined by the recurrence
relation: a(n) = 2[a(n− 1) + (n− 1)a(n− 2)], a(0) = 1. (Formerly M1648 N0645). That is
the value of the n-th derivative of exp(t2) evaluated at t = 1. – N. Calkin, Apr. 22, 2010.
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