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In 1941, Burchnall and Chaundy ([l], pp. 124 and 126) gave the 
following cases of reducibility involving the Humbert functions [3] : 

(1.1) e•tll 2 (a, c-a; c; x, -y)= 1F1 (a; c; x+y) 

(1.2) '¥ 2 (c; c, c; x, y) = e'+' 0F1 (-; c; xy) 

In this note, similar reduction formulae of the Humbert functions, 
and their application to certain hypergeometric functions of three 
variables, will be given. These results will be obtained from Laplace 
integrals which follow readily from the expression ([6], p. 101) 

1 roo -I >.+m-1 
(1.3) (l<)m=rp.)]o e t dt, R.(>.)>0, m=O, 1, 2,. . ., 

by the application of (1.1) and (1.2) together with the result 

(1.4) 1F1 (a; 2a; 2x)=e' 0F1 ( - ; a+~ ; :1:; ). 
due to Kummer (cf., e.g., [7], p. 101) 

Throughout this study, it is assumed that all the values of the 
parameters and variables which render any of the series involved, or 
results generally, meaningless will be tacitly excluded. 

2. Laplace integrals of 'Y 1, 3 1 and <Pp 

By the definition of '¥ 1, it follows from (1.3) that 

(2.1) '¥ 1 (a, b; c, c'; x, y) 
00 

- '\:"' (a)m+n xmyn 1 Joo -· ;+V<-1 d 
- L,(c)m (c')n m ! n !

0I'\b) 
0 

e t t. 
In' n=o 
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If the double series is convergent over the range of integr.ation, 
then the operations of integration and summation may be reversed, 
giving 

(2.2) 1P'1 (a, b; c, c' ; x, y) 

=r~b)J~ e-'1'-1 'P'2 (a; c, c' ; x', y) di; 

R,(b)>O, R,(x)>I, R,(Y)<I. 
Similarly, 

(2.3) 'P'1 (a, b; c, c'; x, y) 

=r(~)j~ c' 1•-1 ,F, (b; c; xt) oF, (-; c'; yt) dt; 

R,(a)>O, R,(x)<I, R,(y)<I. 
(2.4) 3 1 (a, a', b; c; x, y) 

1 l 00 = r(b) 
0 

e-t 1'-1 <P 2 (a, a' ; c ; xt, y) dt; 

R,(b)>O, R,(x)<I, R,(Y)<ll. 
(2.5) <P 1 (a, b ; c ; x, y) 

= r:b)l~ e-• 1'-1
1F1 (a; c; x+y1) dt; 

R,(b)>O, R·(x)<I, R,(y)<!I. 

3. Reducible Cases. 

In (2.2), let a=c' =c, when we have 

(3.1) 'P',(c, b; c, c; x, y)=r~b)J~ e-' 1'-1 'P', (c; c, c; xt, y) dt. 

If(l.2) is now applied to the <)! 2 series, the right-hand member of 
(3.1) becomes 

(3.2) e"_ J'° r' 11-•> 1•-1 F (- · c · xyl) dt r(b) o o i , , , 

and if the 0F1 function of the integrand is expanded, we have, finaJly 

(3.3) 'P', (c, b; c, c; x, y)=eY (1-x)-' 1F, (b; c; ~"_x} 

The following results may readily be obtained from (2.3), (2.4), 
(2.5) by similar methods : 

( 
x' y ) 

(3.4) 'P', (a, b; 2b, c; x, y)=(l-x)-•H, a; b+!, c; 4(l-x)''l-x ' 

where H 7 is a confluent Horn function [2] ; 
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(3.5) 3 1 (a, c-a, b; c; y,-x)=e-w ¢ 1 (a, b; c; x, y); 

(3.6) <l.> 1 (a, b ; c ; x, y)=(l-y)-' 3 1 ( c-a, a, b ; c; y~I' x) 

Formulas (3.5) and (3.6) have already been given by Humbert 
([3], p. 77), but the other results given above do not appear to have 
been noticed earlier. 

By comparison of these results with each other, various additional 
transformations of interest arise. For example, (3.3) and (3.4), when 
compared, give the resulr 

(3.7) H, (2b; b+~. 2b; 4(I~x)" 1 ~J 
=e•(l-x)' 1F1(b 2b; l~x)

Also, from (3.5) and (3.6), we have 

(3.8) 3 1 (a, c-a, b ; c ; y, -x) 

=e-'(1-y)-0 3 1 (c-a, a, b; c; y~I' x) 
It may be remarked in passing that these results only hold if the 

series involved are either convergent or terminating. 

4. Transformations of triple hypergeo:m.e tric functions. 

Some of the resnlts given above may be employed to give transfor
mations and reduction formulae of certain hypergeometric functions 
of three variables. The Lauricella functions FE, ... ,FT were studied 
by Saran (4], and the add.itional functions H;., Hn, H0 by Srivastava 
in, for example, [5] and [6]. 

Using (1.1), we get 

(4.1) Fa(a, a, a, b1 , b2 , ba; a, a, a; x, y, z) 

I Joo re b,J re b,) , 
[

00 -(s+t) b2-1 b3-1 b J 
0 

e s t '¥ 1 (a1, i ; c1 c2 ; 

x, ys+zt)dsdt ; 

R,(b2)>0, R,(b3)>0, R,(y)>I, R.(z)>I. 
If (3.3) is employed, the '¥1 function in the integrand of(4.l) may 

be replaced by 

eys+zt (I- )-b1 F (b . . xys+xzt ) 
x i i l• a1 ' l -x 
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so that the reduction formula given below follows 

F0 (a, a, a, b1 , b2, bs; a, a, a ; x, y, z) 

(4.2) =(1-x)-bi (1-y)-b' 0-z)-b'. 

F1(b1,o ,, b,;a; (l-;~l-y)'(l-:)~l-z)} 
Similarly, if the formulae (1.2), (3.3), (3.6) are applied to the 

Laplace integrals concerned, we have the following results. 

(4.3) HA(a, b, b'; c, c'; x, y, z) 

=(1-z)-• Fp (a, b', a, b, b, c-b' ; c, c', c'; T~z' Y, .z~ 1 )• 

a transformation obtained earlier by Srivastava ( [6], p. 110; see also 
[5], p. 103). 

(4.4) HB (a, b, b' ;_ c1, b', b'; x, y, z) 

=(1-z)-a (1-y)-' F4(a, b; c,,b'; (l-z~(l-y)'(l-;~l-y) ), 

which is formula (5.6), p. 104 of Srivastava [5]. 

(4.5) FE(a, a, a, b1, b2, b2 ; c1 , b2, b2 ; x, y, z) 

=(1-y-z)-a H, (a, b1 ; b2, c1 ; (-l y~-)' ' 1__;:,-). -y-z -y-z 

(4.6) FF( a, a, a, b1, b2, b1 ;- a, a, a;_ x, y, z) 

=(l-x-z)-b1 (1-y)-b' Hs(b b · a· __ x_z __ , _:"J'_ )· 
1 ' 2 ' ' (1-x-z):& 1-y 

(4.7) FK(a1, a2, a2, b1 , b2 , bi; Cv a2 , a2 ; x, y, z) 

-b2 1 )-b1 ( b . . x yz ) 
=(1-y) ( -z F, b,, a, 2 , c,, a,, l.-z' (l-y)(l-z) · 

(4.8) FM(a1 , a2, a2 , bv b2 , b1 ; c1, c2, c2 ; x, y, z) 

=(1-y)-~ FN(a1, c2--a2, a 2 , b1, b2, b1 ; C1, C2, C2; x, yy 1, z), 

a result obtained by Sar>n ([4], eq, (5.11)); 

(4.9) F8 (a1 , c-a1, c-a1 , bi, b1, b3 ; c, c, c; x, y, z) 

)-b, I -b, (3)( b b b . . y z ) =(1-y ( -z) Fn a1 , I• a' 3 , c, x, --1, - 1 , y-- z-

also given by Saran ([4], eq. (6.3)). 



A NOTE ON THE HUMBERT FUNCTIONS 5 

(4.10) 

1 -b, -b, ( x-z y ) 
=( -y) (l-z) F1 a1 , b1 , b,; c; l-z'y-l , 

which is known ([4], eq. (6.5)). 

The results (4.2), (4.5), (4.6) and (4.7) appear to be new, while 
(4.3), (4.4), (4.9) and (4.10) have been obtained previously as indi
cated, but by using entirely different methods. 

Various other results of a similar type can be deduced by the 
method employed above, but since many of these results will involve 
certain new types of hypergeometric functions, they are not included 
here. 

Acknowledgement. I wish to thank Prof. H.M. Srivastava for 
the interest and encouragement so unsparingly given in the prepara
tion of this paper. 
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ABSTRACT 

Some problems of defining number-theoretic functions for gene
ralized primes have been discussed by E.M. Horadam in the case of 
unique factorization of the resulting generalized integers. Inasmuch 
as the cases of sieve-generated sequences are not necessarHy covered, 
the common number-theoretic functions are defined here for such 
cases in which unique factorization fails. After introducing certain 
basic functions, other functions are then defined by requiring the 
preservation of important identities. Formulas for the values of 
the functions are obtained and they closely resemble the formulas 
for ordinary number-theoretic functions. 

1. Introduction. Generalized primes were defined and an 
analytic proof of a generalized prime number theorem was given by 
Beurling (2] ; the recent results involving the distribution of genera
lized primes are given by Bateman and Diamond (l], including a 
good bibliography. Various other number-theoretic properties invo
lving generalized primes and the resulting generalized integers have 
been discussed in a series of papers of E. M. Horadam [9, 10, I I, 12] 
for those cases in which unique factorization holds. Inasmuch as 
generalized integers which are generated from "lucky numbers" [7] 
and certain other seqnences generated by various sieve processes (see 
[5] for a bibliography) do not possess the unique factorization pro
perty, the work of Horadam needs to be modified before it can be 
applied to such sequences. 

t On sabbatical leave from the University of Wyoming, Laramie, 
Wyoming 82071, U. S. A. 
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AH of the sequences of generalized primes which we'shall con
sider here are sieve-generated sequences. Further, we assume that 
the sieve is applied to the sequence of natural numbers and that the 
ultimate sequence satisfies the Prime Number Theorem Property; 
hence there are an infinite number of primes and no element appears 
more than once. Functions and identities will be developed which 
are analogous to those discussed by Cashwell and Everett [6] and 
which are important in the ring of number-theoretic functions. First 
a ''representation function'' r is introduced in order to count the 
number of distinct representations of an integer as a product of gene
ralized primes ; then certain other functions can be defined by re
quiring the preservation of identities. Analogous to formulas based 
upon ordinary integers, explicit expressions are obtained for the 
values of these functions which are defined on the generalized integers, 
and further identities are investigated. 

We shall use the following notations, including those notations 
for products introduce,d in [4]. Let 

{a,} denote tbe sequence of generalized primes, 

{b 1,) denote the sequence of generalized integers, 

(a.c) (x)=a (x) c (x), 

(a*c) (n)=::,\{a (b) c (d): b, dE.{b,), bd=n), 

(a#c) (x)=::,\ {a (b) c (x/b) : bE. {b,), b;§;x}, 

e denote the identity function for the *-product, 

l denote the logarithm function. 

Whenever a specific example is desired we shall use a case from 
Briggs [3] for the sieve generated sequence, because of the simplicity. 
This particular example of a sequence of "lucky numbers" is cons
tructed by starting with the sequence of integers exceeding 1, which we 
denote by A"', and sieving ont all of the even integers greater than 
2 to obtain the sequence A"'· Next, using the sieving number 3, we 
sieve out each third element of A"', counting from the beginning, to 
obtain A'"· Since the next number beyond 3 in A"' is 7, we use it 
as the third sieving number and we sieve out each seventh element of 
A"', counting from the beginning, to obtain A"', etc. Thus we have 

{a,)={2, 3, 7, 9, 13, 15, 21, 25, ... ,), 

{b1,}={l, 2, 3, 4, 6, 7, 8, 9,, 12, 13, 14, 15, 16, 18,, 21,, ... ) 
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in which the subscripts on the generalized integers indicate the occur
rence of multiple represeutations. In particular, values of the 
functions at 9, 15, 21 are of interest for illustrations because of the 
failure of unique factorization : 9 bas two representations as powers 
of generalized primes, 15 is not composite, and 21 has two represent
ations of which one is a power of a generalized prime. 

2. Analogs of v0 , µ, T. We take the usual definitions for the 
functions v0 , µ, and T. Let v0 (x)=1 for all x>O; for the Mo bi us 
function we have µ(n)=O if the square of a prime divide.s n and 
µ(n)=(-1 )"'(n) otherwise, where w(n) denotes the number of distinct 
prime divisors of n ; and T(n)=the number of divisors of n. Since 
the identities µ*v0 =e and 't'=vo*v0 are results of these definitions, if 
we can suitably define an analog of v0 , then the other two analogs 
can be defined by requiring the preservation of these identities. 
Hence we first define the representation function r. 

Definition, Let r(l)=l and otherwise let r(n) count the number 
of distinct representations of n as a product of generalized primes. 

For our example we have r(5)=0, r(l5)=1, r(9)=r(21)=2. In 
the terminology of Bateman and Diamond [l], if r(n)=k, then n is 
called a "g-integer of multiplicity k". 

One motivation for choosing this analog of v0 comes from the 
consideration of the identity 

z(s)=II((l-ak-,)-1 : k~l)=~(r(n)n-': n~l). 

The product form suggests that z is a suitable analog of the 
Riemann Zeta-function. It should be noted that we can also write 

z(s)=};(r(b)b-• : be(b,}). 

Also, if each of our number-theoretic functions is defined such 
that it takes on the value 0 if r(n)=O (that is, if n is not a generalized 
integer), then the *-product becomes the ordinary Dirichlet con
volution. 

Since it will occur later, we introduce the summation function 
associated with r, and denote it by R; that is, 

R(x)=(rotjcv0)(x)=~(r(n): n~x), 

where R is now the analog of the "greatest integer" function in the 
sense that they both count the total number of representations of 
those integers not exceeding x. 
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Since we taker as the analog of ,0 , then the inverse of r with res
pect to the *-product is a suitable choice for the analog of I-'· We 
shall denote this "Mobius" function by m and require that r*m=e. 
The generating function form is thus l/z; from its product expansion 
we obtain 

m(n)=O if r(n)=O, or if a,2/n for some a, in each representation 
of n. 

=};,(- l)ro(n,j) otherwise, where the summation };, extends 
over all squarefree representations and ro(n, j) counts the 
number of distinct generalized primes in the j-th such 
representation of n. 

The summation which appears is typical for the type of formulas 
obtained and it degenerates into a single term in the case of unique 
factorization of n ; the summands are similar to those in the formulas 
for ordinary integers. In the example m(9)=m(l5)=-l, m(21)=0, 
and m(l47)=2. The last value shows that the analog of lfl(n)l~l is 
not lm(n)l~l; however, we can see from the explicit expression that 
lm(n)l~r(n). Actually m(n) can become large for some sequences. 
In terms of the #-product we have m#R=vo as a consequence of the 
Mobius type of left inversion formula (see [4]), inasmuch as the #
products correspond because m(n)=O if r(n)=O. 

We shall next take t=r*r as the analog of -.=v0*,0 ; thus 1 will 
become our "divisor function" and a formula for it is 

l(n)=};(r(b)r(d): b, de{bk}, bd=n). 

From this or from the expansion of the generating function z' we 
find that l(n) counts the total number of generalized integers which 
are divisors of n, counting separately those divisors in each represen
tation. Hence for our example 1(9)=2+3, 1(15)=2, 1(21)=2+4. In 
general, r is not mnltiplicative, hence I is not multiplicative, but a for
mula for t(n) can be obtained by manipulations analogous to those 
used in order to obtain a formula for '(n) ; that is, 

t(n)=};,f!(I +o.(k, j) 
where a(k, .i) is the exponent of the generalized prime a" in the j-th 
representation of n and :Z:., extends over all representations of n. This 
sum contains more than one term only when unique factorization 
fails. 

An interesting identity which also results is t#vo=r#R. 
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3. Analogs of v., cr., ¢. Let vv (x)=x' for x>O, let cr,(n) denote 
the sum of the y-th powers of the divisors of n, and let ¢ denote 
Euler's function where ¢(n)=the number of reduced residue classes 
modulo n. From a suitable analog of v, we can define analogs of "v 
and¢ by requiring the preservation of the identities cr,=v0*v, and 
¢=µ*v1. We shall define r'U=v11 .r~ hence r0 =r. This is convenient 
from the standpoint of generating functions since we then have 

z(s-y)=:>;(r(n)n-<,-vi: n•{b,})=1'(r,(n)n-': no{b,}) 

The analog of "y' denoted by Sy· is defined by Sy=r*r,; the ana
log of¢, denoted by /(, by h=m*r1 • 

Special cases of the definition of s, lead to s0 =t and also s1=s, 
the analog of the sum of the divisors function cr. A development 
similar to that for cr leads to the formnla 

s(n)=:!:,IT( (a,J+a(k,j) -l)/(a1c- l) : a,,jn) 

in which the summation extends over all representations of n and 
where a(k, j) is the exponent of ak in the }-th representation of n. Of 
course, the identity s'U *h=r v *ri. or in the special case of y=O, t*h=s, 
follows immediately. 

In order to gain insight into the meaning of h(n) as a counting 
function, it is useful to resort to generating functions. From h=1n*r1 
we have 

z(s-I)/z(s)=:!:(h(n)n-•: m{b•}). 

First we note that for our example h(9)=h(l5) = 14, h(21)=32. 
Further, we obtain 

h{n)=:!:,nIT((l-a,-1): mdn) 

where ~' extends over all representations ; this is quite similar to the 
formula for Euler's ¢-function. However, the a, need not be rela
tively prime and, in fact, in our example we have both factors 
(J-3-') and (1-9-1) whenever 9 is a divisor of n. If we consider 
¢(n) as a counting function for those elements which remain after 
sieving the multiples of the prime divisors of n from the interval 
[!, n], then in our analog we have the situation in which certain 
"multiple sievings" are counted with appropriate multiplicity. For 
our example, 27 has factorizations 33 and 3.9 ; 

h(27)=27(1-l/3)+ 27(1-1/3)(1-1/9). 
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Hence h(n) does not simply count the number of elements in the 
"reduced residue system for each representation" and add these 
counts, but further, each number which has no representation in 
terms of generalized primes is also included in each count. 

For a power of a generalized prime the definition of h gives us 
the formula 

h(a,n)=r1(a1o")-r1(a,n- 1)+'Z(m(a•"-J'j r1(a1/): O;;;,j;£n-2) 

in which the remaining summation is zero if and only if all powers 
a,; for 2;£ j ;;;,n have unique representations. Hence only in this 
special case does the for.mula h(a,n)=a,"-a"n-1 hold; the analog of 
¢(pn)=p"-pn- 1 in general has the extra terms. 

Our approach to the generalization of the ¢-function is not in 
the same direction as that taken by E. M. Horadam in [9] where the 
analog of ¢ counts those (bk} which are less than or equal to n and 
which are relatively prime to n;. here , even if the factorization is 
unique, the count is over all positive integers from 1 to n, not merely 
those in (b,}. We note also, as our example illustrates, that an in
equality analogous to ¢(n);;;,n is h(n);;;,nr(n) and that the nr(n) cannot 
be replaced by merely n. 

For alternative approaches, r'1fr must be ruled out as an analog to 
\lo#vo='i11 , since it is not even defined, and also r:j:\:v0 =R, since the 
analogs of if> and cr, if defined by m*R and r*R, respectively, are 
difficult to interpret as counting functions. If R,(n) is defined so as 
to equal 0 if r(n)=O and to equal R(n) otherwise, in order to satisfy 
our earlier criteria, this does not help. Cases in which n=a1.2a1=a1ca~ 

illustrate well the sensitivity of the structure of the sequence. 

The generalizations of the functions ¢.,m and cr,,m which were 
defined by Cashwell and Everett [6] can be obtained in a similar 
manner. 

4. The analog of A· Since the von Mangold function A· where 
A(n)=logp ifn=p" but is zero otherwise, occurs in a number of 
places in the theory of numbers, we also give an analog for our gene
ralized integers. Corresponding to the identity A =i;.*1 we define L 
from L=m*(/.r). From inversion we obtain /.r=L*r; from the 
additive property of the logarithm, L=-(/.m)*r; and then from 
inversion, -1.m=L*m. The values L(n) can be computed from the 
generating function -z'/z and, of course, L(h)=O if n is not a gene
ralized integer. Hence 

L(n)7'Z, log a,, if n=a,•n, L(n)=O otherwise, 
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and here the summation extends over exactly those representations 
of n which are powers of generalized primes. In our example 
L(5)=0, L(9)=log 3+log 9, L(l5)=log 15, and L(2l)=log 21. 

If we define U=L#v0 , then U is the analog of<)! where <)I=(\ #v0 ; 

if we define T=(r.l)#v0 then T=(L*r)#v 0=r#(L#v0)=r#U so that 
by left inversion U =m#T. In expressing Tin ter.ms of U we have used 
Identity A from [4] and we now possess analogs of all of the basic 
identities of [13, §2]. Because we have chosen our generalizations so 
as to preserve basic identities, we can, for example, also write down 
immediately an analog for the Tatuzawa-Iseki Identity by setting 
a=m and b=r in Identity B of [4] and hence obtain 

if 

Further, a not unusual situation for sieve·generated s.equences is 
that, except for 2, all of the generalized primes are odd, hence r(n) 
=r(2n) and 

T(x)-2T(x/2)=~((-1)" r(n) U(x/n): n::;;x). 
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1. The integral equation 

(I.I) ¢ (p, q)=pq J~ J~ e-•'-" f (x, y) dy dx, R (p, q) >0 

represents the classical Laplace transform of two variables and the 
functions ¢(p, q) and f(x, y), involved in (I.I), are said to be 
operationally related to each other. ¢(p, q) is called the image and 
f (x, y) the original. 

Symbolically we can write 

(1.2) ¢(p, q) '"7 f(x, Y) or f(x, y) '"7 ¢(p, q), 

where the symbol '"7 is called 'operational'. 

Meijer's G-function is defined by a Mellin-Barnes type integral 
[1, p. 207] : 

{l.3) Gm, n (z \a•) =Gm, n (z la" ... ,a•) 
p,q b, p,q ,b1, ... ,b, 

m n 
7r r (b,-s) 7r r (1-a;+s) 

I J j=I j=l 
--- zsds, 
-2ni L rJ '» 

7r r (l-b1+s) 7r r (a;-s) 
j=m+I j=n+I 

where m, n, p, q are integers with q;;,'1 ; O<,n<,p ; O<,m<,q, the 
parameters a1 and b1 are such that no poles of r(b1-s); j=I, 2, .. ,, m 
coincide with any pole of r(l-a1+s); J= !, 2, .. ., n. The poles 
of the integrand are simple, and those of r(b1-s), j= !, 2, .... m lie 
on one side of the contour Land those of r(I-a1+s); j= !, 2, .. ., n 
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on the other side. The integral converges if p+q<2 (m+n) and 
larg zi < (m-t n-tp-!;q)7r. In the present paper, we shall obtain 
correspondences, involving the G-function, between the original and 
the image in two variables. The notations employed are those of 
Ditkin and Prudnikov's operational calculus [3]. 

2. The main theorem. if 

(i) 3=m+n-1; (r+s)>O, larg ai<on, 

(ii) O<,n<,p, O.;;,m<,q, q)d, 

(iii) R(v)>O; R(b;-~)>-1,)=1, 2, ... , m; 
R(a,-p-v)<;-t, h=1, 2, ... , n; 

(iv) aj-b,. is not a positive integer, j=1, 2, ... , n, 

h=l, 2, ... , m, 

then 

(2.l) 
_1 

p 2 

3-~ ---v 
(pq) 2 m,n+1( -1.p,a,) 

G a ypq 1 

r+1,s \b, 

~ , - +v-1 
(rtJ')- 2 (4 xy) 2 

m, n+1 
G 

r+2, s (----"-- I ~'a,, ~+2v-1 )· 
2-j xy b., 

Proof. The Laplace transform of a G-function rs given by 
[l, p. 214]: 

(2.2) 
m, n ( 

G at 
r, s 

a, ) dt 
b, 

=pa-1 G _ , m, n + 1 [ a I p, a,] 
r+1,s P b, 

where r+s<2(m+n), \arg •I <(m+n- tr-ts)7r, largpl <1;n, and 
R(b;-~)>-1, }=1, 2, ... , m. 

Writing (pq)-1; for p, multiplying both sides of (2.2) by p -i 
(pq)1-•, and then interpreting it with the help of the known result 
(3.26) in ([3], p. 144), we get 
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v I 

(2.3) (ny)-t (4xy)Z - 4 

J 
00 

1 ~ 1 1 m, n ( I a, ) t"- -v J 2,_1 [2 (4xy) 4 12 ] G at dt 

0 ~· b, 

3-~ 

-" .;--;. p 2 

---v 
(pq) 2 

m, n+I 
G [ I ~. a,] 

a\,/'pq b, , 
r+I, s 

provided R(v)>O. 

Now evaluating the left-hand side integral with the help of a 
known result (see [2], p. 165) we obtain the desired result (2.1) valid 
under the conditions (i) to (iv) stated already. 

3. Particular cases. By taking the proper choice of para
meters in (2.1) and using the known results (see [2], p. 225-234), we 
obtain the following two classes of results. 

3 (a) The G-function expressed as a nam.ed original function~ 

k 7 
(3.1) P -! (pqJ·2+s o31 (v'Pq / J:+k ) 

14 l-f, i, -!, -l-t, 

.. _r"°{~l-~k+~t~l y-"' (4xy)-"' 
""' r (21+1J 

(3.Z) p -/, (pq)l -l oo/4 

_l. -1 
M_.,, [2 (4xy) 4

] W.,, [2 (4xy) 4 ]. 

w-µ.-v 
2 

.. [2 cos [<µ+v) ; J' y -t (4xy)-! 

- 1_ _1. 
[J µ { (4xy) 4 } J, { (4xy) 4

} 

1 1 
+l -µ { (4xy)- 4 } J_. { (4xy)- 4 }]. 
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"' 1--
(3.3) p-1/! (pq) 4 

(3.4) 

Ii --"'-
41( 

2 

+ 2 ) G ,_j-
14 pq ro+µ+v ro-µ+v ro+µ-v w-µ-v 

2 '--2-' 2 ' ,_2_ 

,,.. 
7-'-y[(cos µn+cos vn)]-1 y-11• (4xy)-'J' 

. [ei,,.(v-µ)/2H,O>cc4xy)-l) Hµ C2l((4xy)-l) 

+ei7r(~.-v)/2Hµ (!)((4xy)-t) Hv (l)((4xy)-t)]. 

k a 1 
l ---+-

p-•(pq)2 4 2 

a 
41 ({pq k+y+l ) 

Gl4 -4- a+l a+l-21 a a+1 
-2-+l, 2 'y+l, -2-

.,.._,.rG-k+D 01-k-Dy-l 
k 

1--
(4xy) 2 24-aw,,, [i(4xy)-i] w,,, [i(4xy)-l]. 

3 (h) The named image functions expressed in terms of the 
G-function. 

(3.5) 
l -v-!:_ 

(pq) 2 exp(h/pq) w,,, ( ypq) 

k 
-+v 

(ny)-1' (4xy) 2 

.. rCl-k+IJ rCl-k-1) 

k+2, k+2v+1 
21 ( l 

G22 2{xy .3 3 
l+y·y-1· 

3 3 
-2<l<y· 
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(3.6) p-~(pq)'i-v exp[-h/pq] l,[t\!Nl 

_ 1 -t v-' 11 ( 1 1-L 2v+t ) -;--;-11 y (4xy) • G22 2• 1 - _ 
v XYv+l, 1-v 

(3.7) p-i (pq)',-v exp(hlpq) K,[hlpq] 

-;-;-cos vn)- 1 y-k (4xy/-i 

21 ( 1 I ~. 2v+t) 
G 2 r- -

22 '\! xy 1-j v, 1-v 

5 µ 
---- -v 

(3.8) P- t (pq) 4 4 sµ, v 12(pq)t) 

I-' 1 
1 i v+---2 ,,_,_2''- (11'y)- 2 (4xy) 4 

.. rc-i~) ---

G31 (_l__ 2 -t-- ' v ' 2 ) I
µ -1 2_Lµ 

23 2.,,j xy µ v 1 1-v · 
2+ 1• 2+2·-2-

5-Sv 

(3.9) 
_, -4-· l l 

p 2 (pq) [H,(2(pq) 4 )-Y,(2(pq) 4 ] 

5v 1 

77n -f cos v11(4xy) 4-2 

v 5v 
31 ( 1 2+

1
• 2 ) 

G ----=-
23 2{xy v v+I 1-v ' 

2+ 1
- 2'2 

(3.10) p-t (pq)'f-vH.(1) ((pq)i) H,(2) ((pq)i) 

-3 -'· 
,,_,_71' y '(4 ,v+• . . xy, w 

2 sec vtr 

31 ( I 1, 2v 
G --=l 1 

23 2-.j xy z +v, 2 -v, 
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1-_!:_-v 
(3.11) p-! (pq) 2 w,,,, [2i(pqJlJ w,", [-2i(pq)i 1 

k I 
"-1 y-l v+2 -4 
ra-k±I) (4 xy) 

641 (~I t+k, i;-k, 2v+k+~) 
34 2{ xy l+l, 1-1, f, 1 . 

5 v 

(3.12) p-~ (pq)-4-4 [I_.(2(pq)t)-Lv(2(pq)t)] 

(3.14) 

5v 1 
71"-i y-~ 4-z 

'4xy) 
sec V'ii' ~ 

I v sv 
21( 1 -:r+l, 2 ) 

G ~I 
23 20 xy I v 1-v 1 + v · 

y+l, -2-· 2 

I I 
G22(_1_ 2' I, 2v-y ) 

34 2-.)xy r'+v+l 1-µ.+v 1-µ-v · 
2 2 ,---2-

k 
l+--v 

p-!(pq) 2 
1 J 

M" I [2 (pq) "J W _,,, l [2 (pq) 4 ] 

k I 
1 v-- ---

,,-•r (1+21)y-• 2 4 
r (~+i+k) C

4xy) 

6
31 ( J \ %-k, t+k, 2v-k+ !,)· 
34 Z{xy l+l,%,1,1-l 
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_). s -v l ). J. 
p 2 (pq)' [Iµ. ((pq) 4

) Iv ((pq) 4)-l .µ ((pq) 4
) 

1 
!_, ((pq)•)] 

sin (µ+vl 7r -j 
4 

)v--' 
n' y ( xy • 

12 ( h l, 2v-t 

G;
4 

2)xy 11-+v+l 1-µ-v 1-µ+v 1-i·µ.-v)· 
2 , 2 , 2 ' 2 
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SUMMARY 

Combinations of elementary functions are sho\vn to generate types 
of polynomial forms involving the Lauricella functions FA''' and Fn''' 
of r variabies. These results arise as special cases of one for1nula 
which is new and of a formula due to Srivastava ([2] and [3]). 

1. Introduction. Following Srivastava ([2]), p. 1079), let 
C(k" ... , k,) be a set of arbitrary constants, real or complex. 

If Sfrl(a1, ... ,Gr; b1, ...• br; Z1, ... ,Zr) 

2:00 (a,)k ... (a,)k z,k1 ... z,k' 
(I.I) = C(kio ··•' k,) (b) 

1 
(b) 'k I k I 

1 k 1 . • • r kr l ' • •• r • 
ki, .... kr=O 

and if the symbol ( ~ ) is interpreted to mean I'(,\+ !)Jn! I'(,\-n+ J), 

where ..\. is not necessarily an integer, then 

co 

(1.2) 2:G: ). .. C: )s'''(-n1, .•. ,~.n,; f. 1 -111 -1, ... , 

n1,. .. n1,=0 

00 

~(l+t,),\ 1 
••. (l+t,/'' 2:C(k,, ... , f(,) 

k1, ... k,.=0 

(-t,z,) k1 ••• (-t,z,)k,. 
kl! ... kr J 
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Throughout this note, it is assumed that any series which occur 
are either convergent or terminating, and any exceptional values of 
the parameters or variables which render them meaningless are 
excluded. 

2. Proof of Formula (1.2). 

By expanding the left-hand member of (1.2), wa may write it in 
the form 

00 

(2.1) 2 C(k,, ... , k,.) 

ni,k1, ... , n;kr=O 

( -A,)n, .. . ( -71,Jn,C - n,)k, ... ( -n,)k,( -t,)n' ... (-t,)n'z/<1 ... z, k, 

(A1 -n1-1)k
1 
.•• ('A~-nr-I)k, n1 ! ... nr ! k1 ! ... kr ! 

The elementary properties of the Pochhammer symbol (A)n 
readily yield the familiar result 

(2.2) 
(- J)k 
(n-k) !' 

which when applied to (2.1) gives, after some slight re-arrangement, 

In (2.3), replace n; by n,+k,, i=I, .. ., r, when (1.2) follows 
immediately by the application of the binomial theorem. The 
reversal of the order of summations involved is justified since, by 
hypothesis, the series concerned are either convergent or terminating. 

It may be remarked that (1.2) is similar to a special case ~ = -1 
and m1= ... =m,=I of Srivastava's result ([2], p. 1079. eq. (2)) 
which we write here in the form 

00 

(2.4) 2 ( ~ )L:;'''(-n: A-n-I; z1, .•• , z,)tn 

n=O 

00 

- A 2 (-tz,)k' (-tz,)k' 
-(! +t) C(k., ... , k,) -,-1-- ••• j I 

1(1 • Cr • 
kv ... ,k,=0 
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where, for convenience, 
b_ (rJ(a ; b; Zi, ... , Zr) 

00 k1 kr 

2(a)ki+ ... +k, k , ) z1 z, 
= b k ) . C( 1' .. ., J(, -k I .. •-k-r· 

( ) 1 -j- • • · T (, I. ,. 
(2.5) 

k1, ... , kr=O 

See also formula (5), p. 484 of Srivastava [3]. 

3. Special Cases. 

We now consider two interesting special cases, one each of (l.2J 
and (2.4), which are the main results of this note. 

In (1.2) and (2.4) respectively, let C(k1, •. ., k,) be (-µJk,+ ... k, 

and ( -µ1) k,. .. ( -µ,) k, when the respective right-hand members may 

be represented in closed form as combinations of elementary func
tions, giving us the following results : 

. ) n1 n, Ar-nr-1, Z1, ...• z, t1 ... fr . 

=(1 -j-t1),\' ... (! -j-t,/' (1 -j-z1t1 + ... -j-z,t,.J" 

and 
00 

(3.2) 2:(~ )Fn(r)(-n, -µ1 , •• ., -µ,; .\-n-1; z1, .. ., z,)t" 

n=O 

=(l+t) A (l+z1t) IJ. 1 ... (l+z,t) fl• 

This last formula (3.2) and hence also the aforementioned results 
of Srivastava ([2], [3]) generalise a formula of Devisme (see, for 
example, [1], p. 268, eq. (3) ). 
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Introduction. In an attempt to unify and generalize the vari
ous extensions of the well-known Mehler formula [3, p. 198] given 
recently by Carlitz ([!], [2j), Srivastava and Singhal [5] proved the 
following elegant formula : 

(I.I) 

r s 

=6 -Hr+s+l) (1-4u') 2(1-4v2)2 

. exp { rx2- ~ (;\x'-4:;:u'x'-4;\wxy+8~uvxy)} 

-m:~:"' 2"' "1 ( ~ )( ~ )(((1-4;,~12~4v'Jl''')" 
( 

(x-2vz)(l -4u2)-2(y-2uz)(w-·2uv) ') 
• H,_, (Lo.(l-4u2))''' 

(
(y-2uz)(I-4v'l-2(x-2vz)(w-2uv)) 

· H,_. (Lo,(l-4v2))'1 2 

where 

(1.2) Lo.= 1-4u'-4v2 -4w'+ 16uvw, 

and ~x2, ~u2xt, ~1vxy, ~uvxy are symmetric functions in the indi
cated variables. 

In a subsequent paper [6] they also proved the following three 
variations of (I.I). 
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(1.3) 
co um vn ivP 
:2: Hm+p (x) Hn+p (y) Hm+, (z) Hn+• (t) I I - 1 1n,n,p=O m. n. p. 

r s 

=R(l-4v2-4w2)2 (l -4u2-4w') 2 

m<n''"' ( r ) ( s ) ( l6uvw )' · ,!0 k ! \ k k ({l-4u'-4w')(l-4v'-4w'))'I' 

H ((z-2ux) (l-4v')+4w(uy--2uvt--wz)) 
· ,_, (Q,(l-4v'-4w'))1 i' 

er ((t-2v]i)(l-4u')+4w(vx-2uvz-wt\) 
· ,,,_,, - (Q, (l-4u2 -4w2))112 ' 

(1.4) 
oo um vn lVv 
:;: Hm+P+' (x) Hn+vh (y) Hm (z) Hn (t) - 1-,-, 

1n,n,p=O 111. n. p. 

=R(l-4u') ~ (1-4v2); mi:f~ s)k! ( ~ ) ( ~) 

( ((l-4u2)c'\'1'_4v2)j172- )" 

H ((x-2uz)(l-4v')-2w(y-2vt)) 
· ,_,, (Q,(l-4v')J1i' 

H ((Y-2vt)(I-4u2)-2w(x-2uz)) 
· •-• (S1,(l-4u')) 1 / 2 

and 

( 1.5) 

r s 

=R(l-4u') 2(1-4v2 -4w2)2 

· mi:~~s) k! ( ;, ) ( ~) (cc1-4u')(~~~~-41v2)) 1 12) 
H ((y-2vt){l-4u2)-2w(x-2uz)) 

· '-" (S1,(i-4u ))1 12 

(
(z-2ux)(! -4'12)- 4w(uy-2vt-wz)) 

· H,_, Ul(l-4v2 -4w'))112 ' 

where S1, = l-4u'-4v'-4w'+ 16u'v' 
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(l.6) R=fl -Hr+s+l) exp(x'+y'-fl-1 [(x-2uz)' (l-4v') 

-4w(x- 2uz)(y-2vt)+(Y-2vt)2(1-4u2)J). 

It would be of interest to give here a more general result that 
unifies (I.I), (1.3), (1.4) and (1.5) and also yields a numbor of other 
new arid interesting results. 

The formula that we prove here is 

00 

(1.7) :S Hn+v+c+k (x) Hm+v+< (y) Hm+n (z) H,+,+1 (t) 
1n,n,p,r,s=O 

where 

um Vn }VP dr Jis 

mtn!PTfTST 
-\(k+l+lJ ' =A " (1-4u 2-4v2 -4w2+16uvw) 2 

k 

(l-4u2 -4h2)T exp { x'+y'+z'+t'--~} 

min ik, ll 2,, j ! ( k ) ( ] ) 
j~O ] } 

(
, d (1-4u2)-2h(w-2uv) ); 
((I --4u 2-4h2) (1-4u2-4v' -4w'+ l6uvw))1 '2 

(
(l-4u2-4h'Jx+iCx) n,_, (A(l-4u'-4h'))1 1' 

(
(1-4u'-4v 2-4w'+ 16uvw) t+J:C,) 

Hr-J (A(!-4u2-4v'-4w' t-16uvw))'i' ' 

f 
A=l-4u2-4v'-4w'-4d2-4h'+16v'h'+ 16u'd'+ 16uvw 

(l.8) + 16dhw-32uvdh, 
B =x'(l -4u2-4h2) + y'(l-4d'-4v') 

+z'(I-4d'--4h'-4w'+ 16dhw) 
+t'(l-4u'-4v2 -4w'+16uvw)-4xy(w-2uv-2dh) 
-4yz{u(I -4d2)-2v(w-2dh))-4zx{v(l -4h')-·2u(w-2dh)} 
-4tx(d(l -4u2)-2h(w-2uv )}-4ty{h(l-4v')-2d(w-2uv)} 
+ 8zt {u(h-2dw)+v(d-2hw)}, 

and C, and C, are the coefficients of x ,and t respectively in B. 

In proving (l.7) we shall make use of the following results. 

(1.9) 
n=o 

t" 
Hn (z) ,-=exp (2zt-t 2). 

n. 
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(I.I 0) 

(l.11) 

(l.12) 

D', H 0 (x)=2' r ! (;) Hn , (x), 

exp (tDrelf(x)=f(x+t). 

H0 (ax)=( ---!,-r exp (a2x 2
) D", exp (-a2x2

), 

which follows at once from Rodrigues' formula for Hermite poly
nomial. 

(1.13) exp (ID',) {exp (-x2)}=(1+4t)-~ exp( 1~~: ). 

which is G!aisher's operational formula. 

(1.14) exp (uD,D,+ vD,Dre+wD,Dv) {exp ( - a'x'-b'y'-c'z')) 

=E- ~ exp [ - ~ {a2x 2+ b'y'+ c'z'--4a2b'c2(u'x2+v'y'+w'z') 

-4a'b'xy(w-2c•uv)-4b'c'yz(u-2a'vw)-4a2c2zx(v -2b'wu )} J 
E=l -4b 2c?u 2 - 4c2a2v2 -4a2b21v2+ 16a2b2c2uvw ; 

which can be obtained from"(!.!) by first putting r=s=O and then 
making use of (1.12). 

2. Proof of (1.7). Denoting the. left-hand side of (1.7) by I, if 
we make use of (l.12) and (1.9) we shall get 

00 

I= ~ 
m,n=O 

urn vn 
Hm+n (z) - -

1n ! n ! 

Wp d'I' hR 
H+ (t)---

r a+l p ! r ! s ! 

=exp (x'+Y'+t')(-D.) 1'(-D,) 1 

. exp (wD,D,+dD,D,+hD,D,) exp (-x2-y2-t2) 

=exp (x'+Y'+ 12)(-D,)' (-D,)'. 
exp (hD,D,+dD,D,+(w-2uv)D,D,) 

. exp (-2uxD,-2vzD,) exp (-u'D2,-v'D're) exp (x'-y'-t') 
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=(l-4u')-1 (l-4v'J-l exp (x'+Y'+t')(-D,)k( -D,)' 

exp (-2uzD,-2vzD,) . exp (hDvD,+dD,D • 

+(w-2uv)D,Dv) exp ----:-----1' 
! -4v' 1-4u2 ' 

by virtue of (1.13). 

. ex' y') 

Now, on applying (l.14) and (I.II) we obtain 
_i 

l=A 
2 

exp (x'+ y'+t')(-D,)k(-D,)' exp (-2uzD,-2vzD,) 

exp [ - ~ {x2(1-4u2 --4h 2)+ y'(l-4v'-4d2) 

+t'(1-4u'- 4v2 -4w'+ 16uvw)-4xy(w-2uv-2dh) 

-4yt(h(1-4v')-2d(w-2uv))-4xt(d(1-4u')-2h(w-2uv))) J 
=A-~ exp (,c2 + y'+z'-1-t')(-D,)' (-D,)' exp ( - ! ) 

-j(k+l) k 

=A 2 
(1-4u'-4h') exp (x'+Y'+z'+t•)(-D,)1 

( B) ((1-4u2 -4h')x+~c.) 
exp -A H,, (A(1-4u2-4h'))lf' ' 

where A, Band c. are given by (1.8). 

Further by making use of Leibniz' rule, (l.12) and (1.10) we are 
immediately led to the desired result (1.7). 

3. Particular Cases. For (i) u=v=O, (ii) w=d=O, (iii) u= 
w=O and (iv) u=d=O the formnla (1.7) wonld reduce to (1.1), (1.3), 
(1.4) and (1.5) respectively, (v) When w=O, (1.7) would give us 

00 umvndrh8 

}; Hn+'+" (x)Hm+• (y)Hm+n (z)H,.,.m (I) rn! n! r! s! 
m,n,r,s=O 

(3.1) 

k i -t(k+l+l) 2 2 

= U (1-4u'-4h') (l-4u'-4v') 

exp( x'+Y'+z'+t'- ~) 
min(k, 1) ( 1 )1 k )( d(1-4u')+4uvh )i r:o 2

" i ! i \; ( (1-4u'-4h')(l-4u'-4v') )11' 

(
x(I 4u2 4h2) 2{dU1 4u2)+vz(1-4h2)-2y(uv+dhl+4uh(vt+dh))) 

• Hk-i (Ull 4u2 4h2; )112 

(
t(l -4u2-4'2)-2{hy(l 4v2) +dx(1-4u•)-2z(uh+dv)+4uv(hx+dy))) 

. HI-i ~--(U(l-4u2-4v2) )112 



32 J, P. S!NGHAL & S. S. BHAT! 

where 

U =I -4u'-4v'-4d'-4h'+ I6v'h'+ I 6u2d2 -32uvdh, 

V =X'( I - 4u'-4h')+Y'(1-4v'-4d')+z2(1-4d2-4h') 

+1'{ I -4u'-4v')-4tyh(!-4v')-4yzu(1-4d2)-4dxt(l-4u') 
-4vzx( ! -4h')+8(uvxy+dhxy+uhzt +dvzt) 

- !6(uvhxt +uvdty+dhuxz+vdhyz) 

which provides a generalization of Carlitz's formula (l.5) in [2] to 
which it would reduce when k=l =0. 

(vi) On taking u=h=O and making a slight change of variables 
we get 

(3.2) 

=(1-4u2-4v'-4w2)-Hk+l+I) (1-4u2-4v') ·~ 

(
-4x'(u'+ v'+w')+4x(uy+vz+ wt)-4(uy+ vz+wt)') 

exp 1-4ui::-4v2 -4iv2 

min(k,l) ( ")( 1 )r w ,; 22i . ! \ /!',,o 1 · J j \(1 ~4u2 -4v 2)112 J 

( 
x-2(vz+wt-l-uy) ) 

H"-' (l-4u2-4v2 -4w2) 112 

( 
t(l -4u'-4v2)-2w(x-2uy-2vz) ) 

H,_; ((l-4u2 - 4v2 -4w2)(1-4u'-4v2))' 12 ' 

(3.2) would reduce to Carlitz's formula (1.3) in [2] when k=l =0. 

Similarly, by making v=d=O, we shall get a slight variation of 
(3.2). 

Some other interesting particular cases of (1.7) would occur when 
any one of u, v, d or h ls taken to be zero. 
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ABSTRACT 

Fluctuating flow of a viscoelastic fluid, based on Rivlin-Ericksen 
constitutive equation, past an infinite plane, porous wall with cons
tant suction is studied. The skin friction fluctuations have a phase
lag over the main stream velocity fluctuations for certain values of 
the viscoelastic parameter, while they have always the phase lead in 
the case of classical viscous fluid. The amplitude of the skin friction 
rises with the frequency. The unperturbed displacement thickness is 
found to differ in the viscoelastic case from that of the classical vis
cous case. Transient velocity profiles are drawn. 

Introduction. Real Fluids (High polymer solutions, colloidal 
suspensions, liquid lubricants, pastes, paper pulp, condensed milk, 
and paint) possess both elastic and viscuous characteristics. Pheno
mena such as normal stress effects and variable viscosity are called 
non-Newtonian when they cannot be described by the cla&>ical rela
tion (eq. (I) of Siddappa 1970). Lighthill (1954) investigated the 
effect of fluctuations of the external stream on the boundary layer 
of a two dimensional body in a viscous fluid. Stuart (1955) solved 
the Navier-stokes equations exactly for fluctuating flow of a viscous 
fluid past an infinite plane porous wall with constant suction. 
Since real fluids are viscoelastic, and since suction or injection can 
reduce drag by delaying separation and transitition from laminar to 

'* Present Address : I<.arnataka University PostRgraduate Centre, Gulbarga, 
Karnataka State, India. 
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turbulent motions in the boundary layer, Stuart's work is here ex
tended to the flow of viscoelastic fluids. 

2. Formulation of the problem. Let x denote the distance 
along the two dimensional infinite, plane, porous wall, the equation 
to the wall being y=O, y the distance normal to it, u and v corres
ponding components of velocity, t the time, p the pressure, p the 
density, a the coefficient of kinematic viscosity, B the coefficient of 
kinematic viscoelasticity and y the coefficient of kinematic crossvis~ 

cosity. We consider an incompressible Rivlin-Ericksen fluid flow 
past an infinite, plane, porous wall. 

For an incompressible Rivlin-Ericksen fluid flow past an infinite, 
plane, porous wall which is independent of x then the equation of 
motion and the continuity are 

(2.1) 

(2.2) 

I 
u,+vu0 = - - p,+•u.v+fl(u,+vuy),. 

p 

I 
v,+ vv,= --p. +av,.+2[l[(v,+vv,),. + 

p 

(u',+ v'vl.l +y( 4v'v+u',), 
and 

(2.3) av -=0. 
oY 

The continuity equation (2.3) shows that v is a function of time 
only. In order to obtain a steady solution of the boundary-layer 
type it is known that v must be a negative, non-zero constant (vw)· 
In the unsteady case also we shall make this restriction (Stuart). 
Under this restriction, the equations of motion become 

au au I op o'u o' (au OU) 
(2.4) a1+vwoY =-p- ax +aay'+[lay' at+vway 

(2.5) 0=-_1_ ap +2(2"+ '(0" )fa'u) 
P oY P Y' ay 'ay' 

By integrating (2.5) we have 

(2.6) ( au )' p(x, y, t)=p(21l+Y) ay +g(x, t) 

where g(x, t) is a function added as a result of integration. 

Further by considering (2.4) as Y-7 oo, U-7U(t) and the 
derivatives of u with respect to y tend to zero, we find that 

du 1 ap I ag 
dt=-p- ox=--;;-- ax (2.7) 

partial 
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and so by integrating we have 

(2.8) dU 
g(x, t)=-pXdt +h(t) 

where h(t) is at most a function of t. 

Thus the pressure is given by 

(au )' dU (2.9) p(x, y, t)=p(2~+y) ay -Px dt +h(t) 

It is clear from (2.9) that the pressure of the fluid depends on y 
in addition to x and t, unlike in the classical viscuous case. This is 
because of the viscoelastic nature of the fluid. The equation of our 
interest is 

(2. IO) 

3. Boundary Conditions. We regard the viscoelastic flow 
as a limit of a flow through a pipe for which the boundary conditions 
are 

(i) 

(ii) 

u(O, t)=O 

u(oo, t)=U(t) 

where U(t) is the velocity at large distances from the wall, 

(iii) (au) =O. 
oY y=co 

The condition (iii) arises because of the symmetry about the 
axis of the pipe through the point at infinity. 

4. Solution of the probleme We look for a periodic velocity 
of the form 

U(t)= Uo( l +•e'w') 

U(y, t)=Uo['f'o(Y)+ «pi(y) eiwt] 

(4.1) V=Vw 

in which < may be taken as positive by suitable choice of the ongm 
of time. Substituting (4.1) in (2. IO) and equating non-periodic and 
harmonic terms separately to zero, we have 

d~o d'~o d3~o 
(4.2) Vwdy =ady' +~vw dy' 

and 

(4.3) 
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(4.l) gives the solution of the equation (2.10) whatever the 
magnitude of e provided 'Po and <p1 satisfy (4.2) and (4.3). Thus the 
velocity field consists of a fluctuating component of flow parallel to 
the wall, with a constant component of velocity normal to the wall. 
The solution is physically real only if Vw is negative which corres
ponds to a suction through the surface. 

With~= lvw!Y (4.2) and (4.3) become 
a 

(4.4) k d'p~ d<p0 +d¢
0 -O 

d~' + d~' d~ -

( , d''P1 (I _ k) d'<p1 d<p, c ~ 
4.5) '' d~' + - i,\ d~' + d~ -1,\<p1 = - i,\ 

where 

(4.6) ,\=~and k=- ~lvwl' 
lrwl' oc' 

The boundary conditions are that; 

(4.7) 
d<p, ( 00 ) 

qi 0(0)=0, tpo(oo)=I, d~ =0 

and 

(4.8) 

One solution of (4.4) subject to (4.7) is 

(4.9) 'Po (~)=I-exp ( -I+~I=4F) ~. h;;;o 

we note that when k=O this becomes the asymptotic suction profile 
in the Newtonian fluid (Schlichting 1955) 

(4.10) qi0 (~)=l-e-" 

The unperturbed displacement thickness for k<O is given by 

(4.lll 50=(1+vr=4k )-"-
2 lvwl 

( 4. 12) Therefore 
*2 

/\= 4w80 

a(I+vl-4k)2 

The other solution of (4.4) subject to ( 4.7) is 

(4.13) 'Po (~)=!-exp (-l-~f=4k )~· O<ko;;;J;. 
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The unperturbed displacement thickness is given by 

(4.14) B:=c1
-v1-=4k)-"'-, O<b(!. 

2 lvwl 
(4.9) is plotted against~ for various values of k in Fig. I It is clear 
from the figure that the velocity profile for zero fluctuation is flat
tened and less steeper than the asymptotic suction profile (4.10). 
This is due to the viscoelastic nature of the fluid. It is also clear 
from ( 4.11) that the unperturbed displacement thickness increases 
from its classical case for k<:<O. (4.13) is also plotted in fig. 2. This 
again illustrates the flattening effect. It is clear from (4.14) that the 
unperturbed displacement thickness decreases for O<k~l;. 

We see from the fig. I and fig. 2 that the velocity profiles under 
different conditions (ex k=-50, k=+0·07) are almost identical. 
This is an interesting result. 

The solution of ( 4.5) subject to ( 4.8) is 

(4.15) ~ 1 (~)=1-e -h~ 
where h=h,+ ih, is given by the equation 

(4.16) kh'-(1-i>,k)h'+h+i>. =0. 

We have solved this equation numerically. The tabulation of h for 
various values of k and his given in Table I. 

The total velocity component parallel to the wall is given by 

u 1 (-1+vr=4k) ~+Cl -h~i iw1 (4.17) Uo = -exp 2k .. • -e e 

The shear stress at the wall is given by 

{4.18) 

where 

(4.19) 
and 

{4.20) 

tw 
~pUolVwl 

O=tan-1 (~: ) 

Table I illustrates the trend of(h) and tan 0. We see from (4.18) 
and Table I that the skin friction has phase lead or phase lag accor
ding as e is positive or negative over the velocity fluctuation at large 
distances from the plane. In the classical viscous case there is 
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always a phase lead but no lag. The magnitude of the skin. friction 
rises with.\ because of the faction h. The equation (4.17) gives 
the transient velocity distribution. while an indication of its shape 
can be obtained from the skin friction formula. 

Table I 

k >. h, h, lhl tan 6 

0 0 0 0 

0 ·25 I ·0493 ·22754 1•07369 "21685 

0 25 4·0533 3·5199 5·3670 •86791 

-1 ·25 1 ·4498 -·65779 1·592 -·45373 
-I 25 I ·9980 -50•029 50·069 -25•0398 

-10 25 I ·9999 158•12 158·13 79·604 

-10 100 2·00004 632•462 632·465 316·225 

provided •lhl >I. the shear stress iw, is zero when 

cos (wt+S) 
(4k-l+vl+4k)/2k 

e1H1 

and is negative when 

(4k-i+v~Jf2k 
cos (wt+e)< elhl 

Fig. 4.1 . Mean V!llocity Profiles for k ~ o 
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k,,,17 

k"".07 

Fig. 2. Mean Velocity Profiles for O<k~l· 

The former case corresponds to a velocity profile with zero skin 
friction, while in the latter case the flow near the surface is in the 
negative x-direction. Since € is not restricted in magnitude, the 
condition EI hi ;> 1 can be obtained. Thus at certain times the flow 
near the surface is in the negative x-direction, while the flow in the 
main stream is always in the positive x-direction. Thus certain mem
bers of the class of transient velocity profiles are of a separation 
type (with zero skin friction) or separated type (with reverse flow 
near the surface) for some values of k as in the classical viscous fluid 
flow. The transient velocity profiles are illustrated in fig. 3 which 
illustrates also the flattening effect in the case of viscoelastic_ fluid. 

For low frequencies (4.15) can be expanded in powers of A to 
give 

( 4.21) 

1-v'J-4k 
where a=-~k--

ia~AP -a·~ 

a-2 
A' \C4-3a)~ l (a-2)3 

l a2'1}2 } -a~ 
(a-2)2 e 

+O(i\3) 

By putting k=O i.e., a= I for the classical viscous fluid we 
deduce 

(4.22) 

which agrees with Stuart's equation !3.16) of his paper. 
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The component of velocity parallel to the wall for low frequency 
is given by 

(4.23) u _ 1 -a·~+- [i -a'l -- -e i:o -e u, 

-{A' (4-3a) _ 1 
(a-2)' 71 2 

Thus the velocity fluctuation is, to first approximation in A, the 
sum of the parts proportional to the instantaneous velocity and acce
leration of the main stream. 

Fig. 3. Transient Velocity Profiles for k<O 

I k=O 
II k=-1 

I' k=O 
III k=-10 

The author is grateful to Dr. L. J. Crane for his guidence and 
help and also to the referee for his nseful comments. 
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ABSTRACT 

The problem considered is that of determining the distribution of 
surface stress a,.(x, 0) necessary to maintain the two coplanar griffith 
cracks a<;x<;I, -J<;x<;-a (y=O) in the shape U, (x, O)=w(x), 
a</x/ <1. By nse of the theory of Fourier transforms we reduce 
the problem to the use of Fourier's inversion theorem and then an 
exact formal solution is derived. For a special class of crack shape 

' 
i.e. w(x) =[ (I - ~: )O -x') J ~ we determine the stress intensity 

factors at the tips of the cracks. We also obtain the expression for 
crack energy W require to open up the cracks. 

1. Introduction, In the recent years considerable attention 
has been paid to the crack problems in the classical theory of elasti
city. References on this work are available in [3]. These authors 
have solved various types of problems. Recently Sneddon [2] bas 
considered the problem to determine the distribution of surface 
stress a .. (x, 0) necessary to maintain a Griffith crack /x/ <; 1, y=O in 
the shape U,(x, O)=w(x)H(l-x). Here we shall consider a problem 
of determining the distribution of surface stress a.,(x, 0) necessary to 
maintain the two coplanar Griffith cracks a<x<J and -l<x<-a, 
(y=O) in the shape U.(x, O)=w(x), a<x< I and -I <x<-a. 

By making use of the solution in terms of Fourier transforms of 
the equations of elastic equilibrium and Fourier's inversion theorem 
we derive a simple expression for distribution of surface stress. In 
section § 3 the expressions to stress intensity factors at the tips of the 
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cracks and the crack energy required to open up the cracks are 
derived for a special class of the crack shape i.e. 

1 

w(x)=[ ( !-:: )CI-x')J'. 
The analysis in this paper is pnrly formal and no attempt has 

been made to justify the change of order of integrations and inte
gration and differentiation while using them. 

2. The Boundary Value Problem and its Solution. We 
consider an infinite, isotropic, elastic medium which contains t\VO 

coplanar Griffith cracks of prescribed shape U,(x, O)=w(x), a<lxl 
<( 1, satisfying the condition w(x)=w(-x). Because of symmetry of 
the problem about the x-axis we need only calculate the distribution 
of stress in the half-plane y;;;,O. 

Then the boundary conditions are 

(2.1.) 

f ~ 0, ······ 
~ U,(x, 0)= w(x) ..... . 
I o, .... .. 
lcrx,(X, Y)=O 

-a<x<a 
a<x<l, -l<x<-a 
lx1>l 

-oo <x< oo 

In addition, we require that all the stress and displacement compo
nents vanish at infinity and that w(x)=w(-x). 

If we use the notation 

F,[B(p, y); p-+X]=~ ;.J~ B(P, Y) cos (px)dp 

F,[B(p, y); p-+x]=~; J~ B(p, y) sin (px)dp 

to denote the Fourier cosine and sine transforms of B(p, y) respec
tively, the equations of elastic equilibrium and the condition of 
vanishing stress and displacement components at infinity is satisfied 
by the well-known solution (see pp. 404-406 of [I]) : 

(2.2) l+~ -py 
U,(x, y)=--y F,[l-2~-py)e A(p); p-+x], 

(2.3) 
1+~ -py 

U,(x, y)= E F,[(2-2~+py)e A(p); p-+x], 

where Eis the Young's modulus and~ is the Poisson's ratio of the 
material. 
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These lead to the equations cr.,(x, 0)=0 and 

(2.4) 
d 

cr,,(x, 0) = + dx F,[A(p) ; p-7X], 

so that the boundary conditions (2.1) are satisfied, provided that 
A(p) is determined by the equation 

(2.5) 
2 1 2 \ 0, ( -;11 JF,[A(p); p-+X]=) w(x), 

LJ ( 0, 

(O<x<a) 
(a<x<l) 

(x> 1) 

Assume that we may differentiate formally under the integral 
sign with respect to x (provided 1v(x) is differentiahle ). Hence, 
from the above equation (2.5), we have 

(2.6) ~ 
0, ... 

2(1-'12
) ' ---E-· F,[pA(p); p-7p]= w (x), .. . 

0, .. . 

(O<x<a) 
(a<x<l) 

(x> 1) 

If we use the Fourier since inversion theorem, we obtain 

Ep-1 f-2-11 
(2.7) A(p)=-2(i-'1')'\/ ~ a w'(u) sin (up)du. 

Inserting in (2.4) and using the well-known result 

(2.8) Joo p-1 sin (pu) sin (px)dp=flogl x+u//' 
0 x-u 

we obtain the expression 

(2.9) cr.,(x, OJ= 2n(~-'1') fx J: w'(u) log I~=~ /du 

or 

(2.10) E [ 1 uw'(u)du 
cr,,(x, 0)= 7T(l-'1')Ja x'-u' ' 

which is a simple expression for distribution of surface stress. 

3. A Special Class of Crack Shape. if 

(3.1) w(x)=•{ ( 1-::) (l-x2) }''' 

From (2.!0J, we find that 

(3.2) cr ,(x, O)= E< J1 
_, __ _(_u'-a') udu . 

• (1-'1'; n a u'(x'-u'){(u2-a')(l-a'))'T' 
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and 

(3.3) cr.,(x, 0)= 1 E: [ 2" - 7ra -( x'-:!"_) 
(-71)7' 2x2 x' 

x t (x'-u')[(u~~:2)(1-u2)]1/'} 
In the above analysis, we have made use of the results 

and 
J
' udu " 
,[(u2-a2)(1-u2)]1 ,,=2 

f' du 
a u[u'-a')(l-u')J''' 2a 

1l 

By use of an important relation 

J
1 udu 
a (x2-u2)[(u2-a2)(1-u')J'i2 

r 1 
j - ; [(a2 -x2)(1-x2)]-

2 

I =-< 0, 
I 
I " -i -[x'- a2)(x2-I) L2 

we find that 
-sE 

(3.4) [cr.,(x, O)]O<x<a=2(1-.,f) 

r 

... (O<x<a) 

(a<x<l), 

... (x> I) 

li ; (~-x') J' 
[(a'-x')(l-x')]1 /2 

(3.5) 

(3.6) 

[cr.,(x, O)]~<x<I = 2(~~~') [ 
-oE 

[cr,.(x,O)]x>l 2(1-~') 

[1-x~ ( x•-~:) J 
·~[-(x~,---a~')(x2 - 1)']112 

Now we proceed to deduce the stress intensity factors at the tips 
of the cracks as given by 

(3.7) 
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and 

(3.8) N1 =1im,-;.1 +=[2n(x-1)]~ [a._(x, O)] 

e.E ! 
2(1-~2) ['lT(l-a')] · 

From the equations (3.1) and (.i.5), we find that the expression 
for the energy required to open-up the cracks in the shape (3.1) 1s 

(3.9) W=-2[ a,.(x, 0) U,(x, 0) dx 

E•' J' ( a ) [(x 2-a2)(1-x2 )]~ --- 1 - - dx 
-(1-~2) ' -x2 x 

Ee.·'n 
= 16(!-~'J{,F,[l, i-; 3; (1-a')]-K2F1 [2,{;3; (l-a')]}, 

where 2F1 is a notation of hypergeometric series. 

When a-;.0, the cracks merge into a single crack of prescribed 

shape U,(x, 0)=•[(1-x')]~ , [xi< 1, (y=O), then the expressions for 
stress intensity factor and crack energy are 

(3.10) 

(3.11) 

e.E7it 
N, 2(1-~') 

c2En 
W=4(1· ~ 2/ 

respectively. 

Here it is noted that the expressions (3.10) and (3.11) for single 
crack are in agreement with well known results (seep. 430 [l]. 
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ABSTRACT 

Operational representations of the hypergeometric functions F~), 

F:). F~), F~), <1> t) and 'l';n) of n ~ariables are given in the present 

paper. Some interesting special cases are also considered briefly. 

1. Introduction. Very recently, Chandel [!] has given the 
operational representations of certain hypergeometric functions of 
three variables defined by Lauricella [4, p. 114] and Srivastava (cf., 
e.g., [5] and [6]). In this paper we give the operational representa-

tions of the Lauricella functions F~l, F~n), F~l, and F~) of n varia-

bles [4] and of their confluent forms <l>(n) and 'l'(n) defined in [2, 
2 2 

p. 385]. 

The results obtained are believed to be new and the method 
used depends upon the following properties of the differential operator 
SI, =z2d/dz. 

(!.I) .11,n{z") =(oc).z"+n; (~)"{zoc~l }-(-I)"t"~,"-n+l. 

* This paper is a part of the author's thesis approved for Ph. D. degree of 
A.P .S University, Rew a (M.P.) in 1972. 
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2. We use the following notations to prove our results : 

_ 2 d n_ 2 d 2 d ,d 
S?,-z -d, uui-Zi d-' lV=Y dy' w,=Yi -z zi dy,/ 

(2. I) 

wherei=l, 2, ... , v-I,v, v+I, ... , n-1; v andn are positive integers. 

Now consider the operator 

x_( I +R)-~' ... (1 + .11,)-~" exp {- g..11,,., } ... exp{- .l?.SGn-1} 
W1 Wv Wv+1 W11 _ 1 

=1Fo(~1; - ; -~ ). .. 1F0 (~,; - .I?. )oFo(- ; - ; - S(, .11.~+i) 
Wv Wv+1 

F ( . . .\?..l?.n-1) •••O O - , - , , 
lVn-1 

where, as usual, 'J)Fq(a1, ... , aP; b1, 

hypergeometric function. 
... , bq; z) denotes the generalized 

By replacing each of the hypergeometric functions, occurring in 
X, by its power series and making use of the operational relations in 
(I.I), we obtain our first result in the form 

(2.2) 
r z(J.z ~v+1 ..... z~n-l 

X\ v+l n-1. 
1 11-I Yn-1 
LYi ·····Yn-1 

CT. f)v+1 f)n-I z z 
1 
..... z I 

=--v;_+:_c:.._~n--~ 
Y1-l Yn-1-l 

y, ..... yn-1 

Z Z Z Zv+1 Z Zn-I ) ... , Yn; -, ... , -, --, ... , --, z , 
Y1 Y2 Yv+t Yn-1 

where, for convergence, 
V n-I 

lzl-:-,~ /y: /+,~Jz ;,'i<l. 
The relation (2.2) gives us one form of the operational representa

tion of p<">, having the combination of the product 1Fo . oF0 on the 
A. 

left-hand side. In this way, we may represent F(n) in ten different 
A 

forms, having combinations of the products of 

0Fo · 1l?o oFo . 1F1 

1Fo . iFo , 1Fo · rF1 
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These ten apparently different forms yield ten different relations 

for F~'>, which can be unified by the following interesting formula. 

r z~ II y(t-l)(y,-1) "ii' y(q-l)(y,-1) I 
-< i~l i i~v+I i ,F,(a, P.; Yn ; z) ~ 
I v n-1 l I l II z(s-I)p, II z (p-1 ~' 

i~l i~v+l J 
v n-1 

z~ II yCt-l)(y,-1) II yCq-l)(y,-1) 
i=l i i=l'+l i =- v n-1 

II z(s-I)~< II z(p-l)p, 
i=l i=v+l 

F(n)( A a, f31, ···• f3n; y1, ... , Yn; 

t-l t-l q-l q-l 
zy 1 zy zy 1 zy ) v v+ n-1 
-s=J:· ... , -----s=t. p-1' ... , p-1' z ' 
z z z z 

I v v+ I n-1 

where p, q, s and t are either 0 or I thereby affecting the presence of 

the ~ and y parameters in the factors ,F, and .F, only. 

Evidently, (2.2) is contained in the operational relationship (2.3). 

Similarly, we obtain the following results. 

(2.4) 
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n-1 
11 z~• 

.i=l i 
v n I 

yY-1 II y(s-l)a, II y<p-l)a, 
i=l i i=v+I i 

F~)(a,, ... , «,,, ~" ... , ~.; y; 

Z1 Zv Zv+1 Zn-1 1 ) 
yy:-1' ... , YY:-1, yy~~~' ... , yy:=~ 'y ~ 

where s=O or 1 andp=O or l, 

which effect the presence of a, only in factors ,F0 and ,F0• 

v 
(2.5) II 0F,(-; y,; (-l)t-1.l(.w(w1)'-1) 

i=J 

•-1 
II 

i=v+l 

· lY°"Z~ ,£11 y;t-l)(y,-1) 

"rr1 
y(q-l)(y.-l) F (c' R· y. vz)1 

2 1 • J !-'• 1U ~ 
i=V+l i 

y(t-l)(y,-1) ."rr' y(q- l)(y;-1) 
i=v+i i 

(n) t-1 q-1 q-1 
F (cc,~; y1, ... , y 11; yzy1t-

1, ••• , yzy , yzy , ... , yzy , yz), 
C v v+1 n-1 

where 1=0 or 1 and q=O or l, 

which affect the presence of Y• only in factors 0F, and 0F,. 

1------2
-"------ ,F,(a, ~.; y; z/y) l 

• ) yY-1 II z(s-1)~. "rr' z(p-l)~i ( 
l •=1 •=v+1 J 
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za (n) ( 
------------ F ex., !31, ... , [3,,; y; 

rr-1 II z,Cs-1)~, lr1 z/P-1)~, D 
t=l i=v+I 

:_1' ···• sz-1' :-1' ... , -;-_-1' ~ ), 
yzl yzv yzv+l yzn-1 

where s=O or 1 and p=O or 1, 

which affect the presence of~. only in factors ,F0 and .F,. 

r ·-----1
------ 1F1 (~n; y; ~ ) l 

· ! yY-l II z(s-l)~i "rl:1 z(p-l)~, ( 
L i=1 i=v+1 j 

1 (n) ( 
------------"' ~l· .... ~.; y; 

=yr-11r z(s-l)~;"ri' z(p-l)~, 2. 
i=I i=V+l 

!-!' ... , !-1' ;_I' .. ., ;_I' _I_). 
yz yz yz yz Y 

1 v v+I n-I 

where s=O or 1 and p=O or 1, 

which affect the presence and ~' only in factors ,F0 and ,F,. 

v 
(2.8) II ,F,(-; y,; (-1)1- 1 ro( ,,,,y-1) 

i=l 

v 
=ya II 

i=1 

y<t-I)(y1-l) rr' y<q-l)(y,-1) 'F~n) (a; y1 , ... , Yn; 
i t=v+I i 

t-1 1-1 q-1 q-1 ) 
YY1 ' ... , yyv ' YYv+l' ... , yyn-l'y • 

where t=O or 1 and q=O or 1, 

which affect the presence of Y< only in factors ,F, and ,F .. 
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. . (n) . 
The relat10n (2.4) gives three forms for F , havmg the combi

B 

nations of the product iF0 • 1F0 , 0F0 • oFo and oFo . 1F0 • 

. (n) (n) (n) (n) 
Obv10usly, F , F , <!> and'¥ may be represented in 

C D 2 2 
three different ways with the help of (2.5), (2.6), (2. 7) and (2.8), 
respectively. 

3. Particular Cases. In (2.3), taking s=O, 1=0, p=O, q=O 
and n=3 (v would naturally be I), we have a known relation [3] for 

h h . f . F(3) . t e ypergeometr1c unction , v1z. 
A 

S. ·1 I II . ' . f · F(
3

) F(
3

) 1m1 ar y, a relations 1or the Lauricella unct1ons , 
A B 

(3) (3) 
F c and FD and Appell's double hypergeometric functions F1, F,, 

F, and F,, given in [3], can easily be deduced by specializing the 
parameters in the resuJts obtained in the preceding section. 

Further in (2.6), by taking n=3, s=O, p= I and y=~3, we obtain 
the operational relation 

ZC< Z1'31 ( ZZJ Z Z )' =--1 Fn ix, ~v ~2, t3s; ~s; - '_, -
~- y y y 

which was given recently by Chandel [!, p. 219, eq. (2.3)]. 
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The present area constitutes a part of the Central India Gondwana 
basin, in which the whole Gondwana succession is exposed. This 
study is however, restricted to the npper Gondwana sediments, viz, 
the Pachmarchi and the Denwa formations. 

Medlicott (1872) studied it for the first time and latter in 1873, 
mapped the area geologically on I" to 12 miles scale. This work 
was elaborated by Crookshank (1936). Saxena (1961, 1962, 1963 
and 1964) made some important contributions to the sedimentologi
cal aspects of the area. Geomorphic and sedimentological aspects 
of the area were considered by Verma (1971, 1972). Besides, 
Choubey (1971) worked on the tectonics of the basin. 

The Pachmarhi and Denwa formations comprise sandstones and 
clays respectively. For the present work, the structures, textural 
and mineralogical characteristics of the sandstones have been consi
dered. 

Sandstones of both Pachmarhi and Denwa formations show 
extensive cross bedding. Study of cross bedding points a direction 
of current flow from south to north. But the presence of backset 
beds (unpublished results) as also penecontemporaneous deforma
tional structures indicate instability of the basin. Besides, the great 
thickness (about 3000') of extensively cross bedded strata leads to 
the obvious conclusion of a continuously sinking basin to which aJJ 
Gondwanas are referred to. 
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Textural futures : Size and shape studies of the Pachrnarhi and 
Denwa sands reveal the following characters : 

I. Both Pachrnarhi and Denwa sands are medium grained (the 
Denwa being compartively finer grained) and well sorted. 

2. The Pachmarhi sands show subangular to subrounded nature 
and the Denwas a subangular nature. 

3. The values ofsphericity are high (0.62-0.7).for both Pach
marchi and Denwas. 

4. Smithson plots of Pachmarhi's show majority of grains in 
the field between I : I and I : 2 indicating subequant grains. The 
Denwas are however different in that quiet a few grain cross the I : 2 
line and lies in the I : 2 to I : 5 field, indicating presence of elongate 
grains too (fig. !). 

f\t!ineralogical characteristics : (heavy minerals). 1~be heavy 
mineral content of the Pachmarhi and the Denwa (fig. 2) are depict
ed in the table below : 

TABLE I 

Summarised table of heavy minerals 

Ta/chir Pachmarhi Deniva 

Garnet Zircon Opaques 

Opaques Anatase Zircon 

Epidote Opaques Tourmaline 

Tourmaline Bpi dote Chlorite 

Chlorite Tourmaline Garnet 

Hornblende Hypersthene Anatase 

Zircon Rutile Sphene 

Staurolite Garnet Monazite 

Hornblende 

Kyanite 

Structure. Both Pachmarhi and Denwa Sandstone show abun
dance of cross bedding. The cross beds are generally of Planar 
simple type with truncated top and asymptotic bottom. Individual 
sets are J, to 2 ft. thick. 
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Zircon 

Tourmaline 

HEAVY MINERALS 

PACHMARHI FORMATION 

Anatase 

Hypersthene & Garnet 

Hornblende Kyanite 

. DENWA FORMATION 

Zircon Tourmaline 

Epidote 

Rutile 

Garnet 

Sphene Monazite 
Fig. 2 
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Observations on cross bedding show uniqueness that though 
majority of the current bedding points a current direction from 
south to north (fig. 3), thereare some which show opposite direction. 

PLATE 

PACHMARHI FORMATION 

• 
' r 

l 

' I 

CURRENT BEDDlN\4 R_05ES 

\ 
\ 

~ 
DENWA FORMATION 

• • I 

CU-R~ENT BEDDINC, ROSES 

BAGRA FORMATION · 
PEBBLE ORIENTATrON ROSES 

Fig. 3 

Discussions. The textural features of the Pachmarhi sand
stones seem to point at a fairly good textural maturity. The only 
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factor against it is the subangular to subrounded nature of the 
grains. The high value of sphericity indicates that the source area 
was composed of fairly equant grains. It can however be explain
ed if we consider a sediment which is originally not much rounded 
but is subject to winnowing action in the basin itself. This can be 
expected in shallow lake like basin, whereby the nnal product shows 
textural maturity due to the removal of flues by washing. Thus, it 
is suggested that the present textural maturity does uot depict the 
original mode of transportation. The initial transportation could 
have been carried out by an agent with low energy or that the dis
tance of transport was small, either of which could have resulted in 
the observed angularity of grains. 

The heavy mineral contents of the Pachmarhi is interesting. 
Examination of the minerals shows that the sediments are mineralo
gically immature. This is becouse of the presence of minerals like 
hypersthene, epidote, kyanite etc., together with minerals higher up 
in the order of stability (Pettijohn 1957). This could indicate a 
tectonically active source, leading to rapid erosion. Minerals like 
Zircon, tourmaline, hypersthene, hornblende and garnet can l;le 
derived from acid igneous rocks. Kyanite and epidote can also be 
fitted into the above group by assuming a meta igneous terrain. 
However, anatase and rutile which are present in appreciable quan
tities are indicative of basic igneous .rocks. Besides these two 
minerals, there is no other indication of a basic source. However, 
examination of their shapes and forms of the two minerals show 
remarkable euhedralism and there are no indications of wear on 
these minerals, which is prominent in all others. This could possibly 
be of authigenic nature (Pettijohn, pp. 669). 

The Denwa heavies show better maturity than the Pachmarhis 
and suggests that by the end of Pachmarhi sedimentation, the source 
area had considerably stabilized tectonically. The presence of 
chlorite and the absence of high grade metamorphic minerals 
suggest low rank source. 

Conclusions. From the above study, the following may be 
concluded :-_ 

I. The apparent textural maturity of the Pachmarhi and Denwa 
sands is due to washing action probably by waves in a lake where 
these were deposited. 

2. The heavy minerals indicate a better mineralogical maturity 
of the Denwas and is probably due to stabilizing of tectonic activity 
of the source during the Denwa sedimentation. 
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3. The Pachmarhis were derived from a higher grade metamor
phic source and the Denwas from a lower grade metamorphic rocks 
with probably crude schistosity. 

4. The current direction in tbe basin was from south to north. 
The source area thus could be from the meta-igneous rocks of 
Archean complex to the south. 
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Introduction. The paper deals with sedimentary structures met 
in the Pachmarhi sandstone and Bijori shales near Pachmarhi in M.P. 
which forms a part of Central India Gondwana basin. Medlicott 
(1873) and Crookshank (1936) were the pioneers who explored the 
geology of the area. However, there have been very few sendimento
logic studies. The important one being Saxena (1962, 63, 64) and 
Verma (1971). 

Sedimentary Structures. The Pachmarhi sandstone of the 
area show a number of well preserved sedimentary structures not seen 
in the Bijoris. These may be classified as (Potter, Pettijohn & Siever, 
1972) : 

(I) Current depositional 

(II) Current erosional 

(III) Deformational 

(IV) Biogenic 

(VJ Chemical 

I. Current depositional 

(a) Bedding. The thickness of Pachmarhi sandstone varies 
from I to 15 feet though finer laminations are not absent. The 
lateral variability is not so distinguishable along strike but is quite 
evident along dip. It is generally of the order of a few inches and is 
rather irregular in small distances. It is often found to be decreas
ing towards north. The beds are usually massive in nature. 



68 M. K. SHUKLA & V. K. VERMA 

The bedding is defined by : 

(i) compositional banding as evidenced by alternations of iron 
rich and iron poor bands. This feature at places intersects 
the bedding, 

(ii) presence of pebbles which may be few or in large quantity. 
The thickness of the pebbly layers varies from about a few 
inches to more than seven feet (Fig. I). This leads to the 
congeomeralic texture in the sandstone, and 

Fig. 1 

(iii) lithological variation due to the presence of ferruginous 
siltstone in Iensoid shaped bodies parallely oriented to the 
bedding. 

The bedding occasionally shows transgressive relationship. An 
interesting feeture is the occurrence of pebbles in a regular manner 
which according to Saksena (1963) are the result of cyclic deposi
tion. The Bijoris show uniformly thick continuous beds having a 
laminated nature defined by the presence of large amount of micas. 
The bedding is also marked by compositional banding consisting of 
alternate dark brown to dirty earthy bands. At places streaks of iron 
further helps in deciphering the bedding plane. The strike azimuth 
and dip amount varies considerably in Bijori shales. They are 
generally found to be dipping north with amount varying between 
20' to 47'. They appear to have been folded with the limbs dipping 
east and \vest at an angle varying between 34~ to 47°. 

The thickness of bedding varies from a few millimeter to about 
one centimeter. It shows a massive nature \Vithin. A number of 
peculiar marking are seen on the upper surface which are cuspate 
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shaped with a dark brownish colouration. These have a crusty 
nature. The other common impressions consist of parallel lines 
which appear to be impression of some leaf. fn addition to these a 
number of rounded bodies are contained in Bijoris which have been 
described under biogenic structure. 

(b) Cross bedding. The Paohmarhi sandstones are character
ised by the presence of extensive cross-beds. These have been studied 
by Saksena (1962) in detail. 

The cross-bedding is simple and has two types of foreset beds: 

(i) The foreset beds with unifoi:m thickness meeting the bottom 
set bed at an acute angle. This ha. been referred to a Angu
lar Cross Bedding. 

(ii) The foreset beds which do not have uniform thickness-being 
more on the top than at the bottom. They have truncated 
top and asymptotic bottom. These have been referred to as 
Tangential Cross-bedding. 

An explanation to the occurrence of both (i) and (ii) types of 
cross-bedded units in any area has been rendered by Allen (1970). 
According to him tractive force and the ratio of water depth at crest 
to water depth of a dunes frontal basin are the controls on a slip 
slope deposition of ripples and dunes. The crest of the ripple effects 
the flow separation on the slip slope producing a major turbulent 
eddy leading to the formation of regressive ripples in front of fore
set. The tractive force now controls the movement of grains and if 
it is less the largest grain roll down travelling furthest and lead to 
formation of angular cross-bedding. The tractive force now increases 
and catapults bed load grains into the turbulent eddy "depositing" 
them on either the lower slopes of the slip slope or in front of it so 
that angular foreset bed becomes tangential and concave upwards. 
Similar effects are result of shallowing of basins in front of dune. 
All the above mentipned processes can well be expected in a shallow 
basin being fed by heavy loaded streams which have been regarded 
to have led formation of Pachmarhi sandstone. 

An interesting feature in these sandstone is the presence of back
set beds which were reported by Saksena (1963). According to 
Power Jr (1961) these are the result of "antidune" phase of trans
port of heavily loaded stream. The antidunes according to Allen 
are "sinuoidal beds and water waves of low amplitude that are 
broadly in phase with one another-travelling against current 
reading a wave length of 5-10 mts and a height of about 2 mts after 
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which they break into a plane surface." If such a medium is consi
dered to have led to the formation of these back beds the internal 
lamination would not be so well preserved as in the case of these 
sandstones. It therefore appears that a further probe is necessary 
for proper appreciation of these backset beds. 

Ripple marks. Another interesting feature is the ripple mark 
like structure (Fig. 2) on the bedding plane. These are seen at a 

Fig. 2 

number of isolated spots preserved generally as hardened ferruginous 
layer. It is important to note that they point in the same direction 
of current flow, as the cross bedding occurring beneath them (Fig. 3). 

Fig. 3 

It is normally expected that in a basin traversed by strong currents 
where heavily loaded stream deposit their material, ripple marks 
would not be present as they are forn1ed in calmer conditions. But 
it is quite obvious that a heavily .. loaded stream current would 
gradually dissipiate in intensity so that ripple marks would be 
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formed. The bas in of deposition for Pacbmarhi sandstone was 
undoubtedly shallow, about IO' in depth (Saksena, 1963). Looking 
at the outcrop of Pachmarhi sandstone it is difficult to visualize 
the intensity of current flow being the same in such a large area. In 
a shallow basin presumably somewhat uneven too, a few places of 
quite deposition are not uncommon, so that the rare occurrence of 
ripple marks is not ruled out. 

II. Current erosional 

The only feature that is reflective of some erosion is the varying 
thickness of bedding along the strike section. 
III. Deformational 

Among these convolute lamination (Fig. 4) and some load struc
ture (Fig. 5) resulting from differential loading of sandstone over 

Fig. 4 

Fig. 5 
softer siltstone are seen. It is distinguished by (i) the presence of 
continuous corrugated laminations and (ii) their involvement \Vi thin 
a particular sedimentation unit. 



72 M. K. SHUKLA & V. K. VERMA 

The convolute lamination seen consists of a number of beds 
which do not show any thickening or thinning prominently. These 
have been a source of great deal of discussion and are generally 
ascribed to slumping or sliding uuder gravity at time or shortly after 
accumulation of deposit. According to Migliorini (1950) these are 
"result of dragged laminations due to expulsion of the contained 
pore water." During diagenesis \Vhich is very pronounced in 
Pachmarch sandstone pore water expulsion did certainly take place 
but as the sandstone is very coarse grained the permeability would 
be more so that the drag effect would be less. He is of the view 
that "convolution arise when formerly cohesionless sand grains 
become cohesive after de-position and respond to increased shearing 
due to higher current velocity." The silica cementation in these 
sandstones which is regarded to be syngenetic appears to have 
contributed to cohesion of these sandstones. Subordinate occurance 
of ripple marks in the area perhaps be due to the weekly hydro
plastic material that on deformation yield convolute lamination due 
to vertical suction of the relatively flowing water over the crests and 
a downward pressure on the trough (Kuenen, 1953). 

IV. Biogenic structure 

Near the contact of Bijoris with the Pachmarhi sandstone a num
ber of spherical bodies occurs with concentric outer layers. The 
cores of which are ferruginous and they are of two types; 

(a) Consisting of concentric layers of iron rich and poor bands 
grading gradually towards the kernel into a pinkish coloured core. 
These concentric bands are interesected by ill defined black coloured 
radial lines. These bodies are generally elliptical in shape (Fig. 6). 

Fig. 6 (a) 
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b 

c 
Fig. 6 (b) & (c) 
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(b) Consisting of broad layers with well rounded fine grained 
dark brownish black coloured core which has a massive nature. The 
thickness of the shells decreases towards the kernel and appears to 
be gradually grading into it. 

A common feature in both of them is the absence of any struc
tural aspects continuing into them from the surrounding rock and 
that the core always separates rather easily from the outer shells. 

The former appears to be a some organic body because of the 
presence of both radial and concentric structure (personal comm uni~ 
cation from Dr. P. Kalia). The. latter is mostly probably a concre
tionary body. This occurrence is being reported for the first time 
in India from the Bijoris. 

V. Chemical structure 

These are quite common in the Pachmarhi sandstone and are 
reflected on the surface as the result of differential weathering caused 
due to concentration of iron or silica related to diagenesis. On the 
way to Jatashanker along the valley hollow features are seen on the 
northern wall (Fig. 7). These are delineated by bedding and some 

Fig. 7 

other regular features (joints) running N-S and can be explained 
as the result of the Pachmarhi sandstone being composed of some 
different hardened material more resistant to weathering. On 
breaking the harder surfaces which have been brought to relief the 
fresh surface appears shiny. At places it has concentrated giving 
on almost vitreous appearance. A thin sector of these hardened 
parts reveals concentration of siliceous cements composed mostly of 
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chalcedony and fine grained quartz though opal is uot absent. The 
high iron content can be easily made out by hand specimen and the 
petrographic study reveals presence of hemetite and/or hydro
hematite. 

Conclusions. From the aforesaid discussion the following 
conclusions may be drawn. 

(I) The primary structural features like cross-bedding showing 
foreset beds meeting bottom-set beds in the Pachmarhi sandstones 
from an overloaded rapid moving streams. The monotonous occur~ 
rences of cross beds throughout the thickness indicating shallow basin 
of deposition attests testimony to a gradually subsiding basin. 

(2) Post-depositional activities reflected by the occurrence of 
convolute limination suggest the prevalence of instability even 
during the deposition of Pachmarhi sandstone though on a relatively 
much restricted scale. 
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ABSTRACT 

In each of the known finite nonabelian simple groups of order 
less than 1,000,000, there is a conjugacy class C such that CC covers 
the group. Such a class can also be found in PSL (2, K) if K is one 
of the infinite fields C (complex), D (quaternions), R (reals). In the 
latter case, every class of trace >2 has this property. For K=Q 
(rationals) the situation is more complicated ; there is no such class. 

Introduction. in the finite alternating group Alt(n) every element 
is a commutator. Even more, there is a conjugacy class C such that 
CC covers the group. (n<4) In the infinite alternating group Alt (w) 

consisting of all even permutations on (a finite number of) the symbols 
{l, 2, ... } on the other band, there is no finite collection of classes 
C, whose product covers the group. 

No general method seems to be available to decide, in a given 
group, whether a class C exists such that CC covers the group. Note 
however that if each of the groups G, K enjoys this property, then 
so does their direct product G x K. Once the explicit character 
table is given, it is routine to investigate the question. The 
character tables for all known finite nonabelian simple groups of 
order less than 1,000,000 have now been computed. The first section 
settles the question affirmatively for these groups. In Section 2, 
the problem is considered (and solved) for the infinite simple groups 
PSL (2, K) where K is the reals, complex numbers, or quaternions. 
For the finite groups PSL (2, K) an affirmative solution was found 
in Part III of this series of articles [!]. In Section 3, K is Q, the 
real rationals. 



78 J. L. BRENNER 

1. Certain finite simple nonablelian groups, including 
all those of order less than one million. Denote the classes of 
the group G by C, (v= I, 2, .. ., k). From the formula 

(1.1) 
k 

C,Cµ= ~ y,,,, c, 
>d r 

of Burnside, it is clear that the product C C covers G if and only 
v v 

if every coefficient YvvAis non-zero. On the other hand, another 

formula of Burnside, 

(1.2) IGI 
jZ(v)j.jZ(µ)j 2 X(v)X(µ)z (A)/X(I) 

x 

expresses these coefficients in terms of the characters of G. (The 
coefficient of the sum in this formula is different from zero.) 

Using (1.2), it has been possible to discover the results tabulated 
in 1.3. on page 79. 

1.4. Theorem. Every known finite nonabelian simple group of 
order less than one million contains a class C such that CC covers 
the group. 

For the alternating groups, this result was first proved by Xu. A 
complete inventory of such classes has not yet been given. For the 
groups PSL(2, q), PSL(2, 2m), see the introduction. For the groups 
M II, PSL(3, 4) in Table 1.3, the inventory is complete. (The 
calculations for M 11 were kindly communicated by Prof. A. 
Sinkov.) Mr. Robert Cranwell has kindly checked some of the calcu
lations summarized in Table 1.3. Information ou R I has been 
kindly supplied by A. Rudvalis. 

1.5. Corollary. In every known finite nonabelian simple group 
of order less than one million, every element is a commutator. 

2. The groups PSL (2, K) for K=C, D, R. Let Kbe infinite. 
L. E. Dickson [2] proved that PSL (2, K) is a simple group. By 
definition, this is the group of 2 x 2 matrices of determinant I with 
elements from K, factored by its center Z. When K is. the reals, R, 
the rationals, Q, or any algebraic extension of these, z is the two 
group {I, -I}. When K is the quaternions D, the centre Z is the 
four-group {rl}, where r is± one of the quaternion units; -I is 
expressible as a scalar commutator of quaternions. 



Group 

Na1ne I Order 
I 

No. 
Period 

Classes 
PSL (3, 2) . 168 

I 

6 3 
PSL (3, 3) 5,616 12 6 
PSU (3, 3) 6,048 14 3 
M 11 7,920 10 4, 3, 5, 6 
PSL (3, 4) 20,160 10 3, 4, 5 
PSU (4, 2) 25,920 20 4 
Sz (8) 29,120 11 5 
PSU (3, 4) 62,400 22 3 

. M 12 95,040 15 8, 8 
PSU (3, 5) 126,000 14 4 
Janko 175,560 15 6 
PSL (3, 5) 372,000 30 4 
M 22 443,520 12 5 
Hall-Janko 604,800 21 7 
Sp (4, 4) 979,200 27 6 
PSU (5, 2) 2103 55·1 I 47 8 
PSU (6, 2) 2"3 65·77 46 7 
PS.\l, + (6, 3) 2736·65 29 9 
PS.\l, (7, 3) 29395·91 58 8 
M (22) 2173'5'77·13 65 13 
RI I 214335'·9 l ·29 36 3 

1.3. Table. Classes C such that CC covers the Group G. 

Class Cv 

I Order of 
Centralizer 

3 
6 
9 
8,18,5,6 
9, 16, 5 
8 
5 

15 
8, 8 
8 
6 

16 
5 
7 

12 
16 
7 

27 
16 
13 

2160 

I Number of Class (v) 
in Tables 

3 
8 
4 
3, 4, 5, 8 
3, 6, 7' 8, 4, 5 
5 
8 

IO 
6, 7 
8 
6 

IO 
4 
2 
9 
7 

46 
12, 13 
9 
5 
4 

8 
;:j 
"' z 
0 

iii 
~ 
el 
~ 
z 

~ 
"' r' 

~ 
00 

~ 
"' r;; 
0 
~ 

0 

" "' 00 

< 

-...) 

'O 
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2.01 Lemma. Let K be any field. In SL (2, K), every non-

[ O ba]· scalar matrix is similar to a matrix 
-1/b, 

2.02 Lemma. Let K be any field. If the ratio bf P is a square, 

the matrices M=f0· b], [ 0
· ~]=M, are similar in 

L -1/b, d -If~, d -
SL (2, K). 

2.04 Lemma. Iu PSL(2, C), PSL (2, D), two matrices =Fl 
belong to the same conjugacy class if they have the same trace (or if 
the trace of one is the negative of the trace of the other). 

The case K=R is a little different. In PSL (2, R), there are 
precisely three (and not two) conjugacy classes of trace 2. 

2.04 Lemma. In PSL (2, R), the matrices M =[ O 1] 
-1 2 ' 

M 1 = [~ - ~ J belong to different conjugacy classes. Every matrix 

=Fl of trace 2 is similar (in SL(2, R)) to one of ±M, ±M,. 

Proof. Set R= [,.' 
t, 

The 

require (r+s)'= -1. The second 
restatement of lemmas 2.01, 2.02. 

relation RMR-'=M1 would 

assertion of the lemma 1s a 

2.05 Lemma. If -2~d~2, the matrices N=[ O 
1
] 

-I d ' 

N1 =[~ -!] are not similar in SL (2, R). 

For trace greater than 2, the situation is simpler. 

2.06 Lemma. In PSL (2, R), if two matrices have the same 
trace >2 they belong to the same conjugacy class. 

2.07 Theorem. In PSL (2, R), the conjugacy classes are (a) the 
trivial class, (b) one class for d=O and for each traced with d>2, 

viz. the class of± [ O, 
1
], (c) two classes for each trace d, 

-1, d 

[ 
0 

0<d~2, viz. the classes Ca~± -I -~l 
Remark. The classes c., C' a are distinguished by the product 

of [the trace] by [the sign of the (I, 2) element]. See lemma 2.10. 
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2.08. Theorem. In PSL (2, q or PSL (2, D), the class C of 
trace 0 (and period 2) has the property that CC covers the group. 

Proof Set M=[ O 
-I 

has trace -(s'+ Ifs'+ u')· 
values in C (or in D). 

I] R=[- 0 
0 ' -Ifs 

ThenMRMR- 1 

This form clearly covers all possible 

2.09. Theorem. Let C be the class of trace 0 in PSL (2, R). 
Then CC does not cover the group. 

Proof. CC does not contain itself, nor does it contain any class 

with trace <2. Indeed set M=[ O 1lj, R=[r s]· If r=O, 
-I 0 t u 

the trace of U= -MRMR- 1 is tt2+s'+ l/s';:o;2. If r#O, the trace 
of U is 

Set I +st=g. Then s=(g-1 )ft, and "=r'+g2/r2 +12+(g- l)'/t'. 
This form has minimum ;:;:2, since the minimum of x'+a'/x' (as x 
varies) is 2 I a I · 

2.10. Lemma. Let M be a matrix of traced, -2<d<2, in SL 
(2, R) ; let R run through the matrices in SL(2, R). The sign of 
the(!, 2) element of RMR-1 remains constant. 

Proof Let M=[ O, bj-, R=[r, s]· The 
-1/b, d t, u 

(I, 2) element of RMR-1 is (l/b)[(s+irbd)'+!r'b'(4-d')]. 

2.11. Theorem. Let C be a class of trace ;:;:2 in PSL(2, R). 
Then CC covers the group. 

Proof. LetR=[ O 
11. The trace" of U=-MRMR-1 is 

-] Uj 

"=[u-dJ'+2-d'; the (I, 2) element of U is -u.. As u increases 
from d, -r increases continuously from 2-d'(~ -2); thus" eventually 
takes all values between -2 and 2 and then runs through all posi
tive values. Since the (I, 2) element of U does not change sign, all 
classes are covered. (See lemma 2.10.) 

2.12. Corollary. In PSL(2, R), every element is a commutator. 

In fact, every element can be represented in uncountably many 
ways as a commutator. 
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2.13. Theorem. Let K be a field in which d'-4 is not a sum 

of two squares. Then the matrix M=[-~/b ~]is not conjugate 

to ± its inverse in SL(2, K). 

2.14. Corollary. The class C of M in G=PSL (2, K) does 
not satisfy CC:JG if d2 -4 is not a sum of two squares in K. In 
particular, this hypothesis is valid in Rand in Q, if only O<;d<;2. 

Proof. Let N=[ _ ~ib, ~JR=[~: -~b]. Then RMR-1 

=N. Hence it suffices to show that if N is conjugate to 

±M-'= ± L~b ~b]. then d'-4 mustbeasumof two squares in K. 

Suppose therefore that R 1N = ±M-1R 1 , i.e., ru-st= I, and 

G ~J[-~/b ~J=±[ _~,b ~bJG ~J 
The lower ambiguous sign is obviously unattainable. Take the 

. upper one of the ambiguous signs. Then rd-sjb=dr-bt, s=tb', 
rb=ds-bu, rb=dtb'-bu, r=dlb-u. From ru-st=I it now follows 
that -u•+udtb-t'b'=I. or ?it'b2(d 2-4)=1+(u-}dtb)'. The theo
rem is an iinmediate consequence. 

3. The group PSL(2, Q). The classes in PSL(2, Q) are unex
pectedly complicated (Q is the real rationals). One class-invariant 
is the absolute value of the trace. To indicate all classes then, it is 

[ 
0, 

only necessary to tell when two matrices of the form -l/b, ~] 
are conjugate. By lemma 2.02, it can even be assumed that bis a 
square-free integer. But the matrices with d=O and b =b,, 2b,, 
4b1, 5b1 , •• ., are all conjugate. Theorem 3.01 explains the situation. 

3.01. Theorem. Two matrices 

M=[ _~'/b, !JN=[-~/~ ~] 
in SL(2, Q) are conjugate if and only if bi~ is either a square (i.e., 
the square of a rational number) or else a rational of the form 
R2-(d2-4) S2, where R, Sare rationals. 

Proof. From 

(3.02) RM=NR, with R=[' s] 
t u 
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it follows that s=-b~t, so that either s=t=O, or else s/t=-b~. 
Another condition implied by (3.02) is that rb+sd=~U. If this is 
combined with the relation ru-st=l, 

i.e., ru-b~t2 =1, it is easy to conclude that 

( u+ tbdt J'+ b't'( 4-d2)/4 =b /~. 

The final step consists in writing u+tbdt=bt R/S, where R, S 
are rationals. All steps in the argument are reversible, i.e., the 
condition is necessary as well as sufficient. 

3.03. Remark. When d=trace=2, the classes are in one-to
one correspondence with the positive (or zero) squarefree integers. 
Every matrix of trace 2 is conjugate to a matrix in which the (1, 2) 
element bis an integer; and unless !bl =a'l~I for some a, two matri
ces of trace ±2 and (1, 2) elements b, ~are disconjugate. So there 
are very many classes with trace ±2. 

3.04. Lemma. Let M=[-~/b ~]. R=G ~]. If rt¢0, 

the trace of U=-MRMR-1 is (with g=ru=I +st) 

T(U)=[bt-gfu]+} d ( ~ -r)]' 
+ 4 (4-d') ( ~ -r) +4g -2. l [ • J 

If t=O, rofoO, then 

T(U)=[ - ~ +} d ( ! -r) ]' +{- (4-d')[ ( +-r)2
+4]-2. 

Finally, if r=O, f7'o0, then 

T(U)=[u+{ a(bt+b~ )]'+ ~ (4-d')[bt+b~ J'-2. 
Proof. This is subject to direct verification. 

3.05. Theorem. There is uo clase C in PSL(2, Q) such that 
CC covers the group. , 

Proof. Suppose, per contra, that M belongs to such a class. By 
theorem 2.13, trace M=d>2. By lemma 3.04, for every rational T, 
there exist rational X, Y such that 

(3.06) X'-i (d 2-4)Y=T+2. 

To see that there are infinitely many T for which (3.06) fails to 
have a solution, write X=A/B, Y=C/D, d=2u/v, u>v, where A, B, 
C, D, u, v are integers. Then 

(3.07) D'v'A'-(u2-v') CDB'=(T +2) v'D'B'. 
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Note that u2 -v2 >2, i.e., u2-v'=3, 5, 8, ....... Transform;(3.07) 
into a congruence modulo u2 -v 2 : 

(3.08) W'=(T+2) v'D'B' (mod u2-v2). 

There are infinitely many values of T for which (3.08) has no 
solution. To see this, note that u2 -v2 is divisible by some odd 
prime p, or else·u2 -v2 is divisible by 8. There is ahvays an integer 
Tsuch that T+2 and -T+2 are quadratic nonresidues mod p (or 
mod 8, as the case may be) [3]. Thus there are integral values T 
such that (3.06) has no solution either as it stands, or with T re
placed by -T. 

3.09. Theorem. In PSL(2, Q), every element is a commu
tator. 

Proof Set 

[
1/2, 

M = (6-2D/3)/(4k), 
-2k J [5/2, 

2D/3-4 'R= l/(2k), 

Then MRM- 1R-1 = [ 
0, 

-1/k, ~J 
Remark. lf K has more than three elements, every element in 

PSL(2, K) is a commutator [4, 5]. But for the case K=C, for 
example, theorem 2.08 is a stronger result. 

Summary. Let G =PSL (2, K). If K =C or D, every class C 
has the property CC::JG. If K=R, the classes C with this property 
are those with !trace cl?>2. If K=Q, there is no class C such that 
CC::JG. 

Acknowledgement. NSF GP 32527. I thank Prof. L. Carlitz 
for calling my attention to the argument in [3]. 
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ABSTRACT 

The object of this paper is to evaluate two definite integrals 
involving the product of a double hypergeometric function and a 
generalized Fox's H-function. A few particular cases of interest 
have also been discussed. 

1. Introduction. In this paper some finite and infinite integ
rals involving the product of a double hypergeometric function and 
an JI-function in two arguments have been evaluated with the help of 
certain expansions given recently by Singh and Sharma [8]. The 
H-function of two variables is a general form of the double hyper
geometric function and it contains the G-function of two variables 
[!], Fox's H-function, product of two H-functions, and so many 
other functions in two arguments. Also, the double hypergeometric 
function may be reduced to the familiar Appell functions, the genera
lized hypergeometric function, and the product of two generalized 
hypergeometric functions (which, in turn, yield most of the special 
functions of frequent occurrence in problems of analysis, both pure 
and applied). Thns the integrals discussed here are very general 
in nature, and on specializing the parameters these will yield a num
ber of interesting and nseful results, some of which have been 
derived in section 3. 

We find it covenient to use the following notation of the H-func
tion of two variables, given recently by Mathur [7, p. 215]. 
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(1.1) H"' v1, v2 , m,, m 2 [x 
p, [t : t'J, s, [q : q'] y 

{(•,, e,)) ] . 
{(y,, c1)}; {(y',,, c' 1,)} 

{(8,, d,)} 

{(p,, b,)}; {(Wq'. b'q•)} 

where, 

n 
II r(l-•i+e;~+e,~) 
~·=1 

¢(~+~)=------------

II r(e,-e,;-e,~) II r(81+d,;+d;'I)) 
j=n+1 j=l 

and 

'¥(;, 'I))= 

m1 v1 m2 v2 

II r(P1-bj;) II r(Y;+c,~) II r(P/-b/~) II r(y/+c;'~) 
f~I j~I j~I j~I 

q 
II r(l - P1 + b;';) 

j=ni1+1 

t q' 
II r(I-y;-c,;) n r(l-P/+b,''I)) 

j=v1+l j=m2+l 
t' 
II r(l-y/-c/'I)) 

j=v2+1 

{(A., Bv)} stands for the set of paramoters (Ai, B,), .. ., (A,, Bv) 
and O<;;m,,;;;;q, O<;;m2<;;q', O<;;v1,;;;;1, O<;;v,<;;t', O<;;n<;;p. 

The sequences of parameters {(Pml' bm,)}, {(Wm" b'm
2
)}, 

{(y,
1

, c,
1 

)}, {(r',
2

, c',
2 

)} and {(•n• e.)) are such that none of the 
poles of the integrand coincide. The paths of integration are inden
ted, if necessary, in such a manner that all the poles of r(pi-b1;) 
(j=l, .. ., m1) and r(Pk'-b,'~) (k=I, .. ., m2) lie to the right, and 
those of r(y,+-;c;) (J=l, ... , v1), r(Y;+~c,') (k=I, .. ., v2) and 
r(l-e,+e;;+er~) (j=I, .. ., n) lie to the left of the imaginary 
axis, and the integral converges if jarg (x)I <~An and jarg (Y)I 
<~.\'re; where 

m1 v1 n q t 
I. = :;: b;+ :;: c1+ ~ e;- ~ bi- :;: c, 

j=I j=I j=l j=n11+1 j=v1+l 
p s 

- ~ e;- :;: d;>O, 
j~n+I j~l 
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~ ~ n q' t' 

A'= :i; b/ + :i; c/ + :>: e1- }; b;'- }; c/ 
j=l j=l j=l j=1112 + l j=v2 +1 

p 
- :i; 

j=n+l 

For the sake of brevity, (1.1) will be denoted by H [; J The 

behaviour of H [; Jror small values of x and y has been discussed 

in [7, p. 218), and we have H [: J=o (ixiP ly/P'), lxl->0, IYl-+0, 

where P=min R (~:). W=min R (~:) (h=l, ... , m1 ; k=l, ... , 

m,) and 

q t 'P s 
}; b,- }; c;-}; e;+}; d,=~>0, 

j:l j=l j=J j=l 

q' t' p s 
}; b';- :i; c';-}; e;+}; d;-S'>O. 

J=l j=l j=l 1=1 

On the other hand, the behaviour of the associated function 

H 1 [; J which corresponds to the case n=O of H [:} when lxl 

and IYl-+ao, is given by [7, p. 218). H, [; J =0 ( lxla IY(), where 

R(Y1-l) ' R(y/-1) (. I .. , I ) o::=max ~ 'a =max 7j ]= ' ... , 'J1' J = ' ... , \12 

and S>O, S'>O, 1'>0, ,\'>0, larg (X)i<P,n, larg (y)i <~,\'7r where 
o, 5' ,\and 1'' are taken with n=O. 

We list here the following results that will be required in our 
derivation. 

(1.2) 
[

(a) : (c) ; (c') ; J zP F xz,yz 
(b) : (d); (d') ; 

=r(I + +~J ~ r(l +2r+a+PJr(I +r+ a+Pl(-p), 
P t~• r(l+y+aJ rc2+y+p+a+PJ 

[

l+p, l+p+a , (a); (c); (c'); J 
.F x,y 

l+p-y, 2+y+r+a+~, (b): (d); (d'); 
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where A+C<;;;B+D, A+C'<;;;B+D', -p<min (l+a, i" +~), a>-1, 
P>-1, (a) donates the sequence of A parameters a1 , •.. , a A, and 
similarly for (b), (b'), etc., and the notation for the double hyper
geometric function is due to Burchnall and Chaundy [4, p. 112] in 
preference, for the sake,of generality and elegance, to the one intro
duced earlier by Kampe de Feriet [2, p. 150]. 

Formula (1.2) is the same as the main result of Singh and 
Sharma's paper [8]. It follows also as a special case of a number 
of known results, involving G and H functions of two variables, 
which were given by several earlier writers. 

Now in (1.2) replace z by z/P, and x, y by Px, py, respectively, 
and proceed to the limit as P--+oo. This will lead formally to the 
following expansion formula, involving Laguerre polynomials, since 

and 

lima__,.
00 

P,,(o, ~) (1-2Z/P)=Ln (a) (Z), 

1 
limB--+oo (P)k (z/PJ'=limB--+oo (Pz)'. (p), =Z', 

for all integral k )>0. 

(1.3) 
[

(a): (c) ; (c').; 
zPF 

(b) ; (d); (d'); 
xz, y z J 

=P(l+P+a)}; (-P)y L(u.) (z) 
Y~o P((I + Y +a) (Y) 

[

l+p, l+a+p, (a); (c); (c'); J 
.F x, y , 

l+p-Y, (b): (d); (d'); 

provided that A+C,,.;B+D, A+C'<;;;B-t-D', -p<min (I +a, i"+l) 
and a>-1. 

(I .4) 
r(-z+y) (-IJYP(z+I) 
P(-z) = P(z-i=T-Y) ' 

which is derivable from [5, p. 3, (4))]. 

2. TJ1e following integrals wi11 be evaluated. 

(2.1) J1 
zP+A (1-z)P F [(a); (c); (c'); xz, yz] H[uzm] dz 

o (b) ; (d) ; (d') ; vzm 
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=r(l +P+"-) 

S (-I)'r(l+Y+P) r(l+Y+a+~) r(l+2Y+a-+p) (-p)·r 

y-o r(l+Y+a) r(2+Y+f+"-+P) y! 

[

l+p, 1 +P+"', (a) : (c); (c'); J 
.F x,y 

l+p-Y, 2+Y+p+a+P. (b): (d); (d'); 

n+2, vi, v2, m1. m2 

· H p+2, [t: I'], s+2, [q: q'] 

[ 

!(-fl, m), (a-,\, m), ((<p, •v)} ] 

u {(Y,, c,)}; {(y'I', c'1, )) 

v {8,, d,)}, (2+Y+ll+p, m), (I+ ,\-o:--y, m) 

I {(~,. b,)); {Wq•, b'q· l} 

the formula (2.1) is valid for R {p+A+m(~ )+m(r:)}·>-1, 

(h=l, .. ., m1; k=I, ... , m,), R(P)>-1, 8?0, 8'>0, ,\>0, ,\'>0, 
jarg (u)j<P,.n, jarg (v)l<!~A'7T along with the conditions given in 
(1.2). 

(2.2) Jm zP+,\-le-zF[(a):(c);(c'); xz,yz
1JH,ruzm]dz 

o (b) : (d) ; (d') ; _ Lvzm 
=r(l+r+a) '] (-IV (-p)y 

Y~o r(l+Y+o:Jy! 

[

l+p, l+r+a, (a): (c); (c'); J 
F x,y 

I +p-Y, (b): (d); (d'); 

. H2, 1J1 , vii. m 1, m2 

p+2, [t: t'], s+I, [q: q'] 

[ 

1

(1-11, m,)(1-ll+o:, m), {Czv, e,)}] 
u {(Y,, c,)} ; {(Y',, , c' t' )} 

v {(8,, d,)}, (,\-a-Y, m) 

{(p,, b,)); {(Wq•, b'q•)) 

the conditions of validity for (2.2) being R{p+.>.+m(~: )+m(~'.;)} 
>0 (h=I, ... , m1; j=I, ... , 111 2), 8>0, 8'>0, ,\=0, ,\'>0, jarg (u)j 
<1,\rr, jarg (v)I <Pin, along with the conditions given in (1.3) where 
B, B', ,\and ;\' are taken with n=O. 
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Proof. To prove (2.1), take formula (l.2), multiply both sides 
by f(z) dz, integrate with respect to z over the interval (0, I), and 
interchange the order of summation and integration. We thus get 

(2.3) J zP F xz, yz f(z)dz=P(I +P +•) 
1 [(a):(c);(c'); J 
0 ( b) : ( d) ; ( d') ; 

~ r(l+2Y+•+Pl P(l+y+a+PJ(-Ply 
y~o r(l+y+a.) P(2+Y+p+a+~) 

ll +p, I +p+a, 
.F 

I +p-'I, 2+ Y+p+a+p, 

(a):(c);(c'); J 
x,y 

(b) : ( d) ; ( d') ; 

J
1 la,~) 

P (I -2z) f(z) dz. 
0 y 

The above formula is valid when A+C<B+D, A+C'<B+D', 
-P<min (l+a, ~a+f), R(p+·0+l)>O, where it is assumed that 
f(x) is continuous for all x>O, and /(x)=O (xn), where x-+0. 

The change of order of summation and integration is permissible 
[3, p. 500] because 

(i) The series 

'}! r_Q_+2Y+•+PJ r(l+Y+•+P)(-P)y 
y~o P(l+Y+a) P(2+Y+p+•+P) 

[

l+p, l+p+a, (a): (c); (c'); J (a,~) 
. F x, y P (1-2z) 

I+ P-Y, 2+Y+p+a+~, (b) : (d); (d'); Y 

is uniformly convergent in O<z<N. N being arbitrary; 

(ii)/(z) is continuous function of z for all values of z>O ; 

(iii) The integral on the left of (2.3) converges absolutely under 
the stated conditions. 

On taking 

A ~ r uzm] 
f(z)=z (l-z) H Lvz'" 

in (2.3), replacing the generalized H-function on the right hand 
side by its equivalent contour integral as given in(l.1), interchanging 
the order of summation and integration, which is justified due to 
the absolute convergence of the integrals, evaluatjng the inner inte-
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gral with the help of (6, p. 284, (2)] and interpreting it with (I.I), 
we find (2.1) nnder the assumptions already stated. 

If we use the formula (1.3), instead of (1.2), and proceed on 
parallel lines as mentioned above, then on considering 

f(z)=zll-1 e-z H, [uz"'] 
vzm 

and making use of the known result [6, p. 292, (!)],we shall arrive 
at formula (2.2). 

3. Particular cases. (i) On taking n=p=s=O, A=B, a;=b1, 

}=I, .. ., A (or B), in (2.1), the H-function of two variables and 
the double hypergeometric function break up into the products 
of Fox's H-functions and generalized hypergeometric functions, 
respectively, and thus we find 

J' zP+·\1-zl cFn [(c); xz] 
0 (d) ; 

(3. I) 

[
(c') ; J m, v, [ i{(J-y,, c,)}J 

C'FD' yz H uzm I 
(d') ; t, q I {(ll,, b,)} 

m,, v2l' 1{(1-Y'1., c',, )}] 
. H vzm 1' dz 

t',q' '{(Wq,,b'q•}) 

=r(I+p+•l 

~ (-IJY ro+r+llJ ru+r+•+lll ru+2r+•+lll(-p)y 
•~ n1+r+m)~2+Y+p+•+il)TI 

[
l +p, l +P+• : (c) ; (c') ; J 

.F xy 
l+p-Y, 2+Y+p+m+ll: (d): (d'); ' 

H2, vi, v2 m1• m, u {(Y,, ct)}; {(Y'1,, c' I') 

[ 

(-A, m), (a-,\, m) l 
2, [I: t'], 2, [q: q'] v (2+Y+11+1l, m), (I+.\-y-x, m)J' 

{(13,. b,)}; {(ll'q•' b'q•)} 

valid under the same conditioi1S as for equation (2.l) with A=B, 
n=p=s=O, a1=b;, j=I, ... ,A (or B). 

(ii) Next on taking p=n=t' =v,=0, lli' =0, bi' =q' =m,=I, 
A =B, a1=b1. }=1, .. ., A (or B), Jetting V-+0, and choosing the other 
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parameters suitably, the H-functi6n of two variables reduces to Fox's 
fl-function, and then (2.1) yields 

(3.2) J' zP+\1-z)~ 0 Fn[(c); xzl
0
'Fn'[(c') ;yz ~J 

0 (d) ; J ( d') ; 

H uzm !dz 
m,,v,[ l{(Y,. c1)}1 

I, q {(/l,, b,)}j 

=I'(l+p+cc) 

'2: (-!)YI'(! +r+ PJI'( I +Y+a +PJI'(l +2y+a+/3)( - p) Y 

Y=O I'(l+y+a)I'(2+Y+P+cc+/3) y! 

[ 

l+p, l+p+a: (c); (c'); J 
.F ~y 

l+P-y, 2+Y+p+a+/l: (d); (d'); 

m,, v1 +2 [ 1(-A, m), (a-A, m), {(y,, c,)} J 
Ht+2, q+2 u {(/3,, b,)}, (-1 -Y -A -/3, m), (-A+cc+y, m) , 

provided that R(p+A+ n~;)>-l, (j=I. ... : m1), R(!l)>-1, 

t q m1 q v1 t 
2: C;- 2: b;=T<;O, 2: b,- 2: b;+ 2: c;- 2: c;=M>O, 

j=l j=I j=l j=m1+1 j=l j=v1+l 

f arg (u)i <in M along with the conditions given in (1.2) with A =B. 

Further, with y=O, we get 

(3.3) r zP+\J-z)/l 
0
Fn[(c); xz]Hm,,v,[uzmf {(y,, c,)) ]dz 

0 (d); t, q {(/l,, b,)} 

=I'(l+p+a) 

z (-,!)YI'(! +Y+ 13Jr(l +r+"'+/l)I'(I + 2y+ '-+ /3)( - p)y 

Y=o l'(l+Y+")!'(2+y-r-p+r.<+/3JY! 

[ 

l+p, l+p+a, (c); J 
. 0+2F D+2 x 

l+p-y, 2+y+p+cc+p, (d); 

m1, v1 +2 [ I (-A, m), ("- -A, m), {(y,, c,)) J 
H ul . • , 

t+2. q+2 r{(/l,, b,)},(-1-y-A-/3, m), (A+ r+o., m) 

which is valid under the same conditions of validity as for (3.2), but 
with C'=D'=O. 
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Results similar to (3.1), (3.2) and (3.3) may also be derived from 
(2.2). Finally we remark that since the functions occurring in the 
integrands of (3.1), (3.2) and (3.3) are of general character these may 
provide some interesting results by reducing some or all to simple and 
commonly used special functions. 
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for guidance and to Dr. H. M. Srivastava of the University of 
Victoria, Canada for his valuable suggestions for improvement and in 
the preparation of the final form of the paper. 
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Majority of legumeonous plants have been observed to supply 
major part of protein and carbohydrates of Indian diet, but there 
are plants of this family which may give if not better at least the 
equal quantity of soluble carbohydrates and some other reducing 
substances for human nutrition. Keeping this object in view the 
present communication deals with the analysis of total soluble carbo
hydrates and total reducing substances from Mucuna capitata and 
Mucuna prurita seeds. 

For the qualitative analysis of soluble sugars paper partition 
chromatography of Consden, Martin and Gorden, as described by 
Patridge was followed. The following solvent systems were employed. 

1. Ethyl acetate : Pyridine : Water (2] (2 : I : 2v/v) 

2. Ethyl acetate : Pyridine : Water [2] (12: 5 : 4v/v) 

3. Propanol-1 : Ethyl acetate : Water [l] (7 : I : 2v/v) 

4. Bntanol-1 : Acetic acid : Water (4 : I : 5) 

Extraction of two seed powders for the determination of total 
soluble carbohydrates and total reducing substances was made by the 
following two procedures. 

Procedure 'A' 

The seed meal (I gm.) was mechanically shaken in an Erlenmeyer 
Jlask with distilled water (30 ml.) for three hours and the extract was 
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subsequently centrifuged. The supernatant (l ml.) was diluted to 
100 ml. with distilled water and aliquots were used for colour 
development. 

Procedure 'B' 

Alternatively, the seed powder (I gm.) was repeatedly extracted 
with distilled water and centrifuged till the supernatant was made 
upto 100 ml., 5 ml. of this was diluted to 100 ml. and aliquots were 
employed for the two assays. 

Total soluble carbohydrates were estimated by the method of 
Trevelyan and Harrison and total reducing substances by the method 
of Hagedorn and Jansen as described by Hawk, Oser & Summerson [3] 
and modified by Howden and Kilby [4]. 

TABLE I 

Total Soluble Carbohydrates and Total Soluble 
Reducing substances at 100°C 

(Expressed in terms of gm. glucose/ 100 gm. seed powder). 

Seed 

Mucuna capitata 

Mucuna prurita 

Total soluble 
carbohydrates 

15·08 

18·41 

Total soluble 
reducing substances 

J ·61 

3·42 

Table I records total water soluble carbohydrates and total 
reducing substances at I00°C of two seeds. The values obtained 
indicate that the two seeds are adequate sources of carbohydrates. 
Quantitative analysis for free soluble sugars revealed the presence of 
glucose and arabinose in both. The total soluble carbohydrates and 
total reducing substances esti1uated at room temperature seem to be 
more or less in equal proportions. The range of variation of total 
soluble carbohydrates by methods 'A' and 'B' is found to be respec
tively between 5·]6-6·42 gms. and 5·12-6·26 gms. whereas for the 
total reducing substances l ·5-2·06 and J ·29-2·04 gms. in terms of 
glucose} 100 gms. of seed powder. 

Acknowledgement. The authors wish to thank to Dr. B. B. Lal, 
Principal, D .V. College, Orai (U. P.) and Dr. P. C. Gupta of 
Chemistry Department, Allahabad University, Allahabad for their 
inspiration during this research work. 
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We developed the structure of semigroups in which each princi
pal left ideal bas a unique idempotent generator (L-unipotent semi
groups) in [17]. By [17, proposition 5], the L-unipotent semigroups 
are precisely the regular semigroups X such that E(X), the set of 
idempotents of X, is a semilattice /I of right zero semigroups (E, : 
S•/I). (i.e., E(X)=U(E,: S•/I, a semilattice), each E 8 is a right 
zero semigroup, E, 1-1 E,_ = D if o*.\, and Er Ep \;Er /Ip). 

If /I =1°XY, where / 0 is the non-negative integers and Y is a 
semilattice with greatest element, with (k, o) /I (s, ~)=(k, S), (s, ~), or 
(k, o /I~) according to whether k>s, s>k, or s=k, we call /I we an 
"'Y-semilattice. We term X an roY-L unipotent semigroup if (1)/1 is 
an roY-semilattice (2). E(D,)=U(E(n, o): n</0) where (D 8 : S•Y) is 

the collection of D-classes of S (D=((a, b)•X2 : aX=cX and Xc=Xb 
for some c•X), Green's relation). We characterize an roY-L-unipotent 
semigroup as a subsemigroup of a semidirect product of an wY-semi
lattice of right groups, T, by the bicyclic semigroup C (C=I' x Jo 
under the multiplication (m, n) (p, q)=(m+p-mi11 (n, p), n+q-min 
(n, p))) (Theorem 6.1 ). Theorem 6.1 generalizes [14, theorem l ]. 

If /I is order isomorphic to 1° under the reverse of the usual order 
(no further condition), we term X an ro-L-unipotent semigroup. We 
show that Xis a simple (bisimple) ro-L-unipotent semigroup if and 
only if Xis an roY-L-unipotent semigroup with Ya finite chain (a 
single element) (theorem 7.7) (theorem (7.11). Hence, the structure 
of these sernigroups is given by specializing theorem 6.1. 

* The major result of this paper was announced in Notices AMS, 20 (1973), 
73-T A34. 
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An excellent account of the structure theory of bisimple w-L-uni
poteut semigroups is given by A. H. Clifford in [3]. In [3, theorem 
2.3], Clifford gives a very interesting structure theorem for bisimple 
w-L-unipotent semigroups. In [3, section 6], he discusses the connec
tion between his [3, theorem 2.3] and our theorem 7.1 I. 

An wY-inverse sernigroup is an o.1Y-L-unipotent semigroup with 
each Es a single element. The proof of theorem 6.1 involves, in part, 
defining a congruence t on X such that S/t is an wY-inverse semi
group with each 1naxirnal subgroup a single element. In section 1, 
we define tin a nJore general situation and discuss its properties. 
In section 2, we give an explicit 1nultiplication for mY-inverse semi
groups with trivial maximal subgroups. In section 3, we describe 
so1ne properties of oiY-orthodox semigroups ("orthodox" mean iji=i 
for i, j<E8 ) which are used in the proof of theorem 6.1. Sections 4 
and 5 are devoted to the proof of theorem 6.1. which is stated in 
section 6. In section 7. we give several specializations of theorem 
6.1. Among these are three structure theorems established in previous 
papers ([14, theorem I], [II, theorem], and [10, lemma 1.20]). 

Unless otherwise specified, we will adopt the terminology of Clif
ford and Preston [I]. 

1. The equivalence relation t. 

Let S be a regular semigroup (i.e. for each aeS, there exists xeS 
such that axa=a). Then, for each aeS, there exists yeS such that 
aya=a and yay=y (For example, if a=axa, let y=xax [I, lemma 
1.14]). The elemeuty is termed an'inverse ofa. We will denote the set 
of all inverses of a by I(a). S is called an inverse semigroup if I(a) is 
a single element for all azS. If E(S) is a semigroup, S bas been 
called an "orthodox semigroup" by T,E. Hall [5] and called "a 
strictly regular semigroup" by M. Yamada [19]. In this section, S 
will always denote an orthodox (strictly regular) semigroup. (Each 
inverse semigroup is orthodox but not conversely (see, [I, theorem 
1.17]). 

By a theorem of McLean and Clifford [6; I, p. 129] E(S) is a 
semilattice fl, of rectangular bands(£, : S<Sl,). This means that Es 
=ls x J 8 under the multiplication (i, j) (u, v)=(i, v) (i, uzI. ; j, veJ,) 
and E(S)=U(E,: S<Sl,, a semilattice) with £,nE.=D if S*a and 
E,E.<;;£0 (\oc· 

Let l=((x, y)zS•: xx', yy'>E, and x'x, y'yeE'l for some S, ·~eSl,, 
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x'tl(x), and y'el(y)). The equivalence twas first introduced for a 
special case in [10]. If tis a congruence, \Ve will let x--+x* denote 
the natural homomorphism of S onto S/t. 

Let l=((a, b)eS2 : l(a)=l(b)). This relation was first introduced 
by M. Yamada [18] in the case a, b, c, deE(S) implies abcd=acbd 
and it was shown in this case that I is the sma11est congruence on S 
such that S/l is an inverse semigroup. T. E. Hall showed this for 
arbitrary E(S) in [5]. We will let a-+ii denote the natural homo
morphism of S onto S/I. 

Let R, L, H, and D denote Green's relations on S: R=((a, b)eS2 : 

aS=hS), L=((a, b)eS' : Sa=Sb), H =RI\ L, and D=R 0 L (i.e., 
(a, b)eD means there exists xeS such that (a, x)eR and (x, b)eL). R, 
(aeS) will denote the R-class containing a. 

In this section, the following properties oft are established : IC t 
and tis a congruence on S if and only if His a congruence on Sf!. 
Let t be a congruence on S. Then, S/t is an inverse semigroup, 
E(S/t)o=.IJI,, and each H-class of S/t is a single element. Furthermore, 
(a, b)eD(eS) if and only if (a*, b*)eD(eS/t). 

·The fact that the H-classes of S/t are single elements gives rise 
to a simple multiplication for the I-classes on the semigroups struc
tured in this paper. Hence, we choose S/t as a building block for 
our structure theory. 

We now establish the aforementioned properties oft. 

Lemma 1.1. Let,\ be a congruence on S such that Sf"/\ is an 
inverse semigroup. Then, (x, y)et implies (x,\, y"/\)eH(eS/,\). 

Proof If (x, y)et, there exists 5, ~•!)/,, x'el (x) and y'el(y) such 
that xx', yy'eE8 and x'x, y'ys:.EYJ. Thus, since S/A is an inverse semi-

group, (xx') A.=(yy') )\ and (x'x) ,\.=(y'y) ,\.. Hence, x,\R(xx'),\= 
(yy') ,1.Ry1', and, similarly, x,\Ly;... Thus, (x,\., y"/\)eH(eS/"/\). 

The following result (lemma 2) is due to M. Yamada [19, lemma 
4 and theorem 2] and T. E. Hall [5, remark I]. 

Proposition 1.2. (Yamada, Ha//). Xis a semigroup I-class of 
S(XeE(S/l)) if and only if X =Es for some S•IJI,. Hence, E(S/I) ""!)/,. 

Proposition 1.3. (x, y)et if and only if (x, y) eH (•Sil). Thus, 
tis a congruence on S if and only if His a congruence on Sf/. 

Proof. By lemma I.I, (x, y)et implies (x, y)eH(oS/l). Conver
sely, suppose (x, y)•H (eS/l). Thus, if X- 1 is the unique inverseofx 
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iu the inverse semigroup Sf!, x<-'=)Ty-1 and x-ix=y-1y since Sf! , 
is an inverse semigroup. Hence, xx' =YY' and x'x=y'y for all x'e/(x) 
and y'<J(y) (x' and x-' are both inverses of x in Sf!). Thus, xx', 
yy'eE, and x'x, y'yeE~ for some 8, ~in fJ/, by lemma 1.2. Hence, 

(x, y)el, 

Note. Proposition 1.3 was suggested in the case of E-bisimple 
semigroups by remarks of the first referee of [IO], 

Lemma 1.4. I q.t. 

Proof. Let (a, b)el. Thus, since Sf/ is an inverse semigroup, 
(a', b')el for a'e/ (a) and b'o/(b). Hence, (aa', bb')o/ and (a'a, 
b'b)ol. Thus, by proposition 1.2, there exists S, ~sf/, such that 
aa', bb'eE8 and a' a, b'beE~ . Hence, (a, b )et. q.e.d. 

In proposition l.5-proposition 1.7, we assume that I is a con
gruence on S. 

Proposition 1.5. Sft is an inverse semigroup with E(S/t)"° :;/,. 

Proof. Since /9 by lemma 1.4, x<p=x* defines a homomor
phism of Sf! onto Sft. Hence, since the homomorphic image of an 
inverse semi group is an inverse semigroup [2, theorem 7.36], Sft is 
an inverse semigroup. Since S/t is an inverse semigroup. it is easily 
seen that E(Sft)=(e*: e.S). Similarly, or by proposition 1.2, E(Sfl) 
=(e: eeE(S)). Thus, using proposition 1.3, e <;>=e* defines an 
isomorphism of E(Sfl) onto E(Sft). Hence, E(S/t)""fJ/, by proposi
tion 1.2. 

Proposition 1.6. Each H-c/ass of S/T consists of a single ele
n1ent. 

Proof. Let (a*, b*)eH(eS/t). Hence, using proposition 1.3, there 
exists x, y, u, veS such that (clx, b)eH(eS/Il, (by, a)eH, (uc, b)eH, 
and (v )), c)eH. 

Hence, (a, b)"H(eSfl) and, thus, a*=b* by proposition 1.3. 

Proposition 1.7. (a, b)eD(eS) if and only if (a*, b*)eD(oS/t). 

Proof. Let (a*, b*)oD(eSft). Hence, there exists c*sS/t such 
that a*Rc* and c*Lb*. Thus, (aa')*Ra*Rc*R(cc')* for any a'ef(a) 
and c'sR(c) and, similarly, (c'c)*L(b'b)* for any c'e/(c) and b'EJ(b). 
Thus, since S/t is an inverse semigroup, (aa 1

, cc')zt and (c'c, b'b)Et. 
Hence, there exists IX, {3s.)6 such that aa', cc'eE>1. and c'c, b'bsEB~ 

Thus, aDaa'Dcc'DcDc'cDb'bDb. 
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Proposition 1.8. (a, b )sD( sS) if and on/ y if (a, b)sD( Sf!). 

Proof Let (a, b)"D(<S/I). Hence, there exists coS/I such that ~R~ 
and cLb. Proceeding as in the proof of proposition 1.7, show (aa', 
cc') sf and (c'c, b'b)sl for all a'sf(a), c's[(c), and b'tf(b). Hence, 
by proposition 1.2, there exists a, ~s51 such that aa 1

, cc'sE~ and 
c'c, b'bsE~. Thus, as in the proof of Proposition 1.7, (a, b)sD. 

2. "'-'Y-inverse semigroups 

An inverse semigroup S is termed an wY-inverse semigroup if 
E(S) is an roY-semilattice and (n, S)D(m, ~) if and only if 8=·~· 
( wY-inverse semigroups were called L-inverse semigroups in l 14].) 
We will need an explicit rnultiplication for wY-inverse se1nigroups in 
\vhich each H-class is a single element, and some properties of these 
semigroups. 

For the convenience of the read~r, \Ve first state our structure theo
rem for wY-inverse semigroups ([15, corollary 5 and [16, corollary]). 
We then will specialize this theorem to obtain the just mentioned 
multiplication. 

Let Y be a semilattice with greatest element 30 and let (G, : 3sY) 
be a collection of pairwise disjoint groups. For ~. ~sY and !;>~, 

Jet 'fl~, ~ denote a homomorphism of Gi:, into G~ (For ~eY, 'P~, ~ 

denotes the identity mapping of G~ )· For each ~eY, let¢~ denote a 

homomorphism of G into G~ . Further assume that 'Pc and ¢ 
'/j Uo C,,, 'i'J 'i'] 

satisfy the conditions : 'Pt;, ~ '1'11 , , ='f>~, , and 'P~, ~ ¢11 =¢~ for 

s>11>"· If (r, 0. (k, ·~)sf0XY and (r, ~);>(k, ·~)(k>r or Y=k and 
s?11), define 

r ¢ /-r-l 'P if k>r 
'P -\ i; Bo Bo," 

(r, ~), (/c, ~)- I 

L'Pi;," ifk=rand~<:;;!; 

We will denote U((I0 )
2 x G, : osY) under the multiplication 

((n, k), g 3) ((r, s), h~)=(n+r-min (k, r), k+s-min (k, r), 

g; (k, 3), t' !;'P (r, !;), t) where g,sG,, h~ sG~, and t=(k, 5) /\ (r, !;) 

by (Y, Gs, 'Po, 11' 'f's ). 

Lemma 2.1. (Warne). Let S be an roY inverse semigroup. Then, 
S 00 (Y, G8 , ¢0, ~· qi3 ) for some collection Y, G0 , ¢ 0, ~· ¢0 . Conver-

sely, any (Y, G8 ,'f'3, -~· ¢0 ) is an <UY-inverse semigroup. 
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Corollary 2.2. Let S be an wY-inl'erse semigroup. Then, ((n, k), 
g0 )H ((r, s), h~) if and only if n=r, k=s and ii=~. Hence, His a 

congruence on S. 

Proof Corollary 2.2 follows from lemma 2.1 by a straight for
ward calculation. 

Theorem 2.3. Sis an wY-inverse semigroup ivith each H-class 
of S a single element if and only if SN( (n, k)s : n, keJ0, 80Y, a 
semilattice with greatest element) under the multiplication (n, k) 0 
(r, s)~ =(n+r-min (k, r), k-{-s-min (k, r)) f(k, r) where f (k, r) 

=8, 8/q, or~ according to whether k>r, k=r, or r>k. (Cf. [8, p. 
190] and [9, p. 569]). 

Proof Apply lemma 2.1 and corollary 2.2. 

Corollary 2.4. If Sis as in Theorem 2.3, 

(a) E(S)=((n,n), : noJ0, ooY) 

(b) (n, k).-1=(k, n). 

(c) (n, k),R(r, sh if and only if n=r and 3=~ 

(d) (n, k)sL(r, s)~ if and only ifk=s and 8=~ 

(eJ (n, k)sD(r, s)p if and only if ii=~. 

Proof. Apply the multiplication of theorem 2.3. 

3. w Y-Orthodox Semigroups 

A regular semigroup Sis termed an wY-orthodox semigrolip if 
E(S) is an wY-semilattice .)l, of rectangular bands (E(n, 3): (n, 3)eSc) 

such that E(n, 3) and E(m, ~) are contained in the same D-class of S 

if and only if ii=~. 

In this section, we show that tis a congruence on an wY-orthodox 
semigroup S, and that Sit is given by Theorem 2.3. We also give a 
description of the I-classes of S. These results as well as some other 
properties of 0Y-orthodox semigroups that we develop in this section 
will be needed in section 4. The material of this section may also be 
useful for further structural studies of wY-orthodox sernigroups. 

Lemma 3.1. Let S be an orthodox (strictly regular) semigroup 
and let E(S) be the semilattice / 1 of rectangular bands (£3 : 3E /\). 

If /\ has a greatest elen1ent So and e0sE
80

• then Re
0 

is a semigroup. 



roY-L-UN!POTENT SEMIGROUPS 105 

Proof. Suppose xoR nLg with goE(S). Hence, goEs for e, 
some 5, /\. Since E

0 
is a rectangular band and ge,0 Es E3

0 
<;E0 , 

ge0 g=g(ge0 )g=g. Thus, x=xg=xge0g=xe0 gsxeoS. Hence, xe0 RxRe0. 

Hence if yRe0 , xyRxe0 Re0 • 

Remark 3.2. Let S be a regular scmigroup. If boR,nL, 
(e, fsE(S)), there exists xoS such that bx=e. It is shown in the 
proof of [l, theorem 2.18] that b-1=fxe is the unique inverse of b 
contained in R,nL, and that bb-1=e and b-1b= f. 

In the remainder of this section, Swill denote an wY-orthodox 
semigroup. 

Theorem 3.3. t is a congruence on Sand S/t""((n, k), : n, k 
El", SEY) under tlze multiplication (n, k)3(r, s)~ =(n+r-min (k,r), 

k+s-min (k, r)) f(k, r) irhere f(k. r)= 3, ii/\~· or ~ according to 

whether k>r, r=k, or r't>k. 

Proof It follows from proposition 1.2 that E(S/l) is the roY
semilattice (<n, a> : ns/o, aEY) where <n, rJ.>=Ecn• !JG)· Hence, 
utilizing proposition 1.8, S/I is an wY-inverse semigroup. Thus, by 
corollary 2.2, His a congruence an Sjl. Hence, tis a congruence on 
S by proposition 1.3, and S/t is an inverse semigroup by proposition 
1.5. Since l<;t by lemma 1.4, x<p=x* defines a homomorphism of S/I 
onto S/t. It was shown in the proof of proposition I ·5, that E(S/ I) 
=(;: esE(S)), E(S/t)=(e*: eoE(S) ), and e<p=e* defines an iso
morphism of E(S/I) onto E(S/t). Let <n, oc>cp=[n, oc]. Hence, 
E(S/t) is the wY-semilattice ([n, oc] : no/o, ".oY). By proposition 1.7 
and proposition 1.8, (e, ])oD(sS/I) if and only if (e*,f*) oD(oS/t). 
Thus, it easily follows that S /t is an wY-inverse semigroup. By 
proposition 1.6, each H-c!ass of S/t consists of a single element. 
Hence, the desired multiplication for S/t is given by theorem 2.3. 

Note 3.4. If we let t(n, k)s = (n, k)s 1-1
, the I-classes of S are 

(t(n, k)s :n, kE1°, SEY) with 

1(n, k)s 1(r,s)" '= 1(n+r-min(k, r), k+s-min(k, r))tcko,, · 

Utilizing Corollary 2.4 (a), t(n, k)s nE(S)r' D implies n=k. 

Sincet'(k, k)s f;.t(k, k)s by corollary 2.4 (a) and S/t is an inverse 

semigroup, xx'ot(k, k). for all x's/(x). Thus, t(n. k)s nE(S)O"D if 

and only if n=k. 
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Let e,feE(S). Hence, using lemma LI, (e,f)et implies (e,f)el. 
Thus, since J,,;,.t by lemma 1.4, (e,f)et if and only if (e,f)el. Hence 
using proposition 1.2, each t(k, k), contains precisely one Ey. We 

set E
1 

=E(k, k), . Thus, we may write E(S)=(E(k, k)s :kefo, 6eY) 

with E(k, k),.E(s, sl., ,,;,.E(k, k). (s, s)~ where Elk, k), is a rectangu

lar band with E(t(k, k), )=E(k, k),. Let D,=U(t(n, k), :n, kel0
). 

Utilizing proposition 1.7 and corollary 2.4 (e), (D,: 6•Y) is the 
collection of D-classes of S. 

Hencefore, we will use the terminology of note 3.4. 

Proposition 3.5. \n, k)s =(aeS: aa'eE(n, n)& and a' aeE(k, k)& 

for some a'el(a))= U(R,nL1 : eeE(n, n), andfeE(k, k), ). 

Proof. Let aet (n, k) 8 Hence, using corollary 2·4 (b), I (a) 

,,;,.t(k, n), . Thus, if a'el(a), we use theorem 3.3 and note 3.4 to obtain 

aa'eE(n, n), and a'aeE(k, k), . Conversely, let aa'eE(n, n). and 

a'aeE(k, k).. Since aeRaa'nLa'a• at <R(aa')tnL(a'a)t" Thus, uti

lizing corollary 2.4 (c) and 2.4 (d), at=(n, k)s and, hence, aet(n, k)S 

Using the fact that a•Raa' nLa'a for all a'el(a), it is easy to esta

blish the last equality. 

A rectangular group is the algebraic direct product of a group 
and a rectangular band. 

Proposition 3.6. For each Oe:Y and kz/0, t(k, k)s is a rectangu

lar group. In/act, t(k, k). roe, x E(k, k), where G, is afixedmaxi

n1al subgroup of D 8 . Further1nore, 
t t ct (k, k), (s, s)~ - ((max (k, s), max (k, s))"'' ,, 

wheref(k, s)=S,01\~, or ~according to whether k>s, k=s, or s>k. 

Proof. By proposition 3.5, t(k, k). = U(R,nL, : e., feE(k, k))· 

Ho\vever, since E{k, k)s is a rectangular band, efeRen L1. Hence, 

t(k, k)s =U(R,nL, : gcE(k, k), ). By theorem 3.3 and note 3.4, 

t(k, k)s is a semigroup. Let acR,nLg and beR,nL. where 

g, hcE(k, k)& . Since ghg=g, aa-1 bb- 1 aa-'=aa-1 or a=(aa-1) 

b(b-1a). Hence, t(k, k)s is a simple semigroup. Since E(t(k, k),) 

=E(k, k) , t(k, k) is completely simple. Using the Rees representa-
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tion of t(k, k)s [l, theorem 3.5] and aremark of Clifford and Preston 

[!, p. 95, line 17-l9], it is easily seen that t(k, k), is a rectangular 

group. The second sentence follows since all H-classes of D 6 contain
ing idempotents are isomorphic groups by a theorem of Green[!, 
theorem 2.20]. 

Note 3. 7. Let e0 be a fixed element of E(O O) . Select any 
, 80 

/•E(l, l)oo and let e1=e0feo. Hence, e1eE(I, !)
30 

by note 3.4 and 

e1<'.!eo (i.e., e1eo=eoe1=e1). Let aERe nLe and let a-1 be the uni-
0 l 

que inverse of a in Re
1
nLe

0 
given by remark 3.2. Define a-ri 

=(a-1y• for all positive integers n and define a0=eo-

Note 3.8. Utilizing proposition 3.5, note 3.4, corollary 2.4 (b), 
and note 3.7, it is easily seen that a-na'et(n, k)

00
. Thus, if 

g"•t(k, k). 'a-na'g,.•t(n, k)s 

Lemma 3.9. a7"a-'=e0 for all k<I0 • 

Proof If k=l, aa-1 =e0 by the definition of a-1 (remark 3.2), 

We will employ mathematical induction. Suppose that a'"a-k=e0 
for some natural number k. Hence, ak+i a-<k+l)=aa7c(a-1)ka-1 

=aeoa-1=ae1a- 1=aa-1=e0 • 

Proof We apply notes 3.7 and 3.8 and lemma 3.9 without 
explicit mention. First, suppose that k>r. If k>r+ 1, a'"a-• 
=ak-r ai·a-r=ak-''eo=ak·-r-1 aeo =ak-r-1 ae1eo=ak-r-1 ae1 =ak-r. 

If k=r+ 1, aka-r=ar+ 1a-r=a.ara-r = ae0=a=ak-1·. Next, suppose 
that r>k. If r> k+ 1, a''a-• =a''( a iy =a''(a-1}'(a-1)'-'=e,(a-1y-k 
=eoa-1 (a-1y·-k-I=eoe1a-1 (a-1)r-1c-1=(a-1r·-k=a-cr-1d. If r=k+ I, 
aka-r =- al;a-<k+1 > = ak( a-1 )k+l =ak(a-1 y•a-1 =e00-1 =a-1= a-<1-1c>. 

L 3 11 
_, _, -(k-tr-min(r,p)) p+s-min(r,p). 

emma . . a aPa as=a a 

Proof We apply lemma 3.10. If p'):.r, a-kava-ras=a-kav-r+s 
While if r>p, a··kaPa-ras=a-ka-{r-p) Q3 =a-(k+r-p)Q.~. 
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Lemma 3.12. a-'a'"E(r, r) •o for all r<[o. 

Proof We showed in note 3.8 that a-'a'<t(r r) Hence, uti-
, •o 

lizing lemma 3.9, and note 3.7, a-rara-'ar=a-'e0a'=a-"a' and, thus, 

a-'a'=f,<E(r,r) . 

'° 
4. Structure theorem for '-YY-L-unipotent semigroups (Proof 

of the conve1·se) 

In this section, we sho\v that any wY-L-unipotent sen1igroup is a 
sub-semigroup of a certain semi-direct product of an (l)Y-sernilattice 

of right groups by the bicyclic semi group (theorem 4. I I). 

An wY-L-unipotent semigroup is a se1nigroup S such that (1) 
E(S) is an ooY-semilattice /\ =l'XY of right zero semigroups (E,n, , 1 

: ml', o<Y) (2); E(D,)=U(E1n, , 1 : ml') where (D,: 5<Y) is the 
collection of D-classes of S. Equivalently Sis an ooY-L-unipotent. 
semigroup if and only if Sis a regular semigroup satisfying (I) and 
(2') E 1m, , 1 and E,m, ~ 1 are contained in the same D-class of S if and 
only if S=~· 

These statements are equivalent since a se1nigroup Sis regular 
if and only if each D-class of S contains an idempotent (see [I, 
theorem 2.1 !]). 

We will use a sequence of six lemmas to establish theorem 4.11. 

In this section, Swill denote an wY-L-unipotent semigroup. 

Lemma 4.1. Every e/ernent of S 1nay be uniquely expressed in 
the for1n a-nakgTra where gka~t(k, k),. . 

Proof. We will use note 3.4 without explicit mention. Let 
x<t(n, k),. Hence, using lemma 3.9 and note 3.7, 3.8 we obtain 

a" x=eoanx=aka-kanx =akgka· By lemma 3.12, a-nan=f<E( ) . 
n, n 60 

By proposition 3.5, (x, g)oR for some gsE(n, n)i Thus,fg.=(fg)g=g 

since E(n, n), is a right zero semigroup. Hence, x=gx=fgx=fx 

=a-nanx=a-na1:gk6. Next, we establish uniqueness. Suppose 
x=a-nakgk 6 -=-a- 1 ashs~· Thus, n=r, k=s, and 6=~. Hence, a- 11 akg116 
=a-nakhk':f.· l\1ultiplying on the left by an and using Jemma 3.9, 
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eoa'gkS =eoa'hkS or a'gkS =a"hk~· Multiplying on the left by a-1°, 

zgkS =zhkS for some zzE(k k) by lemma 3.12. Thus, as above 
' So 

gkS =hkS · 

Remark 4.2. 
[17, lemma4]. 

Lemma 4. l could also have been derived from 

Lemma 4.3. 

Proof. 
(note 3.4). 

We will repeatedly use the multiplication of I-classes 
If ri>q, h,a-•et(r o) . Hence, using lemma 3. 12, pro

, So 

position 3.5, and the fact that E(r, r)Eo is a right zero semigroup, 

hqa-rRa-rar where a··r ar =fre E(r r) . Thus, a~rarhqa-r =h'la-r in , s. 
this case. Next, suppose that q-;,r. By proposition 3·5, h,Rffor. 
somefeE(q, q)~· Hence, fd=(f,f)f=f. Thus, again, a-•'a'h,a-• 

=frhqa-r =frfhqa-r =fhqa-r=hqa-r. 

Definition 4.4. Let SI, be a semilattice and let X be a semi
group. Let X =U (X

0 
: Se.ll.) where each X

0 
is a sub-semigroup and 

XS nxy =D if S;o>y. Furthermore, suppose Xs Xy ~X0 J\ y for 

0, ~zSI,. We term X the semilattice S(, of semigroups (Xs : S<S/,). 

Note 4.5. By proposition 3.6, t(k, k)s ""Gs x E(k, k)S where 

GS is a fixed maximal subgroup of Ds . Hence, t(k, k)S is a right 

group. Proposition 3.6 now states that T=U(t(k, k)s: kEf', SzY) is 

the "'Y-semilattice SI, =l' x Y of right groups (t(k, k)s : hl', SoY) in 

the case of «>Y-L-unipotent semigroups. 

Definition 4.6. For g:::.T and r, se/0
, define g oc,r, s> =a-sa'ga-ras. 

Lemma 4.7. For each r, se/0
, oct,, sl is an endornorphism of T. 

Furthermore, t(k, k)E cx:(r, s)~t(s, s)So ifr>k and 

1(k, k)s cx:(r, s)9(l<+s-r, k+s-r)
0 

if k-;,r. 

Finally, goc(r, r) =ge for some eoE(r, r lso for gzT. 
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Proof If g1,st(k, k)1; and h,st(q, q)T/' gkoc(r, s/''"'(r, s)=a-'a'g,a-'· 

(as a-s) arh(ja-ras=a-sarg1c (a-rarhqa- 1 )a8 vvhere the last equality is a 
consequence of lemma 3.9 and note 3.8. Hence, utilizing lemma 4.3, 
g<'x( )h'"'(· )=a-'a'g,h,a-'a'=(g,h,)cx(. s)· The second sen-r, s 1, s 1, 

tence of the lemma follows from note 3.8 and note 3.4 by a routine 
calculation. Utilizing lemma 4.3, hqoc(r, r)=(a-'a 1'haa-r)a1·=haa-1 a1

" 

while a- 1 a'sE(r, r)oo by lemma 3.12. 

Lemma 4.8. If gPo st(p, P)1; and h8.fJst(s, s).fJ' 

(a-kaPg ) (a-ra.~h )=a-O•+r-min(p rl aP+s-min(P,ri g cc )h . 
pl; SYJ • Po (r, s ST/ 

Proof. Utilizing·lemma 4.3, lemma 3.9, note 3.7. lemma 3.11. 
and definition 4.6, 

(a-11aPgp1;) ( a-'a'h SYJ) =a- 11a"(a_'.a'g p/;a-')a'hs"f/ 

=a-kaP(a-rasa-sa'g a-r)a'h pS s·r, 
=a-kaPa-ras (a-sai-a a-i·as)h 

op(i Slj 

-a-<k+r-min(p r)) aP+s-minfp r)g C£ h 
- ' ' Po (r, s) .sT/· 

Let C denote the bicyclic semigroup, i.e. C =l' x / 0 under the 
multiplication (i, j)(p, q)=(i+p-min(j, p), j+q-min(j, p)). 

Lemma 4.9. The mapping (n, r)-+ a:(n, r) is a homomorphism of 

C into End T, the semigroup of endomorphisms of T. 

Proof. We apply lemma 3.11 and definition 4.6. If gk0st(k, k)s' 

gko oc (r, s) oc(n, p) =a-•a"(a-·'a'gk0a-'a')a-"a" 

-a-<P+s-min(ri sJJ 0 n+r-min(n s>g a-<r+n-min{s riJJa<>+P-min(.'f" 11 f - , k?i ' ' 

=gkSoc(r, s)(n,p)· 

Lemma 4.10. S"'(((n, k),gk0): gk0ot(k, kl1;' k, ml', SsY) under 

the n1ultiplication 

((n, k), zk/) ((r, s), h8~)=((n, k) (r, s), gkiioc(r, s) hs~) 

lvhere juxtaposition denotes multiplication in C and T. 

Proof. It follows from lemma 4.7 and note 3.4 that 

((11, k), gkii): gk0st(k, k)s' k, nsl") 
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under the given multiplication is a groupoid. By lemma 4.1 and 
lemma 4.8 (a-"a'gk

8
)¢=((n, k), gk0

) is the required isomorphism. 

q.e.d. 

Theorem 4.11. Let S be an wY-L-unipotent semigroup. Then, 
there exists an wY-semilattice of right groups T=U(T(k, /;):ks!°, /;eY, 

a semilattice )Vith greatest ele1nent 60) and a hon1on1orphism 
(n, r)-+ ex( ) of C, the bicyclic semigroup, into End T, the semi-n, r 
group of endo1norphisn1s of T, such that 

(I) For each keP, there exists e(/<, So)<E(T(k, 80)) such that 

gcx(k, k)=ge(k, 8,)for all gsT. 

For each k, r, S$/0
, 

C ( T(s, Sol if r>k 
(2) T(k, 8) cx(r, s) - -\ 

l T(k+s-r, 8) if le";;, r. 

Furthermore, SN((n, k), gk8): gk0eT(k, /;)' n, kol', ;;sY) under 

the nzultiplication 

(3) ((n, k), gk0) ((r, s), h,~)=((11, k) (r, s), gkooc(r, s) h,~) 

i,,vhere juxtapositio11: denotes 1nultiplication in C and T. 

Proof Let T(k, 8) =t(k, k)
8 

and apply note 4.5, lemma 4.7, 

lemma 4.9, and lemma 4. IO. 

5. Structure theorem for wY-L-u11ipotent semigroups (proof of 
direct half). 

Let Tbe an wY-semilattice /\ =T' x Yofright groups(T(k, SJ' ks!', 

/jsY, a semilattice with greatest element 80) and let (11, r)-+=(11, r) 

be a homomorphism of C into ENDT such that (I) and (2) of 
theorem 4. I I are valid. We denote ((n, k), gk0) : gk0eT(k, /;): 11, kEf', 

SsY) under the multiplication (3) of theorem 4. I 1 by (T, cx(r, sJl· 

In this section, we show that (T, O:p·, si) is an mY-L-unipotent 
semigroup (theorem 5.8). 

We will use a sequence of seven lemmas to establish theorem 5.8. 

First we will need a definition. 
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Definition 5.1. Let Hand K be semigroups ahd let k-'> oc, be 
a homomorphism of H into ENDK. We term Hx K under the 
multiplication (h, k) (r, s)=(hr, kcx,s) a semi-direct product of K by 
H (this is a very slight generalization of the corresponding concept 
for groups [4, p. 88]). 

Lemma 5.1. Let Hand K be semigroups. Then, any sen1i-direct 
product of K by H is a semigroup. 

Proof. We have ((h, k) (r, s)) (u, v)=(hr, kcx,.s) (u, v) 

= (hru, (kcx,s) cx~v)=(hru, kcxcus 'Xuv) 

=(h, k) (ru, scxuv)=(h, k) ((r, s) (u, v)). 

Lem.ma 5.2. (T, CC er. sJ) is a senilgroup. 

Proof. We use (2) to establish closure while associativity follows 
from lemma 5 .1 . 

Lemma 5.3. Every element of E(T(k, 80)) is a !eft identity for 

T(k, ·~)· 

Proof. Let hk~ eT (k, r,), feE(T(k, 80)) and geE(T(k, ~)). 

Hence, there exists xeT(k, ~) such that hk~ =gx, and thus. ghk~ 

=g(gx)=gx=hkr,· Furthermore, there exists yeT(k, r,) such that 

gfy=fg. Hence, gfg=g(gfy)=gfy=fg. Thus, (fg)2=f(fg)=fg and 
hence, fgeE(T(k, ~)!· Finally, fhk~ =f(ghk-r, )=(fg)ghkr, =ghhi = 

hkr,. 

Lemma 5.4. E((T, a(r, s)ll=((k, k), gk8):kel0 , /ieY, gk0eE(T kli)). 

Proof. We use (1) and lemma 5.3 in a straightforward calcula
tion. 

Lemma 5.5. E((T, a(r, s)) is the wY-semi/attice (\ of right zern 

semigroups (E(k, Ii) : ke/0, /i<Y) where E(k, li)=(((k, k), gk0): 

gk/i°E(Tkli)). 

Proof. Let ((k, k), gk0), ((s, s), h5,.)eE((T, rx: (r, s))). Using (1) 

and lemma 5.3, we obtain ((k, k), gk
0

) ((s, s), hs~)=((k, k)(s, s), 

gkli hs~). The desired result follows since Tis au wY-semilattice of 

right groups (also,recaJI E(T) is a semigroup (for example, see proof 
ofJemma 5.3)). 
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Lemma 5.6. Let ((n, k), gk8), ((r, s), hs~)z(T, oc(r, s)l· 

(a) ((n, k), gk8) L ((r, s), hs~) if and only if k=s, 8=~, and 

(gk8, hs~)zL(eT). 

(b) ((n, k), gk8 ) R((r, s), h s~) if and only if n=r and 8 =~. 

(c) ((n, k), gk
8

) D((r, s), h8~) if and only if8=~. 

Proof (a) Suppose that k=s, 8=·ri and (gk
8

, hk
8
)zL(eT). Hence 

there exists ukeT(k, 81 such that uk
8

gk
8 

=hk
8

. Thus, using the fact 

(r, s)~ oc(r, s) is a homomorphism, (1), and lemma 5.3, ((r, n), 

"kooc(k, nil ((11, k), gk8)=((r, k), hk8) and dually. The converse is 

by a straightforward calculation. 

(b) Suppose n=r and s~~. Since gkSa:.(k, s)'T(s, 8) by (2), 

there exists z80eT(s, 8) such that gkSoc(k, s)zs8 =hs8. Hence, 

((11, k), gk8) ((k, s), zs
8

)=((n, s), h88 ) and dually. The converse is 

routine. 

(c) Suppose S=~. Then, using (a) and (b), ((n, k), gk
0
) R((n, s) 

h88) L((r, s) li58) while the converse is immediate from (a) and (b). 

Lemma 5.7. (T, oc(r, siJ is a regular semigroup. 

Prnof. By lemma 5.6 (c) and lemma 5.4, each D-class of 
(T, °'(r, s)l contains an idempotent. Hence, (T, oc(r, s)Jis a regular 

by [l, theorem 2. l l] (If a D-class D of a semigroup contains a regula1 
element, then every element of D is regular). 

Theorem 5.8. (T, oc(r, s)) is an wY-L- unipotent sen1igroup. 

Proof This theorem is a consequence of lemma 5.2, lemma 5.5, 
lemma 5.6 (c), and lemma 5.7. 

6. Structure of wY-L-Unipotent Semigrol.tps. 

We now state the major theorem of this paper. 

Theorem. 6.1. Let S be an wY-L-unipotent seniigroup. Then, 
there exists, T~ U(T(k, 8) : kefo, 8zY, a semi/attice with greatest 80), 

an wY-semi/attice (1 =1° x Y of right groups (T(k, 8) : ke/0 and 8zY), 

and a hon101norphis1n (n, r)-;..o:(n, r) ofG', the bicyclic semigroup, 
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into EndT, the seniigroup of endon1arphisn1s o.f T such 
each kz1°, there exists e(k , ) zE(T(k ) such that 

, oo , Sa) 
g e(k, iio)for a// gzT. 

(2) For such k, r, szJo, 

{ 
T(s, iio) if r>k 

T(k, ii)oc(r, s) C T 
(k+s-r, ii) if k)tr 

that (1) for 

goc(k, k) = 

Furthermore, S"'-(((n, k), gkii) : gkiizT(k, ii)' n, hfo, ii<Y) under 

the multiplication. 

(3) ((n, k), gk0) ((r, s), hs~)=((n, k) (r, s), gkiioc(r, s) hs~) 

ivhere juxtaposition denotes multiplicatinn in C and T. 

Conversely, letT=U(T(k, il): kz!0 , ;;zY, a semi/attice with greatest 

element iio) be an roY-semilattice ;\ =1° x Y of right groups (T(k, ii) 

kz1°, ii0 Y) and let (n, r)--> oc(n, r) be a homomorphism C into EndT 

such that (1) and (2) are valid. Then, (((n, k), gkii): gkSff(k, ii)' n, 

kzl0, ii<Y) under the mu/tiplication(3) is an roY-L-unipotent semigroup. 

Proof. Combine theorem 4.11 and theorem 5.8. 

Remark 6.2. In the notation of section 5, theorem 6.1 states: 
Sis an roY-L-unipotent semigroup if and only if Sis isomorphic to 
(T, oc(r' s)) for some collection T, CC(n s)· 

7. Some Special Cases. 

In this section, we specialize theorem 6.1 to the following classes 
of semigroups : LY-regular semigroups-forruerly, £-regular serui
groups (theorem 7.1); simple ro-L-unipotent sernigroups (theorem 
7.7); simple £-regular semi groups (theorem 7.8) ; bisimple "'-L-uni
potent semigroups (theorem 7.1 I); E-bisimple sernigroups (theorem 
7.12). 

We ter1n an wY-L-unipotent setnigroup an LY-regular semigroup 
if esE(n, S) and/zE'(m, ~) with (11, ii)<(m, ~) (n>m or n=m and 

ii<~) implies e<f(e<Jrneans ef=fe =e). We termed an LY-regular 
semigroup an I.-regular semigroup in [14]. Let T=U(T(k, S) : kEI0

, 

ii<Y, a semilattice with greatest element) be an roY-sernilattice ;\ = 

]
0 x Y of right groups (T(k, S) : kol', 8<Y). If ezE(T(n, ii)) and 

fzE(T(m, ~) with (11, ii)<(m, ~) implies e<f, we term T an LY-



wY-L-UNIPOTENT SEMIGROUPS 115 

semilattice /\ =I' x Y of right groups (T(k, o) : k~I0 , ozY). Twas 

called an L-semilattice Y of right groups in [14]. 

The following corollary to theorem 6.1 is a combination of [14, 
theorem I] and [16, theorem]. 

Theorem 7 .1. S is an LY-regular se1nif{roup if and only if Sis 
isomorphic to (T, CX:(r, si) for so1ne collection T, O:::cr, s) where Tis an 
LY-semilattice A =1° x Y of right groups (T(k, S)' kel', oeY). 

Proof. In accordance with theorem 6.1, we set S=(T,oc,,, ,,). 
(see also remark 6.2). By lemma 5.4 and the second sentence of the 
proof of lemma 5.5, E(S) is isomorphic to E(T). Hence, S is an 
LY-regular semigroup if and only if Tis an LY-semilattice of right 
groups. 

Remark 7.2. A further refinement of theorem 7.1 is possible 
(see, [15, theorem 4] and [16, theorem]). 

Let S be a regular semigroup such that £( S) is a semilattice / 1 

of right zero semigroups (£
0 

: oz/\). If A is order isomorphic to J 0 

under the reverse of the usual order, Sis termed and ro-L-unipotent 
semigroup. In order to obtain a structure theorem for oo-L-unipotent 
semigroups, we must first establish three preliminary results. 

Lem.ma 7.3. Every wY-L-unipotent se1nigroup S is a sbnple 
semigroup. 

Proof Let S=(T, oc(r, s)l in accordance with theorem 6.1. Let 

((n, k), gk0), ((r, s), h8~) eS. Let z(n+l)·ri eT(n+l, ~)' Hence, using 

(2) of theorem 6.1, x=z(n+ I)~ oc(n+ 1, s) gko oc(k+ 1, s)"T (s, ·ri)· 

Thus, there exists y8~ zT(s, ~)such that xy8~ =hs.,,· Hence, using 

the fact oc(n, r) z EndT and (11, r)--+ oc(n, r) is a homomorphism it is 

easy to show that ((r, n+l), z(n+1)~ )(((n,k), gk0) ((k+I, s), y 811 )) 

=((r, s), h8~). 

Remark 7.4. Lemma 7.3 extends [16, theorem] from LY-regular 
semigroups to wY-L-unipotent semigroups. 

W. D. Munn terms an inverse semigroup S a regular ro-se1ni
group if and only if E(S) (with the order e.;;,f if and only if 
ef=fe=e) is order isomorphic to l" under the reverse of the usual 
order. [7]. 
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Lemma 7.5. Sis a silnp!e regular w-se1nigroup iviti1 eacn !£-class 
a single elentent if and only if Sis a;z wY-inverse senzigroup 1vith each 
H-class a single element and 1vith Ya finite chain 0> 1 ..... > d-1 
where dis a positive integer. 

Proof Let S be a simple regular w-semigroup. In [7, p. 55], 

Munn shows that Sis an wf-invarse setnigroup with Ya finite chain 
0> I ... >d-1 where dis a positive integer. The converse follows 
since every wY-inverse semigroup is a sin1ple (!)Y-inverse semigroup 
by [16, corollary] or lemma 7.3. 

Lemma 7.6. (Munn, [7, theorem 2.1]) Let S be a regular w
semigroup. Then, His a congruence on S. 

Theorem. 7.7. Sis a simple w-L-unipotent senzigroup if arzd only 
if Sis an wY-L-unipotent sentigroup lVith Y the finite chain 0> 1 >2 
... >d-1 where dis a positive integer. 

Proof. Let S be a simple w-L-unipotent semigroup. Using pro
position 1.2, Sf! is a regular w-semigroup. By lemma 7.6, H is a 
congruence on Sf!. Hence, by proposition 1.3, proposition 1.5, and 
proposition 1.6, Sft is a simple regular w-semigroup with each H
class a single element. Thus, by lemma 7.5, Sft is given by t11eorem 
2.3 with Y the finite chain 0>1 > ... >d-1. By note 3.4, E(S) is 
the wY-semilattice /\ of right zero semigroups (E,no ,, : no/0

, 3zY) 
where Yis the finite chain 0.>1>2> ... >d-1 with E1., ,, t=(n, 5). 
Hence, Sis an wY-L-unipotent semigroup by proposition 1.7 and 
corollary 2.4 (e). The converse is a consequence of lemma 73 q.e.d. 

An w-L-unipotent semigroup is ter1ned an £-regular semigroup in 
[11] if eeE, andfoE; with i>j implies e<f. 

Theorem 7.8. Sis a simple E-regular semigroup !f and only if 
Sis an LY-regular semigroup with Y the finite chain 0>1 ... >d-1 
lVhere dis a positive integer. 

Proof Apply theorem 7.7. 

Remark 7.9. A combination of theorem 6.1 and theorem 7.8 
yields [I 1, theorem]. 

Remark 7.10. A further refinement of remark 7.9 is possible 
(see, [12, theorem 4]). The non-simple case is treated in [13]. 

Finally, we consider bisimple semigroups. 

If A is a finite set, I Al will denote the number of elements of A. 
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Theorem 7.11. Sis a bisimple w-L-unipotent semigroup if and 
only if Sis an wY-L-unipotent semigroup with IYI =!. 

Proof Apply theorem 6.1, lemma 5.6(c), and theorem 7·7. 

We termed a bisimple £-regular semigroup on E-bisimple se1ni
groups in [IO]. 

Theorem 7.12. S is an E-bisimple semigroup if and only if Sis 
.ci:n LY-regular seniigroup with IY/ =I. 

Proof. Apply theorem 7 .11. 

Remark 7.13. A combination of theorem 7.12 and theorem 7.1 
yields [10, lemma 1.20]. A further refinement of [10, lemma 1.20] 
yields [10, theorem I.I]. 

Remark 7.14. An excellent account of our structure theory for 
E-bisimple se1nigroups is given in [3, section 5]. 
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1. Introduction. Recently, Exton [4] defined the following 
two ne\V hypergeometric fnnct!ons in several variables : 

(1.1) 
(k) (n) , 
(1) ED (a, ~1• ... , ~n ; y, y ; X1, .. ., Xn) 

X1m1 Xnn1n 

· '111' ···nt:I 

and 

(1.2) 
(k) (n) , 
(2) ED (a., rJ..' f311 ... , ~n ; y ; X1, ••• , x,,J 

= ~ ('-lm1+ ... +m, (a.')m1c-1-1+ ... +mn 

(Y)1n1+ ... +1nn 
:1111 , ••• , Inn =0 

which, for k=O, reduce to Lauricella's multiple hypergeometric 

f t
. F(n) unc 1on D . 

In this paper, we first define the new multiple hypergeometric 
. . . . 00 0) 00 

funct10ns smularly related to Lauricella's FA , F B , F c , and then 

obtain the confluent forms of these functions. We also give their 
Laplacian and Eulerian integral representations and generating rela
tions. Finally, we evaluate some n-dimensional integrals associated 
with these functions. 
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2 Definitions. The multiple hypergeometric Junctions related 

to F~), F~), F~) are defined by 

(2.1) 
(k) (n) , 
(1) EA [a, Cl.' ~lJ ... , ~n ; Yi' ... , Yn ; X1, ···• Xn] 

=! 
111 1, •.. , mn=D 

(2.2) 

and 

(2.3) 

X1n11 Xn mu. --, ... --,' 
1111 . 11111. 

which, for k=O. would reduce to Lauricella's functions F(n) i") /") 
A' B' C 

respectively. 

For their confluent forms, we consider 

Jim (k) E (n)( . , . x 1 x,,) 
(2·4) Ct.-+oo (I) D "'' ~,, ... , ~n' y, y 'a' ... , a 

(k) (n) • , . 
=(I)¢ (~ 1 •••• , ~., y, y , x1, ••• , x.). 
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(k) (11) ' 
= (l) 'f• (« ; y, y ; X1, ... , Xn), 

(2.6) lim (k) En- ( 1 r.i x 1 Xn \ 

~1' •.. , ~11--+cc (2) D Cl, ('f.' t-'1• ••• , ~n; Y; ~' ... , ~n) 

(k) (n) , . . 
= (

2
) ty (a, a; , y , x1 , ... , x,,i), 

and 

(27) Jim WE~[ , 
· A A (l) A a, a ' P1, .. ., Pn; y,, .. ., Yn ; 

t-'1' ···• t-'11--+oo 

X1 Xn J 
~, ... ,~ 

(k) (n) , . 
=(

3
) 'Y (a, a , Y1, ... , Yn X1, ••• , Xn). 

3. The Laplacian Operator. In our recent ~paper [IJ, we 
have used an n-dimensional Laplacian operator in the form 

L ('., µ) r(~ ·'·· ia) ,a,+ ... +an+IL 
{ }- "l' ... • n A 

•1, .. ., •n I'(a 1) ... I'(an)I'(a1 + ... +a,+µ) 

J
w Joo -A(x1 + ... +x,.) ( , , )[L • 1-1 a 11-l e X1 T • · • I X 11 X1 • • • Xn 
0 ••• 0 

{ } dx1 ... dx,., 

where Re(a1)>0,j=l, .. ., n, Re(A)>O and Reh+ ... +"-n+!L)>O. 

We give here the following additional applications of this 
operator. 
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(3. l) 

providedRe(•1)>0,j=l, .. ., n, Re(l,)>0, Re(•1 + ... +a.+µ)>0 and 

I u, I when A <ri then r1 = ... =rk, r1i+1= ... =rn, r10 +rn=t~ where ri, 

;=J, .. ., n are the associated radii of convergence of the series (I.I). 

(3.2) L (A.µ) {(k\,, (n) (" n•. + + +"·. u X U )} 
.l.:' P' !-' , 1X1 ·" an r , 1 l • • • ·' nXn 

ci:i. ... , O:n (2) 

_ (kJ E (n)( , . , . u, u. ) 
-(2) D ~' fj' 1X1, •••• ,ct.fl' <X1 --t····+ C<n' A' .. ,, T ' 

provided all Re( •;)>0, j =I, .. ., n, Re(,\)> 0, Re(o.1 t ... +an +µ)>0, 

and l~il<ri, with r1= ... =r1~, rk+ 1= ... =r,., rk+rn=rkrn, where ri, 

i=I, .. ., n are the associated radii of convergence of the series (1.2). 

(3.3) L (A, [LJ {l}=l, 
IX1, ... , O:n 

where Re(a;)>O,j=I, .. ., n, Re(.\)>0 and Re(a1 + ... +a.+µ)>0. 

4. Other Multiple Integrals. Making an appeal to our 
earlier result [3,(2. l )] 

where 

IX1 l Cf.21 "'• 1 

IY..1l! ('J.22 "'• 2 

K= ,,,,o, 

Ct.1n 0::2 fl a,, n 

we evaluate the following multiple integrals. 

(4.1) 
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{ 

n . } n ~ -1 
exp. -.~ ("-/>\+ ... +o.n'x.) . TI (o.,'x1 + ... +a.'x.) 1 

1·=1 j=1 

dx1 ... dxn 
I n (k) (n) 

K TI nP;l E (a, p,, .. ., p,,; y, y'; 1i1, •• ., ii.,), 
1~1 (1) (D) 

where jAi/<ri, with r1= ... =rk, 1'k+1= ... =rn, r1,+rn=I, 
ri, i=I, ... , n being the associated radii of convergence of the series 
(I.I). 

roo r 00 (k) (n) 
(4.2) Jo ···j, (Z)'¥ (o., a'; y; 1' 1(o.1

1x,+ ... +an1x,.), ... , 
AiJa1 nX1 + ... +an nxfi)) 

{ 
n i i 1 exp. -.:::: (a 1 x1 + ... +a,,x,,). 

1 ::1 

dxi. .. dx,, 

I n (k) (n) 

K 
II r(~ 1) E (o., a', p1 , ... , ~"; y; 1'1, .. ., !.,,), 
;-t (2) (D) 

valid if IA1 1 <ri, \Vith r1= ... =rt:., r1~+1= ... =rn, rk+rn=rkrn, 
where ri 1 i=1, ... , n are the associated radii of convergence of the 
series (1.2). 

(4.3) 

I n (k) (n) , , , 
= K ,12, r(P'\1)E A [a, "·, p,, .. ., Pn, y,, ... , Yn, Ii,, .. ., Ii,], 

which holds when both sides have a meaning. 

5. Generating Relations. In this section, we establish the 
following generating relations. 

"' 
(5.1) 2 <;1; ~;;E~) (e<+r, p1 , ... , P,,; y, y', x1 , ... , x.)t' 

r=O 

-a (k) (n) ( • ' • x, Xn ) 
=(1-t) (\)ED "• p,, ... , Pn' y, Y '1-t' ... , 1-t' 
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(5.2) 
"' 2 ( 0 ), (k) (n) ( . , . )t' 

- 1- 'f" ix+r, y, y , x1, ... , Xn 
r . (I) 

r=U 

_ (k) (11) ( , x1 x ) 
=(l-t) ~ Ol'f' ~; y, Y ; 1-t' ... , J_:'.1 ' 

and 

"' 
(5.3) I (~ (k)E(11) 

I (er., a',[3+r; 'Y1• ... , Yn; Xi, ... , Xn)t7 

r. (I) c 
r=O 

-~ (k) (n) ( , . . x1 X, ) =(1-t) E "·'a, {3, Y1• ... , Yn, 1--, ... , -1- , 
(l) C -I -t 

provided the right-hand side series are convergent. 

6. Fractional Integration and Integral Representations. 
Joshi [5] made use of the theory of fractional integration in order to 
deduce Eulerian integral representations of hypergeometric func
tions of three variables, viz. HA, HB and H 0 defined and studied by 
Srivastava (cf [8] to [12]) {see also [6]}. In a subsequent paper [2] 
we obtained similar integral representations for the multiple hyper-

(11) (11) (n) (11) 
geometric functions F , F , F , F of Lauricella [7], and also 

A B C D 
(n) (n) 

for their confluent forms ¢ and 'f' , by using the operator 
2 2 

where O<Re (i3,) <Re ('11), i=l, ... , n. 

We can easily derive the following relationships. 

(6.1) 

= 
(k) (n) 

E 
(l) D 

where O<Re(:l,) < Re(v,), i=l, ... , n and jx,j <r,, i=l, k+I, ... , n, 
/x1 Xjj <r1,j=2, ... , k \Vith Y1= ... =rk, r1,+1= ... =rn, rk+r11 =l; the 
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r1, ... , rn being the associated radii of convergence of the series 
( 1.1 ). 

(k) (n) , 
= (l) ED (/31, \I.' Y1, 132, ... , l3n; C1.. ; X1, X1X2, ... , X1X~, 

Xk+J, ••• , Xn) 

where 0< Re(~,)< Re (v1), i=I, ... , n and lxd<r,, l=I, k+I, ... , 
n, lx1x5l<rj,j=2, ... , k \Vith r1= ... =rk, r1~+1= ... =rn, rk+rn=rkrn, 
ri, ... , rn, being the associated radii of convergence of the series (1.2). 

(6.3) 
r (kl cnJ 

S1 1. (l) ¢ tet.1, V2, .•• ,\In; ~I• Y'; X1t1, X1X:;il1f.1, ••• , 

X1Xkt1tk, X1,+1f1,+!• ... , Xntn)} 

(k) (n) . 
= (1) ¢ (o:i, /3~, ···· /3n' 'Ji, y' ; X1, X1X2 ..• , X1Xk, 

X1o+i, ••• , xn) valid ifO< Re(~,)< Re (v,), i=I, .. ., n. 

{6.4) 
j(k) (n) , 

SG l_.(l) EA (v1, r.t.' IZ1, V21 .•• ,'Jn; Y1, ... , Yn; X1f1, 

X1X2f1f2, .•. , X1Xkt1tk Xk+Itk+I> ... , Xnfn)} 

(k) (n) , 
=(!)EA (l31, u., !1.1, /3i:i, ••• , l3n; Y1, •• _., Yn; 

X1, X1X2, ••• , X1Xk, Xrc+1, ... , Xn). 

where 0< Re(~,)< Re ('1;), i=I, .. ., n and the right-hand side 
series is convergent. 

{
(k) (n) 

(6.5) S& (I) EB (a.1 , ••. , xn, )11 , "J2, ••• , vn ;_ ~1 , Y'; X1tv 

X1X 2t1t2, ••. , X1X1c/1t1c, Xk+l lk+I• .•• , Xr/n)} 

= (k) E(n) (>- " B ' 
(1) B I• ... , u.rP Yr, t-J!l• ... , t n ; v1, Y ; X1, 

X1X2, ... , X1Xk, Xk+i, ••. , Xn) 

valid if O<Re (~,)<Re ('1), i=l, ... , n and the right-hand side 
series is convergent4 

{
(k) (n) r , 

(6.6) Sl, (I) EC ,v,, 7., y; u.,, B,, .. ., ~Il; Xiii. 

X1X2!1f2, ••• , X1X1,t1tk, Xrc+Itk+h .•• , X 1/n)} 
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(k) (n) 
=(I) EC (f31, et.', Y; Gl.1, V2, •.. , Vn; Xi, X1X2, ••• , X1Xb 

Xk+i, ••• , Xn) 

provided 0< Re (~i) < Re (v;), i=l, ... , n and the right-hand side 
series is convergent. 

{
(k) (n) , 

(6.7) S1 (3) 'F (v1, Cl. ; lf.1, f32 • ••• , f3n; X1f1, X1X2T1fz, ••• , 

X1Xkt1fr:, Xk+llk+l• ••. , Xntn)} 

(k) (n) , . . 
= (3) '¥ (f31, Cf. ' Cl.1, Vz, ••• ' Vn ,_ X1, X1Xj, ••• ' X1X1:. 

Xk+l• ••• , Xn) 

valid if 0< Re (~1) < Re (•1,), i= I, ... , n. 

{w oo , l 
(6.8) Si, (I) ED (C<, v,, ... , 'In;/, I ; x,t,, ... , Xntn) _[ 

(k) (n) 
=(!)ED (cc, ~ 1 , ... , ~n; /, /' ; x 1, ••• , Xn), 

and 

{ w oo , . } (6.9) 5l. (2) ED (cc,"' v,, ... ,'In, I: x,t,, .. ., Xnln) 

(k) (11) ' 
= (

2
)£ D (a, Cf., f31, ... , f3n; )'; x1, ••. , x0 ), 

where O<! Re(~•)< Re (v,), i=l, .... n and lx11 <ri with r1= ... = 
rk, rk+r= ... =rn, rk+rn=rkrn, Ti, i=1, ... , n being the associated 
radii of convergence of the series (1.2). 

(6.10) {
w oo , . . .SC, (l)E A (u., u., V1, •.• , V0 , Yr, .. ., Yn, X1fv •.. , Xntn) 

(k) (n) , · 
= (l) EA (Gt, Cf.' {31' ···• /3n; Y1, ... , Yn; X1, •.• , Xn), 

where 0< Re(~,)< Re (w), i=I, ... , n and the right-hand side 
series is convergent. 

(6.ll) 

provided 0< Re(~,) < Re (v,J, i= I, ... , n and the right-hand side 
series is convergent. 
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(6.12) {w oo • . 
S(, (!)EC (u., t1., Y; ~l• ... , f3cn; X1f1, ... , Xnln) 

(k) (n) , . . 
=(I) EC (O'., fl., Y, V1, ... , Vn, x 1, ... , Xn), 

where O<! Re (p;)< Re (v;), i=I, ... , n and the right-hand side series 
is convergent. 

(6.13) { w oo . } SL (l) ¢ (v1, ... , Vn; )', Y ; X1fv ... , Xnt0) 

(k) In) . , . 
=(I)¢ (p,, ... , Pn ')', Y 'X1, ••• , Xn), 

valid if 0< Re (p,) < Re (vj), j= I, ... , n. 

(6. 14) 

(k) (n) , . • 
= (

3
) ':P' (a, 17. , V1, ... , Vn ,_Xi, •.. , Xn), 

provided 0< Re (p,) < Re (v;), i= I, ... , n. 

(6.15) { 
(k) (n) . , . 

S(, (l)E D (v1, u;1, 'J2, .•• , Vn' Y, Y , X1!1, 

X1X2!1t2, ..• , X1Xnf1fn) } 

(k) (n) , 
=(l)E D (~1, 0'.1, ~2' ···• ~n; Y, Y ; X1, X1X2, ••• , X1X1i}, 

where 0< Re rp,) < Re (w), i=I. ... , n and lx1I < r,, Ix, x,I < r,, 
with r1= ... =rk, rk+r= ... =rn, r1t+r0=I, r1, fj, 2<J<;.n being the 
associated radii of convergence of the series (I. I). 

{6.16) 

where 0< Re (Pd< Re (v;), i=I, ... , n and lx11 < r 1 , 1x,x,I <rJ, 
with r 1 = ... =rk, rk+1= ... =r0, ri.+rn=r1,rn, ri, r~, 2<.J~n, being the 
associated radii of convergence of the series ( 1.2). 
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{
(k) (n) , 

(6.17) SG (l)EC c~. "-' v,; y,, p., ... , Pn; 

X1fi. X1X2f1f2, .•• , X1Xnf1tn)} 

provided O<! Re(~,) <1 Re (v,), i= I, ... , n. 

7. Further Extensions. In this section, we apply the ope· 
rator [2] 

n 
R { }=II 

j=l 

where 0< Re(µ;) < Re (v;+.\;·-P;), 0< Re (p1) <Re (v1),j=l, 
... , n, to derive operational relations involving the generalized 
hypergeometric functions of n-variabies defined by 

I 1 
0 

y l 

............... ".'. .......... 1 

CG1 ; v2, A2 ; ••• ; Vn~ An 

(P" Y') 

- ; µ2; ··· ; µn j 

(Y)m,+ ... +mn (ili)m,+ ... +m, ("·1lm1 (vJm,"· 
( vn)mn (>.,) m, ... (.\n)mn 

(~ 1)n11 + ... +n1k (Y' >1n1: 
1

1 *- ... +mn 
(µ1lm,+ ... + m (l'2lm;"(µnlmn 

X1m1 Xnmn --,-... --, . m1 . mn. 
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Indeed, we obtain the following results : 

(7.1) 

r I 1 
I o 
I 
I 1 
I I 0 I"' ........................ . 

R J p n I 0:1 ; v2, A2 ; •.. ; "n' An 

: I 6 I ......... <.p'.'.?? .......... 
I 1 I µ, 
I I ? I""'"' ................ .. 
L

I L . i . - ; !-', ; ... ; µn 
11- I 

X1t1, X1X2t1t2, ... , 

X1X1.:f1trr, 

X1c+1h1+1, ••• , Xntn 

T1 
I 
I 
I 
I 
I 
I 

( 

/I 
11 

JJ 
(k) (n) , 

= ED (Y, et.1, ~2 , ••• , ~n; V1, Y ; X 1, X1X2, ••• , X1X1~, Xk+t• ••• , x,J, 
(!) .. 

provided O<Re(µi)<Re (v.+11•--Pi), O<Re (P,)<Re (vi), i=l, ... ,n 
and if lxil<r1, l=l, k+l, .. ., n, lx1x;I <r;,j=2, .. ., k then r1 = .. . 

=r1~, rrc+1 = ... =rn, rk+rn=l, the ri, ... , rn being the associated radii 
of convergence of the series (I. I). 

(' I I (v,, "') Tl 
I 0 .............................. I 
I I 
I I ,\ 1 ' I 
I 0 ······························ I 

(7.2) 

I X 1l 1, X1X2!1!2, I 

I 
... , 

I 
R -< F n )" 1 ; Vj, i\.z ; ... ; Vn, i\n 

X1X1"f1lk, r I " I 0 .............................. Xk+1lk+p •• , ' Xntn 
I 

I 
I I I I 

I 
I µ, 

J: I 0 ...... ······ .. , ~····· ... ..... 
I 
l ln_.:_ I - ; µ2 ' ... ; fln JJ 

(k) (n) , • • 
=(

2
)£ D (~v a:• Yi. ~2' .•• , ~n, a, X1, X 1X 2, ••• , 

X1Xk, Xk+I, ••• , Xn), 

valid ifO< Re(µ;)< Re (vi+,\,-~,), 0< Re (pi)< Re (v,), i=I, 
.. ., n and if lxd <r,, 1=1, k+!, ... , n, lx1x;I <r;,}=2, ... , k then 
T1= ... =rk, Tk+1= ... =rn, rk+rn=rkrn, the r1, ••• , rn being the asso
ciated radii of convergence of the series (1.2). 
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r r 0 .............•............... 
I 
I 
I 
I 

(7.3) R i FI 
I I 
I 
I 
I 

I 
0 ........•.....•............... 

n 
I 

0:1; V2, .\2 ; .•• : 'Jn, .\n 
(~ .. y') 

O ··· ·· ........................ Xk+l hi+t• •.. , x
0
tn 

µI 
I 
0 ················•············· 

l -n-1 - ; µ2; ··· ; µn 

-t 
I 
I 
I 

I I 
I 
>
I 

Ii 
Jj 

(k) (n) , 
=(l) ¢ (0:1, ~2' ... , {3n; V1, Y ; X1, X1X2, •• ., X1Xk,Xl.:+1• ... , Xn). 

where 0 <Re(µ,)< Re (v,+A;-~;), 0< Re W<) <Re (v,), i=l, 
... , n. 

i 
I 
I 
I 
I 

(7.4) R-!., F 

I 
I 
I 
I 

I 
L 

I I 
0 

I A1 
0 ••• ••••••••••••••••••••••••••• X 1! 1, X1X2f1f2, ... , 

n 0:1 ; !3:P A2 ; •·• ; ~n• "-n 
0 .............................. 

I I 

I 
0 

n 

.............................. 

(k) (n) , • • 

-I 

/I 
1 / 

I 

>
! 

\ ( 
JJ 

=(!)£A ({3i. IX' IY.i, ~2• ... , f3n, YP Yib ... , Yn, 

X1, X1X2, ••• , X1Xk, Xri+1• ••• , Xn), 

provided 0< Re (µ 1) < Re (V<+A,-,B,), 0< Re(~,)< Re (v,), 
i=I, ... , n and the right-hand side series is convergent. 

l I o ······························! 
I 
I 
I 
I 

(7.5) R-!., F 
I 
I 

I 
0 ······························ 

n 
I 
0 ••• ·• · ••• '·· ·•· ••• ••• · ··''' ••• Xk+I f1t+l• .. ·, X 0 fn 

i r ? ······ ........ V:• ............ . 

l Ln~ 1 - ; µ2; ··· ; µn 

-I 
I 1 

11 

) l 
I 

j I 
ii 

JJ 



ON SOME MULTIPLE HYPERGEOMETRIC 131 

(k)E (n) ( . y " " . Y' . =(l) B al, ... , etn, 1, t-'2• ... , t-"ll, v 1, ~ 

X1, X1X2, ... , X1Xk, Xk+1• ..• , Xn), 

valid if 0< Re(µ,)< Re (v,+t.,-~,), 0< Re(~,)<! Re (v,), i=l, 
••• , n and the right-hand side series is convergent. 

(7.6) 

I 2 (v,, ~') ;Y 
I o ............................ .. 
I 
I 1 ,\, 

R 

J FI n-~! ............................ .. 

" - ; A.2 ; • .. ; An I I 0 I'" ........................ . 

: I 6 ............. :.'. ............ .. 
l L n 11.1 ; fj2, µ2 ; · ·· ; ~n, fln 

X1f1, X1X2f1t2, ... , 

X1Xkt1tk, 

X1c+1lk--r1' ... , Xntn 

-I l 1 

11 
/I 
11 

~ 
I 
I 

I 
-J 

(k) (n) , 
=(l)E C (~1· r:t. '"'f; rt.I, V2, ... , Vn: X1, X1X2, •.. , X1X1t, 

Xk+t• ... , xn), 

where 0< Re(µ,) < Re (v.+t.,-p,), 0< Re(~,) < Re (v,), i= 1, 
... , n and the right-hand side series is convergent. 

r 1 (v1, tt.') -I 
I I 0 ........................... I 
I I 
I 1 ,\ l I 
I 0 .............................. X1f1, X1X:ilt1t2, . .. , I 
I n-1 - ; "· ... ; ,\Il I 

(7.7) R -\ F ' X1Xkf1t1n >-
I 0 ······························ I I Xk+I tk+P ... , Xnln 

I ! I I µ, I I 0 .............................. I 

I I I 
L - n a, ; ~ .. µ, ; : ~II; f.ln -J ... 

(k) (n) , 
= (

3
) 'f" ((31, CX ; e<1, V2 , ···, V11 ; X 1 , X 1X 2 , ••. , 

X1Xk, Xk+I, .•. , Xn), 

provided 0< Re(µ,)< Re (w+,\,-~,), 0< Re (~ 1) <Re (v,), i=l, 
... , n. 
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a. 

(7.8) ·:;:·~·; ;···"{~(~,:/~"'"'! x,t,, .. ., Xn1
0 

.............................. I 

.. ~;·; .. :.:·;· ~~ .............. I 

(k) (n) , 
=(I)E D (o:., ~i, ... , ~n; Y, Y ; xl, ... , Xn), 

Tl 
I 
I 

l 
I 

I 
I 

11 
Jj 

provided 0< Re(µ,)< Re (v1 +;\,-~,), 0< Re(~,)< Re (v;) and 
if jx,j<ri, then r1 = ... =rk, rk+1= ... =ru, rk+rn=l, the Yi being the 
associated radii of convergence of the series (1.1), i=l, ... , n. 

(7.9) 

I I 1 

I I ~ 
I o 

R-\1 FI 7 
I I 0 

I I 0 
L L n 

(k) (n) , 
= (Z)E D (a, a, .~ 1 , ... , ~n ; y; x,. .. ., x.) 

Tl 

/I 

I~ 
11 
1 \ 

Jj 

where 0< Re(µ,)< Re (v,+1';-~,), O<! Re(~,)< Re (v;), and if 
[xtl<ri, then r1= ... =rk, rk+1= ... =r'll, rk+rn=rkrti, the r;. being the 
associated radii of convergence of the series ( 1.2), i =I, .. ., n. 
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valid if 0< Re (ft<)< Re (v;+,\;-~;), 0< Re(~;)< Re (v;), i=I,· 
... , n, and the right-hand side series is convergent. 

r I 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . -1 
I I I 
I 0 ................................. I 

~ n "'' AH v1 ; ... ; a," An' \Jn I 
(7.11) R F I (Y, Y') X1f1, ... , X,,Jn ~ 

I 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . I ! I 
I 

' 
I I 0 I 

I ................................. I , I n µ, ; ... ; µ,.. JJ l 
(k) (n) • , • 

= (I)E B (al, ... , rt.n, !'u ... , !'n, Y, "/ , X1, ···• Xn). 

provided 0 < Re (µ.1) <Re (v,+,\,-~;), 0< Re(~,) < Re (v,), 
i= 1, ... , n, and the right-hand side series is convergent. 

r r ~ ......... '.~:.~:'..'..'.' ........ . 
I 
I 0 ............................. . 

(7.12) R ~ F n 
I 

I 
I 
L 

0 ······························ 

0 ······························ 
n V.1, ~1 ; ... ; µ""' !'n 

(k) (n) , 
=(1)£ C (oc, a'"/; Vi, ... , IJn; Xi, ... , Xn), 

where 0< Re(µ;)< Re (w+t.1-~;), 0 <Re(~,)< Re (v;), i=l, 
.. ., n and the right-hand side series is convergent. 

(7.13) 

r 
I 
i 

r ~ 1··· .................... . 
0 1··· .................... . 
n ' v1, A1 ; ..• ; v11 , An 
I (Y, Y') 
0 .......•................ 

R~F 
I 

0 ....................... . i I 
L L n 

(k) (n) 
=(l) <P (!'1• ... , ~n; Y, Y'; x1, ... , xti), 

valid ifO <Re(µ,)< Re (v,+,1.,-~,), 0 <Re(~;)< Re (v,), i=l, 
... , n. 
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(7.14) 

( - 1 (a, "') 
I o 
I 
I 

R../, Fr 
I I 
I 
' ' 
I 
L -

0 ....................... . 

........................ 

0 ....................... . 
n µ1, !31 ; ... ; µn; ~n 

(k) (n) , 
= q.t' {IX, IX ; v1 , .. ., \In; X1, ... , Xn), 

(3) 

valid under the conditions of (7.13). 

( - 2 .\1 ; v, i 
\ : ........................ I 

R ..J F n ·~ ·:·,\ ... ,···. ··· ··,\· ··: .:··1x1ti. x 1x2t1t 2 ) ••• , 
l 1 ' 2' 2 • ···' n , vn 

/ ~ ....... :.'.'..('..'. '..'? ..... f x1x,,111,, 

I I : 

l ln~l 

(7.15) 

......•........ ··~ ..... . 

_, 
I 
I 
I 
I 
)-
1 

I! 
11 
-) 

valid ifO <Re(µ,)< Re (v,+.1,-~;), 0 <Re(~,)< Re (v,), i=1, 
... , n, and ifjx1 j<r1, !x1x1\<r1, then r,= ... =rk, rk+ 1= ... =r11 , rk+rn 
= 1, where the r1 are the associated radii of convergence of the 
series (1.1), and j= 1, .. ., n. 

( - 2 
I 0 
I 
I 0 I 

(7.16) R-<, F n 

I I 2 
0 

I 
I 0 
' -n-1 L 

' .\1 ; (e<, "') I 
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valid under the conditions 0< Re(µ,)< Re (v4+111-p,), 0< Re (µ1) 

<Re (v,), i=I, ... , n and if lx1 l<r1, lx1 x;I < Yj, then r1= ... =r., 
rk+1= ... =rn, rk+r11 =rkr,,, where the Yj are the associated radii of 
convergence of the series (1.2), andj=l, ... , n. 

(7.17) 
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provided 0< Re(µ;)< Re (v,+A,-~;}, 0< Re(~,)< Re (w), l=l, 
... , n and the right-hand side series is convergent. 
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