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ABSTRACT 

Fluctuating flow of a viscoelastic fluid, based on Rivlin-Ericksen 
constitutive equation, past an infinite plane, porous wall with cons
tant suction is studied. The skin friction fluctuations have a phase
lag over the main stream velocity fluctuations for certain values of 
the viscoelastic parameter, while they have always the phase lead in 
the case of classical viscous fluid. The amplitude of the skin friction 
rises with the frequency. The unperturbed displacement thickness is 
found to differ in the viscoelastic case from that of the classical vis
cous case. Transient velocity profiles are drawn. 

Introduction. Real Fluids (High polymer solutions, colloidal 
suspensions, liquid lubricants, pastes, paper pulp, condensed milk, 
and paint) possess both elastic and viscuous characteristics. Pheno
mena such as normal stress effects and variable viscosity are called 
non-Newtonian when they cannot be described by the cla&>ical rela
tion (eq. (I) of Siddappa 1970). Lighthill (1954) investigated the 
effect of fluctuations of the external stream on the boundary layer 
of a two dimensional body in a viscous fluid. Stuart (1955) solved 
the Navier-stokes equations exactly for fluctuating flow of a viscous 
fluid past an infinite plane porous wall with constant suction. 
Since real fluids are viscoelastic, and since suction or injection can 
reduce drag by delaying separation and transitition from laminar to 
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turbulent motions in the boundary layer, Stuart's work is here ex
tended to the flow of viscoelastic fluids. 

2. Formulation of the problem. Let x denote the distance 
along the two dimensional infinite, plane, porous wall, the equation 
to the wall being y=O, y the distance normal to it, u and v corres
ponding components of velocity, t the time, p the pressure, p the 
density, a the coefficient of kinematic viscosity, B the coefficient of 
kinematic viscoelasticity and y the coefficient of kinematic crossvis~ 

cosity. We consider an incompressible Rivlin-Ericksen fluid flow 
past an infinite, plane, porous wall. 

For an incompressible Rivlin-Ericksen fluid flow past an infinite, 
plane, porous wall which is independent of x then the equation of 
motion and the continuity are 

(2.1) 

(2.2) 

I 
u,+vu0 = - - p,+•u.v+fl(u,+vuy),. 

p 

I 
v,+ vv,= --p. +av,.+2[l[(v,+vv,),. + 

p 

(u',+ v'vl.l +y( 4v'v+u',), 
and 

(2.3) av -=0. 
oY 

The continuity equation (2.3) shows that v is a function of time 
only. In order to obtain a steady solution of the boundary-layer 
type it is known that v must be a negative, non-zero constant (vw)· 
In the unsteady case also we shall make this restriction (Stuart). 
Under this restriction, the equations of motion become 

au au I op o'u o' (au OU) 
(2.4) a1+vwoY =-p- ax +aay'+[lay' at+vway 

(2.5) 0=-_1_ ap +2(2"+ '(0" )fa'u) 
P oY P Y' ay 'ay' 

By integrating (2.5) we have 

(2.6) ( au )' p(x, y, t)=p(21l+Y) ay +g(x, t) 

where g(x, t) is a function added as a result of integration. 

Further by considering (2.4) as Y-7 oo, U-7U(t) and the 
derivatives of u with respect to y tend to zero, we find that 

du 1 ap I ag 
dt=-p- ox=--;;-- ax (2.7) 

partial 
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and so by integrating we have 

(2.8) dU 
g(x, t)=-pXdt +h(t) 

where h(t) is at most a function of t. 

Thus the pressure is given by 

(au )' dU (2.9) p(x, y, t)=p(2~+y) ay -Px dt +h(t) 

It is clear from (2.9) that the pressure of the fluid depends on y 
in addition to x and t, unlike in the classical viscuous case. This is 
because of the viscoelastic nature of the fluid. The equation of our 
interest is 

(2. IO) 

3. Boundary Conditions. We regard the viscoelastic flow 
as a limit of a flow through a pipe for which the boundary conditions 
are 

(i) 

(ii) 

u(O, t)=O 

u(oo, t)=U(t) 

where U(t) is the velocity at large distances from the wall, 

(iii) (au) =O. 
oY y=co 

The condition (iii) arises because of the symmetry about the 
axis of the pipe through the point at infinity. 

4. Solution of the probleme We look for a periodic velocity 
of the form 

U(t)= Uo( l +•e'w') 

U(y, t)=Uo['f'o(Y)+ «pi(y) eiwt] 

(4.1) V=Vw 

in which < may be taken as positive by suitable choice of the ongm 
of time. Substituting (4.1) in (2. IO) and equating non-periodic and 
harmonic terms separately to zero, we have 

d~o d'~o d3~o 
(4.2) Vwdy =ady' +~vw dy' 

and 

(4.3) 
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(4.l) gives the solution of the equation (2.10) whatever the 
magnitude of e provided 'Po and <p1 satisfy (4.2) and (4.3). Thus the 
velocity field consists of a fluctuating component of flow parallel to 
the wall, with a constant component of velocity normal to the wall. 
The solution is physically real only if Vw is negative which corres
ponds to a suction through the surface. 

With~= lvw!Y (4.2) and (4.3) become 
a 

(4.4) k d'p~ d<p0 +d¢
0 -O 

d~' + d~' d~ -

( , d''P1 (I _ k) d'<p1 d<p, c ~ 
4.5) '' d~' + - i,\ d~' + d~ -1,\<p1 = - i,\ 

where 

(4.6) ,\=~and k=- ~lvwl' 
lrwl' oc' 

The boundary conditions are that; 

(4.7) 
d<p, ( 00 ) 

qi 0(0)=0, tpo(oo)=I, d~ =0 

and 

(4.8) 

One solution of (4.4) subject to (4.7) is 

(4.9) 'Po (~)=I-exp ( -I+~I=4F) ~. h;;;o 

we note that when k=O this becomes the asymptotic suction profile 
in the Newtonian fluid (Schlichting 1955) 

(4.10) qi0 (~)=l-e-" 

The unperturbed displacement thickness for k<O is given by 

(4.lll 50=(1+vr=4k )-"-
2 lvwl 

( 4. 12) Therefore 
*2 

/\= 4w80 

a(I+vl-4k)2 

The other solution of (4.4) subject to ( 4.7) is 

(4.13) 'Po (~)=!-exp (-l-~f=4k )~· O<ko;;;J;. 
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The unperturbed displacement thickness is given by 

(4.14) B:=c1
-v1-=4k)-"'-, O<b(!. 

2 lvwl 
(4.9) is plotted against~ for various values of k in Fig. I It is clear 
from the figure that the velocity profile for zero fluctuation is flat
tened and less steeper than the asymptotic suction profile (4.10). 
This is due to the viscoelastic nature of the fluid. It is also clear 
from ( 4.11) that the unperturbed displacement thickness increases 
from its classical case for k<:<O. (4.13) is also plotted in fig. 2. This 
again illustrates the flattening effect. It is clear from (4.14) that the 
unperturbed displacement thickness decreases for O<k~l;. 

We see from the fig. I and fig. 2 that the velocity profiles under 
different conditions (ex k=-50, k=+0·07) are almost identical. 
This is an interesting result. 

The solution of ( 4.5) subject to ( 4.8) is 

(4.15) ~ 1 (~)=1-e -h~ 
where h=h,+ ih, is given by the equation 

(4.16) kh'-(1-i>,k)h'+h+i>. =0. 

We have solved this equation numerically. The tabulation of h for 
various values of k and his given in Table I. 

The total velocity component parallel to the wall is given by 

u 1 (-1+vr=4k) ~+Cl -h~i iw1 (4.17) Uo = -exp 2k .. • -e e 

The shear stress at the wall is given by 

{4.18) 

where 

(4.19) 
and 

{4.20) 

tw 
~pUolVwl 

O=tan-1 (~: ) 

Table I illustrates the trend of(h) and tan 0. We see from (4.18) 
and Table I that the skin friction has phase lead or phase lag accor
ding as e is positive or negative over the velocity fluctuation at large 
distances from the plane. In the classical viscous case there is 



40 B. SIDDAPPA 

always a phase lead but no lag. The magnitude of the skin. friction 
rises with.\ because of the faction h. The equation (4.17) gives 
the transient velocity distribution. while an indication of its shape 
can be obtained from the skin friction formula. 

Table I 

k >. h, h, lhl tan 6 

0 0 0 0 

0 ·25 I ·0493 ·22754 1•07369 "21685 

0 25 4·0533 3·5199 5·3670 •86791 

-1 ·25 1 ·4498 -·65779 1·592 -·45373 
-I 25 I ·9980 -50•029 50·069 -25•0398 

-10 25 I ·9999 158•12 158·13 79·604 

-10 100 2·00004 632•462 632·465 316·225 

provided •lhl >I. the shear stress iw, is zero when 

cos (wt+S) 
(4k-l+vl+4k)/2k 

e1H1 

and is negative when 

(4k-i+v~Jf2k 
cos (wt+e)< elhl 

Fig. 4.1 . Mean V!llocity Profiles for k ~ o 
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k,,,17 

k"".07 

Fig. 2. Mean Velocity Profiles for O<k~l· 

The former case corresponds to a velocity profile with zero skin 
friction, while in the latter case the flow near the surface is in the 
negative x-direction. Since € is not restricted in magnitude, the 
condition EI hi ;> 1 can be obtained. Thus at certain times the flow 
near the surface is in the negative x-direction, while the flow in the 
main stream is always in the positive x-direction. Thus certain mem
bers of the class of transient velocity profiles are of a separation 
type (with zero skin friction) or separated type (with reverse flow 
near the surface) for some values of k as in the classical viscous fluid 
flow. The transient velocity profiles are illustrated in fig. 3 which 
illustrates also the flattening effect in the case of viscoelastic_ fluid. 

For low frequencies (4.15) can be expanded in powers of A to 
give 

( 4.21) 

1-v'J-4k 
where a=-~k--

ia~AP -a·~ 

a-2 
A' \C4-3a)~ l (a-2)3 

l a2'1}2 } -a~ 
(a-2)2 e 

+O(i\3) 

By putting k=O i.e., a= I for the classical viscous fluid we 
deduce 

(4.22) 

which agrees with Stuart's equation !3.16) of his paper. 
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The component of velocity parallel to the wall for low frequency 
is given by 

(4.23) u _ 1 -a·~+- [i -a'l -- -e i:o -e u, 

-{A' (4-3a) _ 1 
(a-2)' 71 2 

Thus the velocity fluctuation is, to first approximation in A, the 
sum of the parts proportional to the instantaneous velocity and acce
leration of the main stream. 

Fig. 3. Transient Velocity Profiles for k<O 

I k=O 
II k=-1 

I' k=O 
III k=-10 
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