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ABSTRACT
Let C be a closed convex subset of a complete convex metric space X, S and
T be couple of quasi-contractive mappings from C into itself. In this paper, we
prove that the sequence {xn} of Ishikawa type iteration process associated with S
and T, defined by
x 0 EC,
y n =W(Sxn,xn' I\),

xn+l =W(Tyn'xn'a), n?O.
converges to tho unique common fixed point of S and T. Our result extends the
recent known result of Agrawal et al. [1] from q-uniformly smooth Banach space
to convex metric space.
2000 Mathematfos Subject Classification . Primary 47Hl0; Secondary 54H25,
55M20, 58C30.
Keywords. Couple of quasi-contractive mappings, Ishikawa type iteration, Convex
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1. Introduction. In reecent years so many generalizations of Banach
contraction principle have been obtained by several authors in various directions,
for example (see [3],[4],[5],[6],[7],[8],[9],[11],] 12]).
In 1974, Ciric [4] introduced the concept of quasi-contraction mappings as
follows :
Let X be a metric space. A mapping T of X into itself is called a quasi-contraction

if there exists a number Os; h < 1 , such that

d(Tx,Ty)s; hmax{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)} for all x,yE X.
Ray [10] extended the above concept of quasi-contraction mappings for pair
of mappings in a Banach space X. In fact, Ray [10] studied common fixed point of

168

mappings satisfying the following inequality :

jjSx-Tyjj ~ hmax~jx - yjj,jjx--Sxjj,jjy-'l:yjj,jjx-'l:yjj,jjy-Sxjj}

(1.1)

Here arises a natural question :
Question 1. Is it possible to prove existence of common fixed point for couple of
quasi-contractive mappings satisyfing inequality (1.1) in a metric space?
Recently, Agrawal et al. [1] obtained the approximation of common fixed point for
a pair of mappings satisfying the inequality (1.1), termed as couple of quaicontractive mappings, in a q-uniformly smooth Banach space. Again the following
natural question arises here :
Question 2. Is it possible to construct an algorithm to approximate common
fixed point for couple of quasi-contractive mappings satis(ying the inequality (1.1)
in a metric space?
In this paper we give affirmative answers to the above questions in convex
metic space. Precisely, first we prove existence theorem in a convex metric space.
Using the existence theorem, we prove that the sequence {xn} converges to unique
common fixed point of S and T satisfying (1.1) in a convex metric space, where
{xn} us a Ishikawa type iteration process associated with the mappings Sand T
2. Preliminaries. In this section, we give some basic definitions and
properties.
Definition 1 [13] Let X be a metric space and I= [0, 1] be the closed unit
interval. A continuous mapping W:XxXxl->X is said to be a convex
structure on X, if for all x,yEX and A.EI, d(u, W(x,y,A.))~A.d(u,x)+(l-A.)d(u,y)
for all u EX. A metric space X together with a convex structure Wis called
convex metric space.
Clearly a Banach space or any convex subset of it is a convex metric
space with W(x,y,'A)= A.x+(l-A.)y.

Property (DW) Let (X,d) be a convex metric space then it is said to have
the property (DW) if it satisfies the following conditions :
(DW 1 ) d(W(x,y,A.), W(u,v,'A.) ~ A.d(x,u) + (1-A.)d(u,y);
(DW 2 ) d(W(x,a,A.), W(y,a,A.)=A-d(x,y);
(DW 3 ) d(W(a,x,A.), W(a,y,'A.)=(1-A.)d(x,y).
Taking x=a, condition (DW 2 ) implies d(a, W(y,a,A.))=A.d(a,y) and condition
(DW 3 ) implies d(a, W(a,y,A.))=(1-A.)d(a,y).
Definition 2 [2] Let (X,d) be a convex metric space then it is said to have
the property (B) if it satisfies the condition (DW2 )
The property (DW) is a generalization of the property (B) of Beg [2].
Definition 3 [1] Let C be nonempty subset of a metric space X with convex
structure W and let S and T be self mappings of C, then S and T are said to
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be couple of quasi-contractive mappings if there exists a constant Osh < 1
such that

d(Sx,Ty)s hmax{d(x,y),d(x,Sx),d(y,Ty),d(x,1y),d(y,Sx)}, x,yEC

(2.1)

3. Existence.
Theorem 1. Let X be complete convex metric space with the property (DW)
and C be a non-empty closed convex subset of X. Let S and T be self
mappings of C satisfying inequality (2.1) with Osh < 1/2. Then S and T have
a unique common fixed point in C.
Proof. First we choose x 0 EC and iE(0,1), such that t>2h. Since C is convex
therefore there exists x 1 E C such that x 1 = W(Sx 0 ,x 0 ,t). Further for x 1 EC there
exists x 2 EC such that x 2 =W(Tx,x 1,t). Thus we can define a sequence {x,) in
Cby
Xzn+l =

W(Sxzn,Xzn,t),

Xzn+2 = W(Txzn+l,x2n+1't ), n s 0.
By the property (DW) we have

(3.1)

d(xpx 2) = d(W(Sx 0 ,x0 ,t ), W(Tx 1 ,x1 ,t))

s td(Sx0 ,Tx1 )+ (1-t )d(x0 ,x1 )
s hmax{td(x0 ,x1 ),td(x0 ,Sx0 ),td(x1 , Tx 1 ),td(x0 ,Tx1 ),td(x1 ,Sx0 )}+ (1-t )d(x0 ,x1 )
s hmax{td(x0 ,x1 ),d(x0 ,x1 ),d(x1 ,x2),td(x0 ,xi},d(x1 ,x 2 Xl-t )d(xlPx 1)}
+ (1- t )d(x0 , x 1 )

Since
d(x 0 ,x1 ) = d(xc,, W(Sx 0 ,x0 ,t )) == td(x 0 ,Sx0 ),
d(x 1 ,x 2 ) =d(x 1 , W(Tx 11 x 11 t )) = td(x 1 ,1'x1 ),

td(x 0 ,Tx1 ) s td(x 0 ,x1 )+ td(x 11 Tx 1 ) = td(x 0 ,x1 )+ d(x 1 ,x 2 ),
td(x 1 ,Sx0 ) = td(Sx 0 , W(Sx 0 ,x0 ,t)) = t(l-t)d(x 0 ,Sx0 ) = (1-t)d(x0 ,x1 ).
We have d(x1 ,x2 ) s hmax{d(x 0 ,x1 ),td(x0 ,x1 )+ d(x1 ,x2 )}+ (1-t )d(x0 ,x1 ).
Now we have the following cases :

Case-1. If max{d(x 0 ,x1 ),td(x0 ,x1 )+ d(x 1 ,x 2 )} = d(x 0 ,x1 ), then
d(x 1 ,x 2 ) s hd(x 0 ,x1 )+ (1- t )d(x 0 ,x1 ) = h1d(x 0 ,x1 ),
where h 1 =(1-t+h)<1.

Case-2. If max{d(x0 ,x1 ),td(x 0 ,x1 )+ d(x 1 ,x 2 )} = td(x 0 ,x1 )+ d(x 1 ,x 2 ), then

d(x 1 ,x2 ) s h{td(x 0 ,x1 )+ d(x 1 ,x 2 )}+ (1-t )d(x0 ,x1 )
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(1--t+th) (

:S:~(--)-d

1.-h

Xo,Xt

)

= h 2d(x 0,x 1),

(1- t +th) (1- t + h) 1
wh ere h2 = (
) s ( ) < .

1-h

1-h

Let k=max{hl'h 2 }. Henced(xvx 2 )s kd(x<vx 1).
Proceeding in this way, we obtain

d(x,11 x11 +1 ) s kd(x,,. 1 ,x11 )

:S: ...

sk

11

d(x 0 ,xi).

Now for some positive integer r, we have
n+r-l

d(x

11

,X 11

+,.):;; Ldk,xi+I)
i;::;::n

kn
s--d(x0 ,x1 )-> 0 as n-) oo.
k-1

Hence {xn} is a Cauchy sequence in C. Since C is closed subset of complete metric
space, it is also complete and hence there is a point p in C such that xn -)p as
U-)oo.

Now we shall show that p is a common fixed point of S and T. From (3.1) we have
X211+1

= W(Sx2,,,X2n,t).

Taking limit as
X211+2

n-)

oo,

we get p=Sp. Also we have

= W(Tx211+1,X211+1•t).

Taking limit as n-> oo, we get p=Tp. Hence Tp=Sp=p. The uniqueness of common
fixed point follows from the inequality (2.1). This completes the proof.
Remark 1. In view of Theorem 1, it can be readily seen that there is no need of quniformly smoothness of underlying space if O~h < 1/2. Hence Theorem 1 exends
the result of Agrawal et al. [1] from q-uniformly smooth Banach space to convex
metric space.
Theorem 2. Let X be a complete convex metric space having the property (DW)
and C be an non-empty closed convex subset of X. Let S and T be self mappings of
C satisfying inequality (2.1) with 0~<1/2. Suppose the sequene {x11 } oflashikawa
type iteration process associated with S and T, defined by
x 0 EC
Yn =W(Sxn,Xn,(3),
x11 +1 = W(Ty 11,x11,a), n

~

0,

(3.2)
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where {a,) and {13,) satify 0<an,13n<1 and fo.,) is bounded away from zero. If
{x,) converges to some point pEC, then pis the common fixed point of Sand 1;
Proof. From (3.2), it follows that

Since x,,---'> p,d(x,,,x 11 +1 )-'> 0. Since {a,) is bounded away form zero, it follows that

Limd(x,,,Ty11 )=0.
/l.-">rYJ

From (2.1) we have

d(Sx 11 ,Ty,,) s hmax{d(x,, ,y,.),d(x,, ,Sx,1 ),d(y 11 ,'(y,, ),d(x 11 , 1:y 11 ),d(y,, ,Sx,, )} .
Let M(x,, ,y,,) = max{d(xn ,.y11 ),d(x,,,Sx,, ),d(.y11 ,'(y11 ),d(xn,1:y 11 ),d(y" ,Sx11 )} •

Also, we have

d(x,.,y,J = d(x 11 , W(Sx,px ,l3,J) = i~ 1/l(x,i>Sx,J,
11

d(y 11 ,Sx 11 ) = d(Sxn, W(Sx 11 ,x11 ,l3 1J) = (1-13,Jd(x,i>Sx,J.
Now we consider the following cases :
Case 1. If M(x,, ,y,,) = d(x,i>y,J, then from (3.3)

d(Sx 11 ,Ty,Js hd(x 11 ,y11 )
: : : hl3 11 d(x 11 ,Sxn)

s hl3 {d(x ,1y,J+ d(Tyn,Sx
11

11

11

)}

o
1'·Yn )<__,-(----)
hf311 . d(xn,.7'Y,, )
d(•.:>Xn,
1--hAt-'n

s Kd(x,.,Ty,J
for some K'"C:O.
Letting n~oo, we get d(Sx,,, Ty ,,)~O.
Case 2. If M(x,,,y,,)=d(x,,,Sx,,), then from (3.3)

d(Sxn,TYn)s hd(xn,Sx,J
S

h{d(xn,Ty,,)+ d(Tyn,Sxn)}

h
d(Sxn, Ty,J S - h d(xn, Ty J.
1-

Letting n~oo, we get d(Sx,,,Ty,,)~O.
Case 3. If M(x,,,y,,)=d(y,,,Ty,,), then from (3.3)

d(Sxn,Ty,Js hd(yn,Ty,J

(3.3)
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s h{d(y
S

11

,x,J+d(x111 Ty,,)}

h{P {d(x ,1"'.y,J+ d(Ty
11

11

11

,Sx,J}+ d(x 11 ,'l)1J}

d(sXn, 1,Yn ) s (h(l +I 13,,))(l(xn, Ty,, )
1- i(:3,,

Letting n-'>-oo, we get d(Sx n, Ty n ),,_>0.
Case 4. If M(x n,yn )=d(yn,Ty),
then from (3.:3)
n
~

d(Sx 11 ,T,y,,)s hd(x 11 ,1'.y,J

Letting n-'>-oo, we get d(Sx n, Ty )-'>-0.
Case 5. If M(x n,yri )=d(y n,Sxn ), then from (:3.3)
11

Letting n-'>-oo, we get d(Sx n, Ty n )->0.
Since Ty n-'>-p. Also d(x n,yn ) =APn d(x n,Sxn )d(xn,Sxn. ), it follows that y n -'>-P·
Again, from (2.1) we have
d(Sx,i>Tp) s hmax{d(x,i>p),d(x11 ,Sx11 ),d(p,Tp),d(x11 ,1p),d(p,Sx,J}.

Taking n->oo, we get d(p, Tp )shd(p, Tp ), Tp =p. Therefore, Sp= Tp =p. This completes
the proof.
4. Convergence.
Theorem 3. Let X be a complete convex metric space having the property (DW)
and let C be a non-empty closed convex subset of X. Let S and T be self mappings of
C satisfying condition (2.1) with Osh<l/2. Suppose the sequence {x 11 } of Ishikawa
type iteration process associated with S and T, defined by
x 0 EC
Yn

=

x 11 +1

W(Sx 11 ,X11 ,p,,),
=

W(Ty 11 ,x11 ,a 11 ),n:::: 0

where {a,) and {f\} satisfy 0<an,13n < 1. Then the sequence {x,) converges to unique
common fixed point of S and T.
Proof. From Theorem 1, it follows that Sand T have a unique common fixed
point, say pin C i.e. Sp=Tp=p. Now we shall show that the sequence {x11 } converges
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top. For any xEC, from (2.1) we have

d(Sx,p)= d(Sx,Tp)
~

hmax{d(x,p),d(x,Sx),d(p,Tp),d(x,Tp),d(p,Sx)}

~

hmax{d(x,p),d(x,Sx)}

~

hmax{d(x,p),d(Sx,p)+d(x,p)}

~

h{d(Sx,p)+d(x,p)}

d(Sx,p)~ k1d(x,p),

(4.1)

h
.
where k1 =l-h<1, smce h<l/2.

Also, we have d(yn,p)= d(W(Sxn,x, 11 f3,J,p)
~

f3nd(p,Sxn )+ (1- f3,Jd(p,xn)

~

k1f3nd(xn,p)+ (1-f3n)d(xn,p)

= (l-f3n(l-k1))d(xn,p).
d(yn,p)~ d(xn,p).

(4.2)

Now, we consider

d(x, +1 ,p) =d(p, W(Ty,nxn ,a,J)
1

~ a 11 d(p, Ty,1 )+ (1-an)d(xn,p)

:::; k1a, d{yn ,p)+ (1- an)d(xn ,p)
1

~ k1and(xn,P )+ (l ·-a,1 )d(x,11 p)

d(xn+ 1 ,p) ~ (1-an (1- k1 ))d(xn,p).
Hence, Lim d(xn 'P) =0 . Thus we have xn~p as n~oo. This completes the proof.
n~oo
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