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(2.45) DX {1GE(a,b,0,15¢,¢ 121, 24,25,24%)

L(A) et () .
- }—(L—L—)—xt G, (a,b,c,A;ee ,zly,zz,zs,z‘ix), Re(\) >0;
(2.46) D} “{ Na,b,¢,d;e,\; zl,zz,z,,z,;x)}
1()”) ; 1
g G :b: v.)d; > :‘ > 3 *
F(H) (a C,Q;e,1,21,29,23 z4x),Re(7\.) >0;
(2.47) DY “{ he u,b c,d;e,e;2,x,2,x, z;,z4x)}
I'(A
- —Ifg—gx“‘lG(Ci)(k,b,c,d,'e,e','zlx,zgx,za,z4x) Re(\) >0;
M g : . 2 3

(2.48) DX {16 (0., ¢, ds e, € 520,20, 20,2,
I'(A : : , :
= —r“%x“ﬂ,(}(c‘i)(a, Ac,dsee ;2% z2,za-x,z4) Re(\) >0;
p’ . 2 )

(2.49) D} {x*"‘G(C?(a,b, ¢l e,€ 52,25, 2, z4x)}

I'(A
E“; xh” 1G (a b,c,Ase,e zl,z2,z3,z4x) Re()) >0;
(2.50) D} “{ N(a,b,¢,d; e\ zl,zz,za,z4x)}
I'(A
( ) (a,b,c,d;e,;,L,'zl',zz,za,z4x) s Re<7\,) >0,'

T T(w
3. Use of Two Fractional Derivative Operators.

3.1 DQ"”D;"”'{x*‘l y*1H fﬁ)(u, w,c,d;ee €' zxy, zz_x,za:x,z‘fy)}

\—/

L(A)r(r) et w1 py(4) . |
PR M. - - H : )"’}\,', ’d’. , v’ u; , ) ,2y),
e BN e dse,e e 2,my,25%, 257, 249)

, Re(A) > 0, Re(\’) > 0;
(3.2) D;*D}" “{x’“ - 1H (kb1 d; e, e e" zlx 2,%, z3xy,z4y)}
- ') xR lHA (A,b,\,d;e;e e $ 2%, 25X, 25X, 2,Y)
( T ()
Re(\) > 0, Re(\”) > 0;
(3.3) Dﬁ"“D;'"“'{xk'ly”“lH ﬁ:‘l) (@1, d;ee €' 2%, 25,259, z4xy)}
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(3.4)

(3.5)

(3.6)

3.7

(3.8)

(3.9

1 (3.10)

_I()r)
- ( ) (w)

L) pr oty |
= el Ty T H e, M N d e e e 2ix, 25,25y, 2%y
F(H)F(M) Al( 1 22%3 4 ),

Re(A) > 0, Re(\") > 0;
DDy {x’”’“1 y*H ‘(,{?(u, b,c,I'; e e ,e"; 2%, 2,XY, 25X, 2, )}
r(Mre)

T () (w)

=1, -1 (4 . . .
xh oyt Hﬁ,l)(k,b,c,)d,e,e',e",zlx,zzxy,zgx,z4),

Re(\) > 0, Re(\”) > 0;
Dk MD?» 2] {xk ~1 l IH a u,c,u';e,e',e";zlx,zzy,zg,24x)}
Iy 1H (a 7»,0,7»','e,e’,e",'z'lx,zzy,z3,z4x)’

rre)
(u)l' I(Wr()

Re(A) > 0, Re(\ ) > 0;
D;™D;" ”{x’L “lyh= 1H (a,b,p, 1 se,¢,€"; 2, 2,5, 23%, z4x)}

NG

=TT (M';x“l w1 (ab MM e e 21,25y, 2%, 24%)
Re(\) > 0, Re(\”) > 0;

D*""D* u{xx -1, A= 1HA1 (@.b,c,d; M0\ e 2%, zzy,zax z4)}

;xﬂ Lyw-1gr () (a, b,c,d;u,u',e";21x,zzy’bzax:z4),

" Re()) > 0, Re(\') > 0;
D' D}” “{x“ s 1H a,b,c,d;k,e',k’,‘zlx,zz,zax,z,ly)}'

) ul w-1gy(4)
e X Hy'(a,b,c,d;p,e 1 2i%,25,29%, 2
( ) (l—l) ( 1%, 23,23 4.)’)

Re(M) > 0, Re(\”) > 0;

Amp h-p [ A1, A1 ' ) . ‘
D; Dy “{x H u,u,c,d,el,ez,e3,e4,zlxy,zzx,zay,z4x)}

ul ;J. -1 1
e H (7», A,c,d; el,ez,e3,e4,zlxy,zzx 23Y,24%)

Re(A) > 0, Re(A’) > 0;

N P | 1
D “D; ”{x H p,bu d; el,ez,e3,e4,zlx,zzx,zay,z4xy)}

( ) ( '; My 1w 1HB4)(7» b, 7\.' d; e,€3,€3,€,; 21X, 25X, z3y,z4xy)
n

Re(k) > 0, Re(\’) > 0;



(3.11)

(3.12)
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DDy H D 0,10, ds ey, 05 05,045 21, 25,24, 2,9)}

x““‘y“'"lﬂg)(a, A A ,d;_el-,ez,ea,e4 ;:zlx, 29, 24X, 2,y) ,
Re(A) > 0, Re(A’) > 0;
D)D) “{xk Lyr= 1HB (a,b,c.d; 1, eg,e4,zlx,zzy,z3,z4)}

(e
Ty

; at Ly IH (a b,e,d,; 1,1 e5,e4,2,% zzy,za,z4)

Re(A) > 0, Re(\ ) > 0.

Five more results similar to (3.12) can also be obtained but we have left them due
to lack of space.

(3.13) Di"“ D;'”“'xk"ly”“lGﬁﬁ)(a,u,u’,d; ee; zlx,zzy,zlgx,q)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

TMT(A) oy e (4) :
=7 N7 N G ,7\.,7\.‘,d,’ > '; X, PR tad '
= T(r(n) 'y y, (a e, ;21%,2,y, 25% z4_)’

Re(\) > 0, Re(\”) > 0;
D’“ uDA “{x’“ -1, A lG 4) a u,C,u';e,e',':lex,zgj,z3x,z4y)}
)

()(7\" xululG

t

(u)l“(u (a .},"’é’ A ;-e, e ’{zlix,zz:,zs:x,z‘;:y) ,
Re()\) > 0, Re(A’ ) > 0;
Dﬁ"“Df""{x"“ly""lGx) (a,1,¢,d;e,\'; 2, 25,23%,24 y)}

F(X)r(x ) x“NIyu'-lGS{t) (a,}», c, d;‘e: p" sy 21 %, zz: 2gX, z4y) ’u

L(w)T(w)

Re()) > 0, Re(\) > 0;

A-p YA~ A1, A-1pv(4 . .
DDy “{x G )(a,u,p',d,e,e’,zlx,zzy,zax,z4x)}

2 gh-lyw-1GU )(a ML dse e 2, zzy,z3x zjx)

_ Re(A) > 0, Re(A’) > 0;
DK “D" “{x’“ “LyA- 1G (a u,c,u‘;e,e‘;:zlx,zz,zsx,z‘ixy)}
) u~-1 p ~-1,4(4)
=R G,'(a,A,c, A\ ee s 2%, 25,25%,2,XY
( ) (“) ( 1 2243 4 )
’ ‘ Re(\) > 0, Re(A’) > 0;
D *Dy {xH y”‘le‘fé) (a,n,¢,d;e,X'; 2,%,2,, 25%, z4xy)}
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(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

I

WG a0 0, s, .
I’(“’)l"(p’t) x y Az (a: ,C, )e)u N le,zz,zdx,z,ixy),
Re(\) > 0, Re(\") > 0;

DQ‘NH—D;"’-W {xx¥1.yk'~lG‘(“t) (a: b: ﬂ, d; e X' ; zl y zzx: 23 L z4y)}

oy G (a,b,0, dr e, 21,25, 23, 249)

Re(\) > 0, Re(A” ) > 0;
Dy D}~ ”{x" Lyh- ’GA2 a,b,c,p; e\ zl,zz,z,,z4xy)}

_ ;x” Ly 1GA (a,b,¢,A;e,1'; z],z2,z,,z4xy)

Re(\) > 0, Re(\’) > 0;

A At A-1, A 1 . .
D, “D “{x G a,p,,p",d, e,e‘,zlx,zzy,z3x,z4y)}

rr(x

= T(r (p'; xMlyH= 1G(4 (@, 0,0, d;e,e';21%, 25, 24%,2,4Y) |

Re(\) > 0, Re(\”) > 0;
D Dy" “{x‘ “lyh- IGA3 a,lL,C, L' ;e e 2,%, 25, 25%, z4y)}

L(Are)
“T(r()

p. -1 p 1GA3(a’)\‘ c,x‘;e,e’;zlx,zz,zax,z“;y)‘, »
; Re(A\) > 0, Re(\”) > 0;
D} "D} “{xx 1y 1GAq a, b W, e,e; zl,zzx,za,z4xy)}

rr
= T(W)r(y

; Iy lGA (a,0,A,)';e,€ ; 2, 25, 23:343‘3’)

Re(\) > 0, Re(\’) > 0;

DiD}" "{x’“ yh- IG(4) a,,u',(':,d;e,N;zlx,zz,z3x,z4y)}

( )r (x;x“‘ w- IG(4 (a,x c,d;e,p'; 2%, 29, 25%, 249,

Re(A) > 0, Re(\’ ) > 0;
D™Dy “{xx L IG(4) (a b,u,d;e,k','zl,zzx,z3,z4yx)} |

( ) ()
)

L gLy 1G(4 (@b, d;e,1' 2, 2,3, zs,z4xy)

Re(\) > 0, Re(\) > 0;
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(326) DZZ_HD;JW“'{xxulyxulG,(qlt,)(a>b:c:u;:e:)“':'zl':zzj:zs:z‘txy)}
L) et e ,
ol g . G Jb) :?\'; ) '; DI EY
I(H)F(M') (a e, h;e, W' ;2y,24,25,24%)
Re(A) > 0, Re(A’) > 0;
(3.27) I)_Q““I);'”“'x””‘y””l(}gfl)(a,u, W,by,byse, e 2%,2,,24,2,)

T(A)C(A .
= ”‘g"'")"f”'( “““““ ) x’lﬁly“ 1G§z)(a’: }‘" }“’ Jb3:b4 ;€ e' s 21%,29Y, 235 24) ’

Re(A) > 0, Re(A’) > O; .
We can also obtain five more relations similar to (3.27).

(328) Dif_”D;'_“' {xx—ly}‘"angt) (Cl, }.L, b2 ) b,j » b4' ; e: )" ; zlvx: 22 1 23 » z4y)}

-1 -1 v(4) . .
= L e ngl (@, X,b5,by,b4 50,10 ;2,%,25,24,2,9)

Re(A) > 0, Re(\”) > 0.
We can also obtain three more relations similar to (3.28).

(329 DIDY Ly G (a,w,by,byse € 215,23, 20, 2,4%))

:__mm x“ Lk ngT)(a 7\, Al b3,b4, e,e le 22Y,23,24% )

Re(A) > 0, Re(A’ ) > 0;
(3.30) DiDY {x“ LG (0,1, by by, 5 2%, 2,259,245 %)}

B gxu L n- 1G(4 (2,1, by, , by e,€ 5 2., Z9:23Y:24% )

| | Re()) > 0, Re(\") > 0;
(331) Da}cv—uD;'_”l {x}h-ly”_ngi) (a: W, bZ P b3 s “' A e.' :{zl_x: 29, Z3 ’ z4xy)}

LT et st | |
' xi y G a;x)b-)b',}\,';le’e';z'x,z ,Z y,z xy 5
r(Wrw) - Bz( 05,05, 5€,€ 521%,2,23Y,24 )

Re(A) > 0, Re(\’) > 0;

(3.32) DDy {xH y’“'*ngZ) (q, w,b;,b,, byse N ;2.%, 25,23, z4xy)}
CTIT(N) g - |

- f&%ﬁ%x“ Lyw 1Gg§)(a,x,bz,b3,b4;e,u S 21X, 2,23, 2, %))
Re(A) > 0, Re(\’ ) > 0;

(3.33) D;‘—HD;'—M'{xk—iy”—lG(B/ﬁ) (a,bi': A, b3,b4 ;.e, u' ::zl ,szx,>2'3 R 24y)}
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(3.34)

(3.35)

(3.36)

(3.37)

(3.88)

(3.39)

(3.40)

~; X t G a b » ’J, ’ b ) , , € > z 2 z 32 Iﬂy

, Re()) > 0, Re(\" ) > 0;
DQ"“[);"‘“'{x’\”"" y”““(}gz )(a, b,by, M, by e, 2,2y, 24%, 2, y)}
r(r)

_ IM(M)I .(M_rﬂx“ Lyh- ‘G§3)(a by, by, 1,b,, e, N [ 2,24, 23%, z4y)

~—

Re(A) > 0, Re(?» ) > 0
DDy ”{xx Lyh= 1GB (a,by,by, by, A e, zl,”,zi,z,‘xy)}

regr)

) .
()

heLyn-igt (a,bl,bz,b:;,u;e, N521,29,24,24%9)
Re()\) > 0, Re()\” ) > 0;
-DJ};M”D;'NHI{x)ﬁly}\'ﬁng‘) (a’: ,’l': M' ) b3 ) b4 :' 6, e| ;'213’: szJ 23 1 24 x)}

(AT o : :
= %(*-l(—-)— Iyt “IGS?_ (a,A, A sby,bye,e 21y, 20%, 25, 2,) ’

| Re()) > 0, Re(\’) > 0;
Da};”;ll)y " {x)»»{ly)»'—ng?(a, M, b2: M’ ’b4 ;€ e';zl:ZZxrz(sy’ z4x)}
e i Tyh 1Gﬁi)(m N0y, N, byse,e s 2y, 20%, zSy,z4x)
Re(\) > 0, Re(\’) > 0;
/Di"“ ‘D;‘ " {x)\wl.y)»'legi)(a, M, bZ:bB) M';e: 4 It 21»2295, z3:z4xy)}
=»-~~~w»~--)~x“ L1l )(a,?»,bz,bg,k' je,e;2y,29%,25,24%Y)
| Re(\) > 0, Re(\") > 0;
Di"”D""”'{x”‘:ly’t'“lG( )(a 1,b,,b,b,58,M'; 24, 2,%, z3,z4xy)}
T——_% x”"ly”'”lng?(a, A,by,by, b, e, 1 2{,29%,23,2,4XY) ,
Re(\) > 0, Re(\”) > 0;
D} D}" "{xA Lyr= 1G (a bl,u,b3,b4;e,7»',’zlx,zz,zs,z4y)} '
- ;x” Lyw'= 1G (a b1,7»,b3,b4;e,p‘;zlx,zz,z:;,z&),
Re()\) > 0, Re(\”) > 0;



(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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Diw“D;'ww{xhlyh‘wlag)(a: b, :bz: 10,58\ ;:31 129,23%, 343’)}

7\1 .
-1 p-1{(4 . s
''''''' — ’yl Ggs) (a’: bl)bzap\';blp e, M' ) zlyzzyzfjx)zliy) ,

Re(A) > 0, Re(A”) > 0;
I)} “‘D;\L“. {xk—lyklml(}gz) ((1, bl ’ bZ » b.’l s K€, A 521,%9523, z4xy)}

I(A)r(A)

ZNTINT T e u'ml(y(ll) b b be . o
I(H)[(Hv)x Yy B, (a, 1,009,049, A€, 14 ’zl’ZZ)z.;:z4xy),
Re(\) > 0, Re(\) > 0
Di\mvl);\‘_“' {x}”_ly}""ngi)( o “’I [ C,d; €, 6" ; Zl_xy, Z29Y, 24X, Z4x)}
TR s

1( u)I( u’)

yIGH )(X,k',c,d;e,e‘ S2\XY,25Y, 25%,24%)
ERe(\) > 0, Re(A”) > 0;
DA qu n{xk 1, A= IG u,b,c,uu,{e,e‘;zlx,zz,z3x,z4xy)}

r(Mr(v)
= T(r(w)”

2y 1GC1 (b, N se,€ 5 2,%, 25, 25%,24%Y)

Re(\) > 0, Re(\) > 0;
D “D}‘ “{x’L ~Lyh- lG (a,p,c, u';e,e’,'zlx?z_zx,z3,z4y)}
(x)r(?") ptl TR | | '
N G :}': ’7\"; :)'; ] 3<3
=TT (H‘) ) (a e, M e zx zzx 2y z4y)7

Re(A) > 0, Re(\) > 0;
D} “DA “{xA LN 1G u,b,c,d;e,k‘;z]x,zz,zsx,%xy)}

_ ;x“ Lyw= 1Gr (k,b,c,d,fe,u','zlx,zz,z3x,z4_xy)’
Re(\) > 0, Re(\’) > 0;
D;*D}" ”{xK 1= 1G (a u,c,d;ﬁe,k‘;zl-x,zzx,z3,z4y)}

rr(

- ') Iyt 1G (a,K,c;d;e,u','zlx,z2-x,z3,z4-y),
L)) X |

Re()) > 0, Re(\”) > 0;
D} “D}‘ ”{xx ly= 1G (a b,c,u,‘e,X','zl,zz,zg,z4xy)}

- ;x“ Ly 1GC (a,b,¢,A;e,1'; 21,245,253, 24%Y)
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‘ . Re(A) > 0, Re(\”) > 0;

(8.49) DY "{ Aol ]G (w1',c, d €,€ ;2,Xy,2,%,23Y,2,% )}
)(N) T yH 1(;

. E( ) u')

(7&, N,c,d;e,e;zixy,2)%,25y,2,%)

Re(\) > 0, Re(A’) > 0;
850y DYepMw x”““’y”"']G(f) wb,c, 1 se, e 2%, 2,%,25,2,Xy
y \ 1%,29%, 23,2,

pl V-1 v AT ',
Z gty G’ (X,b,c,?»,e,e,zlx,zzx,z:,,z4xy)’

Re(\) > 0, Re(A”) > 0;
oD LDy EE e e €1 2,%,2,20%,24))

Fr(v)
)

(e

u~1, pn'-1 . ',
.7 ” Gc ( ,X,C,A,',e,e,le,z2,zax,z4y)’

| " Re®) > 0, Re()) > 0;
Dy Dy {x“ A= 1G u,b,'c,d;e,k','zlx,zzx,zs,zwy)}

CJr(

PR S ; - yriglt (7L b,c,d;e, N ; 2%, 2,%, 23,2,%y)

() (w

~
ey
Cad
-
o
b2
e

| Re()) > 0, Re(V') > 0;
(353) D)\ “D}\ ”{x}\ Tyr- IG a H:c’d;e;:}“':'élx:zz:zﬂx’z4y)}

OING

_______ ; xh Iy 1(' (a,X,C,d,"e,H':'31_95:32:333‘5:343'),

T r(wr(p

Re(A) > 0, Re(\’ ) > 0;
(854) DyDY “{x’“ Tyh= lGC (a,b,c, u,e A zl,zz,za,z4xy)}

) ,

“C(wr (w; ‘IG“(a,bc Mo 2,2,20,7)
' ' Re(x) >0, Re(M') > 0;

4, Use of Three Fractional Derivative Operators.
4.1) DyrDYDY “{x*_‘y* Tyh= leh)(u,u, ",d; e,e,e.,xyul,xuz,xzug,yzu4)}
r)r)re)

T e 1ylLl lz“ g MAL N, dse, e e xyuy, xuy, X2Ug, y2lL, ), |
I“(p)l‘(u')l“(p") Ay ( 1 2 3 4)

: Re(M\) > 0, Re(\) > O,Re(A”) > O;
(4.2) DyHD DY {x"’ly" Lyt )(p,u c,d;\",e,e" zxyul,xuz,xzu3,yu4)}
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r(r()r()

_ A2 gLy (0 o dout e e ayauy, KUy, 26Uy, YU
F(M)F(M')r(“") A ( . 1 2 3 4)

Re(\) > 0, Re(A’) > 0,Re(\” ) > 0;
(43) Dk pD}» pD)» ~h {x)»l Al 1 Al 1H( )(M:b ul d\"

rrre)

( ) ( )I E“-') ;11 u -1 M 1H(4 (hb A,d;p',e,e" ulxz UyX,UzXYZ, u4y)

Re(A) > 0, Re(\) > 0,Re(\”) > 0;
xk 1A~ 1 A lH )(a,u,u',d,‘?»",e',e",'uxxz,uz,uJyz u4yx)}

- E ; E ;ll: }L";x“l W11 pr(4 )(a,X,?»',d;‘u",e’,e",'ulxz,uz,uayz,mxy)
u 3

e ,e" s uxz, xu,,u ,xyz,u(ty)}

(44) )}\ 4 ))» }ll)}\. ;1{
(
(

(4.5) DM FDY-w DMl gholy Nl -1 )(u,u’,u",d;el,ez,e3,e4;ulxy,uzx,u3yz u4xz)}

r(r(r)

Re(A) > 0, Re(\’ ) > O,Re(\.” ) > 0;
) o
)

I“I“IH(‘Q}"}\"?\’"d , ,
F(M)F(M')F(H" z ( '€1,€9,€4,€4, Uy XY, UgX, UgYZ, u4xz)

Re(\) > 0, Re(\”) > O,Re(A”) > 0;
DDy Di¥ {xx A IH( (p,p c, d A" "0, € 4 T2, U, u3y,u4x)}
TYAY)

- x“"ly“"lz“ Y 5 (LXSe, d Ty 162,00 €a; T U U x).
~ TNE)W) ! *

Re(V) > 0, Re()’) > O,Re(M” ) > 0;
@n DD D YT (Wb, di ) ey ey et sy 19)
rOGS)

= I—.(u)r(u,)r(”") ] yp. IZ“ IH(B‘?(K: N,C, d; M";92,€3,34;u1xyz, u2x> uSy’ u4x)

(4.6)

Re(\) > 0, Re()\’) > O,Re(\” ) > 0;
(4.8) DK uDk qu - {x" "Lyl A= 1H(4)(a, u,u',d;k",ez,es,e4,'u1xz uz,ugxy,u4y)}

( ) ( )r(}\’") u-1 u -1_u"-1 77(4)
= e 2" "Hp (a,?»?» Jdp e,e,e,uxzu,uxy,uy)
( ) ( )F(M) 2:%3>%4, Y1 2>%3 4 ‘
He) > 0, Re()’) > 0,Re(M” ) > 0;
(4.9) DD}~ ”Dk {xk s A el 1G(‘i)(oz W, u e e Uy X, Uy, gk, u4z)}

(. )FEM)

= TGIr(or H") Lyl 1G(‘l)(a LALA e € X, Uy, Us X, u4z)

Re()) >.0, Re(\’) > 0,Re(\”) > 0;
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(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

- (4.15)

(4.15)

(4.16)

DD DY [y y G (0 d e A sk, gy, g, 2)

()\’) (x')r(?\‘") xh ly’u lzu 1G(

- a, k,?»‘,d;e,u";u X, Ug Y, UgX, Uy 2
T (W)r(w) (e ),

‘ Re(A) > 0, Re(\") > O,Re(\”) > 0;
Dﬁ"” D;'”“'D;‘""“" {xX’~1 y""lzk";ngt)(a, RS e, e X, uy,y, Uy X, u,gcz)}

QINWING

()T (wr(

}\'n)
1-1 -1, 11 . ', .
M") a1y G( (a, MM e, Uy, Uy, g X, Uy X2) ,

Re(\) > 0, Re(\ ) > 0,Re(A” ) > 0;
Di““Df‘“'Df‘“{ A1yl h- 1GA2 (a1, d; e, A" ux, uyy, uyx, udxz)}

F(K)F(?»‘)I“(?»") p-1, w-1_ -1 (4)
= N N G, !?\’JK',d; » "; s B »
= I’(u)l“(u')F(u")x Y2 Gy (a e, W' S UK, Upy, U, UgX2Z)
‘ Re(A) > 0, Re(\’) > 0,Re(\” ) > 0;
DD} “D" W {xx Lyh-1gh"= IGA3 (@, W, 1" e e 1, X, Uy, Ugx, u4yz)}

r()r (%')F(W')
T(w)T(w)C (n")

“1, w-1_p'~1 (4 . .
HL gL .Ggé)(a,l’w’xu,e,e',uix,uzy,ugx,u4yz),

. Re(A) > 0, Re(\’) > 0,Re(\”) > 0;
D} “D* WD {x}‘ 1yM-dgh- IGA)(a u,p,d;e,?»";ulx,uzy,ugx,u4yz)}

r(M)r(r()
()0 ()0 (")

-1 w1144 . . )
gt Ggé)(a,l,k',d,e,u",ulx,uzy,uax,u4yz)’

' Re(\) > 0, Re(\”) > 0,Re(A” ) > 0;
Dﬁ"“DQ'"“'Df““"{xM y’“’”“z”’“’ilGﬁ,‘t)(a, W, 1By s e, e U X, sy, Uy2, u,,)}

COCEEE) .

w1 (4 9 a0 A0 b ot in s |
r(u)r(u')r(un) y 4 B, (a: tRAN] »Yy4 € e ,.ulx,uzy,usz,u‘z‘)’

, " Re(A) > 0, Re(\") > 0,Re(\” ) > 0;
D;‘—FD;I_”’D;“_”“ {xl—lyl'—lzl"-:ng)(a, M) M' ’ M" ,b4 ; e, e' ; uix: uzy: u3z: u4)}

(A)E ()T ()

p-l,0-1 u"—l_NGv'(‘ij) AAAD, . i ,
)™ 2 % (@2 M0, by s e, s %, Uy, g2, 1)

v ‘ Re(k) > 0, Re(A’) > O,Re(\”) > 0;
D} D}" ”D* ”{x" LyN-Lgh 1G(‘i)(a bW, n'e e U, ux, u3y,u4z)}

TIL) s

()T (W)r (W)

1 u__l" y 4 ) . . ‘
yr Tt G%l')(a, blf:_,}*: N\ e e Uy, upx, u3y,u4z),



(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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L Re(?») > 0, Re(k’) > 0,Re(\”) > 0;
Dk"“Dk “ﬂ “{ “ k”’ s 'G(4)(a,b,, TR b,,,e 7&” u, uzx,u3x,u,,z)}
(M)
() ()"

xh«-lyu’--lzu’leg)(a’ bl! A, )\")b,/ e, u"’- U, Uy X, Uy, u_;Z) ,
Re(A) > 0, Re(A”) > 0,Re(\” ) > 0O;
D '_“ID? i {xx Y ngj)(a, by by W W6 Ny, UgX, “4)’2)}

. ])’“ Ea IG'(4)(‘1' b by, NN e W'y, up, usx, “4)’1)

Re(A) > 0, Re(A”) > 0,Re(A” ) > 0;

DDy D {xx"’ Yy 'G<4 (a W, 1 bre e ux, uyy,uz, u,,x)}
FOYrC)
TR0

x Lyl ngz (a, AN byse el sugx uy, usz, ugx),
Re(k) > 0, Re(\) > 0,Re(A”) > 0;
Df"“l);"”“fD}‘ H {xwy}‘ L IG(4)(a, W Wby by e 'y, uyy, u, u,,xz)}

TN et et o Gl .
=TT Yz , a,MN,b,,b se, W ux,u,y,u,, uxz),
I«(u)r(u )Iﬂ(l‘t ) . B ( 3:%4 7 2 304 )

Re()) > 0, Re(\’) > 0,Re(\”) > 0;
D “D; * Dzk { Y LIGg:)(a' Wby 1, by e N g iy, 5y, u,,xz)}

e i S L Gf;:) (a1, W by e N s,y 1y, 1,%7) ’
SRR " Re(A) > 0, Re(A’) > O,Re(\”) > 0;
DirpD;‘ pD? i {x}” Iyl ’Gg)(a, P,bz’ bs»H LY “17‘: Uy, Us, u4xyz)}
TO)C()0()

T BT u”—lG(“) Ab. b\ ", -
e a@’?f e sty ),

Re(A) > 0, Re(\’) > O,Re(\”) > 0;

DDy D Iy G (@ o, by e gy sz )}
COXONO) s 1o |
=X Y2 TGy (@M b el sy upx, usz,u,x
T > 2 On @M AN bieuyinuzu)

Re(A) > 0, Re(\’) > 0,Re(\” ) > 0;
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(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

4.31)

At YA YA [ Al A1 A1 y(4 RPN :
DDy D; “{x y* 1z ,G}(Bs)(a,u,u‘,bg,u",.e,e',ul'y,uzx,ua,uwz)}

CICACN) et et i) “
T Al Al Gp/{a, M, N, by, A" se,e' ;uy, usx, uy, U, x2
()T () (") an ’ e ),

, Re()\) > 0, Re(\’) > 0,Re(\” ) > 0;
D;»—MD;';p'D;»"fp“{xxnlyx'—lzx"—ng:‘)(a’ i, w :b3 , b4 ,.:e’ 7\.": JULY, g, Uy, u4xz)}

F(?»)F(?»')F(?»") p-l =1 p'—1~(4)

I Gy (a, A, N, by, by e, 1" Uy, UsX, Uy,
I“(p)I“(u')I“(u")x Yy Gy (e 9,045 €, W' ULy, Ug, Uy, UgR2)
' - Re()) > 0, Re(\’) > O,Re(\”) > 9;

Ampp A=t A" | 2 A-1 ACT A1 (4) (), . ,
D, Dy ™D, “{x yz -G(Cl)(u,p',c,u",e,e',ulxy,uzy,usx,udzx)}

L(Mr(r(r)
()T (w)r (")

-1, w-1ut-1~(4) o o :
Pl yH-lgh G(Cl (;»’w,c’xuﬂe,e-,ulxy,uzy,u3x,u4xz)’

| Re(d) > 0, Re(\’) > 0,Re(A”) > 0;
DDy Dy {x""ly”"l»z”"lG(C‘:)( w,e,d e\ s uxy, Uy, U, u4zx)} '

r(A)r(Mr”)
F(M)F(u')l”(u_")

-1, w'-1 p-1 (4 o 14" eqp )
Tyt 'Gél-)(-?»,k',c,d,e,p'f,ullxy,uzy,usx,u‘,»xz),

Re(\) > 0, Re(\’) > 0,Re(\”) > 0;

DDy v DY {x’“‘l y"'”lz’""‘ng?(u,b, C, 1 e, N Uy, Uy, UgX, u4xyz)}

r(}\')r(k')r(x") n-1, p'~1 p"-i (4)
= v " Xy z G ?u,b,C,?\.',;e,p";u X, Ug, Ug X, U4 XY
C(()r() a 1l U 1)
Re(A) > 0, Re(\’) > O,Re(\” ) > 0;

At Py A= YA f L A=L AL AL y(4) Vo,
DD} Dz {x y' 'z Gél (@ p,c, 1 e, A" Uy, Uy, Ug, Uy y2)

L()r(r()

—_ ———-———~x“~1:y~g’~1zu"“1G(‘*:) a, 7\" c, 7&',‘2, H" U U U, Uy Y2
Tr()re) - - G U, Up, U, g 2)

| Re(\) > 0, Re(\’) > 0,Re(\” ) > 0;
Dy *Dy DY {x""ly”'liz’“""lGé? (W1, 1 see; l-tlxy.,:uzx_,‘u3: Y, u 4acz)}
T(A)T(r(")
T ()T ()T (")

-1 u'— i_1 (4 :
b Lynlgh I_Ggé)(;hw,c,xnv;_e,e';ulxy,uzx,u3:y,u4xz)’

) ’ Re(A) > 0, Re(\’) > 0,Re(\”) > 0;
Dﬁ'“Dy*"“'D:"‘”"{x"’ly””lz”‘:ng:)( m W, e, d; e, A" U Xy, UsX, Uy, u4xz)}

T et oot il o
TR TG (MM e, d e, 1 Uy, sk, Ugy, 1X2),
T()T(W)C(w) e, (M R i
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Re()) > 0, Re(\’ ) > 0,Re(\”) > 0;
(4.32) DDy DY {xHy le"*ch(:?(a, Byl € A 14y, U U, U yz)}

I“(?»)l’(?u)r(x") u=1 . i -1 u'-1
e L Lo G4 a?»c?» S, W Uy X, U, U, Ly Y2
I“(M)F(u )I“(u ) C, ( Uy 22%3 4 )

Re(\) > 0, Re(\’) > O,Re(\” ) > 0;
(4.33) lv);”“l);""“vl);‘" “{ ALy gk IGW (m,b,c, 1 e, A" s uyx, ugx, u3,u4yz)}

(7“) ( )( ) ;11 W=l 1G(

Pr(e)r)” ,

Re()) > 0, Re(\’ ) > 0,Re(A”) > 0;

Applying the same techniques, we have also derived fractional derivatives

involving hypergeometric functions of four variables introduced by Chandel,
Agrawal and Kumar [10] but we have not recorded them due to lac of space.
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ABSTRACT

In the present paper, some comman fixed point theorems have been proved
which generalize the results recently proved in [3], [7] and [10].

1. Introduction. After the works of Khan et. al [3], Pathak and Sharma
[6], Sastri and Babu [8], Sastri et. al. [10] etc. have obtained several common fixed
point theorems in metric space. Sastri et. al. [10] have shown that the inequality
used in Khan et. al. [3] does not hold for x=y because a(0) is not defined there in
while the unicity condition fails in Pathak and Sharma [6]. In their support they
have provided examples [10].

Let R* denote the set of all non negative reals, N the set of all natural
numbers and ¢, the set continuous. of y such that v is monotonically increasing
ant y(¢)=0 if and only if £=0.

Using this function y and altering the distance between points, Khan et.
al. [3], Park [4,5], Pathak and Sharma [6], Sastri and Babu [8] Sastri et. al [10], etc.
have obtained fixed point for one mapping and common fixed point for two mappmgs.
Sastri et. al. [8] have proved the following ‘

Theorem A. Let (X,d) be a bounced metric space and T:X—X such that

W(d(Tx,Ty)) < k max {y(d(x,),y(d(, Tx)),y(d0,Ty)}
and 0<k<1 for all x, y in X. Then T has a umque ﬁxed pomt in X
They have also proved the following
Theorem B. Let (X,d) be a bounded complete metric space and S and T be self
maps of X such that ST=TS. Further, assume that S and T satisfy the following
inequality
there exists ke (0,1) and y € ® such that

W(d(Sx, Ty)) < b max {y(dx,y),y(d(,52),w(d0, Ty)}
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forallx, y in X, Then one oi S and T (and hence both) have a unique common ﬁxed
point in X

Sessa [11] introduced the notion of weakly commutativity which is weaker
than commutativity. Every commutative pair is weakly commutative but the
converse is not always true [10].

Definition 1. Two mappings fg : X—X, where X is a metric space are said to be
weakly commutative if and only if d(fgx,gfx) < d(fx,gx) for all xe X.

Later on Jungck [1] extended the notion of weakly commutative to
compatibility and showed that every weakly commutative maps are compatible
but the converse is not always ture.

Definition 2. Two mappings fg.X—X, where X is a complete metric space, are
said to be compatible if and only if whenever {x,} is a sequence in X such that
fx,,8x,—t then d(gfx,,fgx,)—0.

Jungck and Rhoades [2] established the following
Proposition A. Let fg be compatible self maps of a metric space (X,d)

L IEf)=g() then f2(t)=gf®),
2. Suppose that lim fx,=lim gx, =t for some te X and x, X,
Then | - '
(a) If f is a continuous at ¢, lim gfx, =f(t)
(b) If fand g are continuous at f then
ft)=g(t) and fg(®)=gf(t).

In this paper, we obtain a necessary and sufficient condition for a common
fixed point of these compatible mappings which extend the results proved in [3],[7]
and [10]. | |

We now first prove the following
Theorem 1. Let (X,d) be a complete metric space and let f, g be continuous
mappings of X into itself then a mapping h X»~>f(X)ng(X) has a fixed pomt in X if
and only if
d(d(hx,hy)) £k max {¢(d(hx fx)),¢(d(hy,gy)),¢(d(fx,gy)),q)((d(hx,gy)/z+d(hy,fx))} (A)
for all xyeX, 0 <k <land ¢ e @ andf g are compatlble with k. Further fg,h have

a unique common fixed point in X.
Proof. We shall first show that the condition is sufficient. Let xoeX such that
hxy=fx. Since x;€ X and h(X)c g(X), there exists a point xzeX such that hx,=gx,. '
In this way a sequence {x,} is constructed So that hxg,=fxy,,, and
hion + 1=8%9, 49, 1=0,1,2...

Deflne d, d(hx hx, ). From (a)

¢(d2n) =0(diy, hixg, ) =0(d (g, , 1,hxg,)
< k max {¢(d(hx2n+1,fx2,,+1)),¢<d(hx2n,gx2n>),¢(d<hxzn+pgxzn))
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‘ ¢{d(hx2n-l~1’gx2n‘)+d(hx2n'fx2nv+1)}/2}
=k max {¢p(d(hxy,, . 1,hxy,),0(d(hxy,,hxy, 1)),0,
0{(d(hxg, 1, hxg, 1)/2}}
< k max {(p(dZn)’(b(dan.l)’O’ ¢{d(hx271~l’hx27L)’(hx2n,’hx‘2n+I)}/z}
=k max {§(d,,),0(d,,_ 1,0, p{(dy,_+dy,)/2}
If dy, >d,, 4, for any n. Then
0(dy,) < kO(d,y,) <¢(dy,) a contradiction.
Therefore
0(dy,) < kildy, 1) <d(dy, 1) D
and because ¢ is non decreasing, d,, <d,, ;.
Similarly we can show that d,,, ,<d,,, so that for cach n, ¢, , | <d, and {d}
strictly decreasing sequence of reals. Further as
Od,) < kOd, DS 2O, o)< ... <k 1o(d1)50 as n—e.
Since {d,,} is a decreasing sequence of reals, it converges. Call the limit p.
Suppose p>0, then since ¢ is continuous lim.¢(d,,)=¢(p)=0 therefore p=0. We now
‘wish to show that {hx,} is a Cauchy sequence. Assume that it is not Cauchy.
Then for every positive number € and for every poritive integer % there exit
two positive integers 2m(k) and 2n(k) such that 2m(k)>2n(k)>k and
d(hxg, ) h%on s> €. Further let 2m(k) denote the smallest even integer for which
2m(k)>2n (k)>k, d(hxg,, ;),h%q, 1)) >€ and d(thm(k)__Z,thn(k))S €.
Then ¢(e) <o dPxg,, %00
<Oy ¥ gmpy-0) T Dom -2t om)-1))-
Takmg limit as n—eo we have
¢(e) = lim ¢(d(hxg,, gy, h2 9, 1)) - . (2)
Using triangle inequality
| A9 P gn iy + 1)=A Pk gy %0 ) |5 Aoy
| A%y 4157500y + 1) P9 s P ) 4 D1 S Dy 20D
| ARy, 1y l’hxzn(k)+2)_d(hx2m(k)+17hx2n(k)+ VIS donyer-
These imply lim d(hxzm(k)’hxzn(k) R ,
= lim d(hxg, ), hixon ) = lim d(hxzm(k)’hx2n(k)) = lim d(hxzm(k)+ 112250y +1)
- = lim dAxg,, )15 9, ) +2)-
Since ¢ is continuous, hm o (d(hxzm(k):hxzn(k) +1) = lim d(hxzm(k) + 1% k) +2)
= lim d(hxg,, )4 1, h%gn)40) = OCE) .
From (A), ' .
0@y ) 1% 9n )y 19)) < b max {0 Ao, 1y 4 159 )+ 1)
WA Py + 1:8%2n (k) +2)). V@ PLg 3y 42:8%0n 1) 20
(A Xy, )1+ 18%0n k) +2) T X0y 4 29 (1) 110712}
= k max {¢(dgp, gy Aoy hZoniy+1))s 0 ongry+1);
O dhxgn iy + 1% 20 () +1))/21-
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Taking limit as k—eo, we get .

d(e) < ko(e) <d(e), a contradiction.
So {hx,} is a Cauchy sequence and because. X is complete, it is convergent. Call
the limit u. then

lim hx,, =lim fx,, , ;=u. Since f and h are compatible,

lim d(fhxy,, , 1,hfxg, . 1) =0 .. (8)
Also lim hx,, , o=lim gx,, , o=u. Since g and h are compatible,

lim d(hgxg, , 0.8hxq, . 9) =0. ~.(4)
We now show that the continuity of £ will imply '

fu=gu=hu.

From the triangle inequality
d(fhixg, 1,8h% g, 19) < d(ﬂ‘xznﬂ’hfxzm1)+d(hfx2n+1:héxzn+2)
+d(hgxoy . 98h%9, 49)- |
Taking limit as n—eo using (3) and (4) and the continuity of f and g we have
d(fu,gu) < lim (hfxy, , 1,hg%9, o)
From (1)
¢(d(hfx2n+1,hgx2n+2) <k max {§(d(hfxg, . 0.ff¥o, 1)), O(d(hgxy, | 0,.88%9, 1 9)s
O(d(ffxop 4 1:88%2n4+9)) ¢(d(hgx2n+1ffx2n+2)>/2} +(8)
From (3) and continuity of f

lim d(hfigy 41/fign 1) < lim d(hficg, ;1 fhixg, ,)+lim d(fhx2n+1ffx2n +1=0.
From (4) and continuity of g,

lim d(hgxg, 1 9,88%0y+9) < Him d(hgrg, ,9.8h%o, o) +lim d(ghx2n+2,ggx2n +2)=0.
From the continuity of f and g,
~ lim (d(ffx2n+1,ggx2n+2)== d(furgu)
From (3) and (4) and continuity of f and g,
lim {d(hﬁ“2n+1’ggx2n+2)}+d(hgx2n+2’ffx2n+i)}/2
< lim {d(hfxg, , 1,fhxgy 1)+ Ao, 1 88%0p +0)} +d(hgx2n+2,ghx2n+2)
+ d(hgxy, 1 0.8h%g, o) +d(@hxg, 4 9ffig, 4 1)/2
= d(fu,gu).
Takmg limit in (5) as n—e and usmg the continuity of ¢,
0(d(fu,gu)s kd(d(fu,gu))
which implies that ,
S fu=gu.
In the similar way it can be shown that fu=hu.
So fu=hu=gu.
Now
O(d(fxg, 1 1,h%g, 19) < kb max {9(d(Rrfry, ,1,ffkon 1)) (A (Axg, , 5:8%9, 49));
O{d(hfgy 4 1.8%0n +.9) T d(hkoy 4 9.ffk0y 4 1)/2}.
Taking limit as n—eo, :
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lim ¢{d(hfxy, ,1,hxg, 100} Sk O(d(fu,u))
i.e O(dhu,u)) <k od(fu,w) =k (dhu,u)),
which implies u=hu=fu=gu. Let v be the another common fixed point of [, g,A.
Then from (A)

M(d(w,0)=0(d(hu,hv)) < k max {d(d(hu,fu));p(dhv,gv)), d(d(fu,gv)),

¢{d(hu,gv)+d(hv,fu)/2}
= k max {{p(d(u,v)), P(d(u,v)), ¢(d(w,v)),(d(w,v))}

Therefore, ¢(d(u,v))<k max ¢(d(u,v))
which implies «u=v. This completes the necessary part of the proof.

The condition is sufficient. Let fz=gz=2 for some ze X and define A by
hx=2Vxe X . Then A is continuous from X to g(X) n fAX). Moreover for xe X, hfx=2z,

fhx=fz=z and hgx=z, ghx=gz=2z. So h commutes with / and g hence the
mapping A and fand h and g are compatible.
further

¢(d(hx,hy))=d(d(2,2))=0(0)=0.

"~ Therefore

¢(d(hx,hy))< k max {¢(d(hx,fx)), P(d(hy,gy)), d(d(fx,gy)),
O(d(hx,gy)+d(hy,[x)/2} v xyeX.
So, h satisfies the condition (A). This completes the proof of the theorem.
Theorem 2. Let (X,d) be complete metric space and let £g-and A be self maps on X
such that for some positive integers m,n,p,
O(d(hPx,hPy)) < k max {(p(d(WPx,f"x)), d(d(hPy,g"y)), O(d(fx,8"y)/2),
o{d(WPx,g™y)+d(RPy, "))}
for allx,ye X, 0 <k<land ¢ @.
Let fh=hf, gh=hg and f. g be continuous. Then £ g, h have a unique common fixed
point in X. ‘ '
Proof. Let H=hP, F=f" and G=g™. Since fh=hf gh=hg it follows that FH=HF
GH=HG and so F, H and G, H are compatible. Also F, G, H satisfy the inequality of
Theorem 3, hence it follows that G and H have a unique common fixed point z,
say in X, : :
It now remains to show that zis also unlque common fixed point of f,g and h.
Now L :
o(d(z, hz)) O(d(Hz,H(h2))) -
< k max {0(d(Hz,F2)), 0(d(H(h2),G(h2)),0(d(Fz, G(hz))
0{d(Hz,G(h2)/2)+d(Hhz,Fz))}
=k max {0(d(z,2)), d(d(hz,h2)),0(d(z, hz) o((z,hz)+d(hz,2))/2},
i.e. 0(d(z,h2))=kd(d(z,h2))
implies §(d(2,hz))=0 implies hz=z.
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Next we show that hz=fz=gz. Now,
O(d(hz,f2)=0(d(Hhz,Hfz)) ‘

< k max {¢(d(Fhz,Hhz)), 0(d(Gfz, Hf2))p(d(Fhz,Gfz)),
M d(Hz,G(h2)+d(Hhz,F2))/2}
=k max {§(d(2,2)), ¢(d(hz,h2))0(d(z,h2)), 0{(d(z,hz))/2+d(hz,z2))}

i.e. 0(d(z,h2))20(d(z,h2)) implies ¢(d(2,hz))=0 implies hz==z.
Next we show that hz=fz=gz. Now,
0(d(hz,[2))=0(d(Hhz,Hf2))

< k max {¢(d(Fhz,Hhz)}, 0(d(Gfz, Hf2)0@(Gfz,hfz)),
O{(d(Fhz,Hfz)+d(Gfz,Hhz))/2}

=k max {QdFZ,HZ)), d(d(fzf2)0(d(he,f2)), d{(d(hzf2)/2+d(fz,h2))}

=k § (d(fz,hz2))

which implies

¢(d(gz,hz)) 0 1mp11es d(fz, hz)=0

implies

fz=hz.

Similarly we can show that gz=hz and gz=hz=fz=z.

The unicity part of the theorem follows easily.

Fixed pmnt for a sequence. of mappings.

Theorem 3. Let (X,d) be a complete metric space and let {T';} be a sequence of
continuous mappings on X into itself. Then a mapping A:X—X has a unique fixed
point in X if and only if

- Old(hx,hy)) < k max {¢(d(hx, T;x)),0(d (hy, Tyy)),(d(Tx, Tby))

O(dhx, Ty)2+d(hy, Tx))}

for all x,ye X, 0 S k<1 i, je N and h is compatible with each T',c {T;} and k have a
unique common fixed point in X.
Proof. Result follows from the Theorem 1.

(- -

[2]

(3

{41 .

(51
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