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ABSTRACT
The aim of this paper is to prove some common fixed point theorems in
fuzzy 3-metric spaces by removing the assuption of continuity, relaxing the
compatibility or compatibility of type (a) or compatibility of type (p), to weak
compatibility and replacing the completeness of the space with a set of alternative
condition.
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1. Introduction and Prel.iminariel!J • The concept of fuzzy sets was
introduced initially by Zadeh [39) in 1965. Since then, to use this concept in topology
and analysis many ..author.s.. have. e~pansiv~ly. developed the theory of fuzzy sets
and applications. Especially, Deng [5), Erceg [6], Kaleva and Seikkala [20), Kramosil
and Michalek [22] have introduced the concept of fuzzy metric spaces in different
ways. Recently many authors have also studieg the fixed point theory in these
fuzzy metric spaces ([1], [2), [7], [9], [10), [18),[19],[22], [32],[33),(35)). Mishra et al.
[23) proved common fixed point theorems on complete fuzzy metric spaces, which
generalized, extended and fuzzified several known fixed point theorems for
contractive type maps on metric and other spaces. They assumed continuity of
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one map in each of the two pairs of compatible maps and also the commutativity of
continuous maps. Cho [4] and Jung 'et al:. [18] extended and generalized several
fixed p~int theorems on metric spaces, Menger probabilistic metric spaces, uniform
spaces and proved common fixed point theorems on complete fuzzy metric spaces.
The result of Cho [4] was extended by Sharma [34] and Sharma and Deshpande
[35].

Jung et al. [18], Hadzic [10], Jungck et al. [16] and Singh et al. (31] have proved
common fixed point theorems for mappings under the condition of continuity and
compatibility of type (ex) in complete fuzzy metric, probabilisti'c metric and metric
spaces.
In this paper we remove the assumption of continuity, relaxing compatibility
or compatibility of type (ex) or compatibility of type (~) to weak compatibility and
replacing the completenss of space with set of alternative conditions. We also remove
the assumption of commutativity of continuous maps in case of two pairs of maps.
We extend the results of Sharma and Deshpande [36].
Now. we begin with some definitions.
Definition 1. (Sharma [33]) A binary operation*:[0,1] 4 ~[0,1] is called a continuous
t-norm if ([0,1],*) is an abelian topological monoid with unit 1 such that
a 1 *b 1 *c 1 *d 1 ~ a 2 *b 2 *c 2 *d 2 whenever a 1sa 2 , b 1sb 2,c 1sc 2 and d 1sd 2 for all
a 1,a2,b 1,b2 , c1, c2, and d 1, d 2 are in [0,1].
Definition 2. The 3-tuple (X,M, *)is called a fuzzy 3-metric space if Xis an arbitrary
set, * is a continuous t-norm and Mis a fuzzy set in X 4 x [O,oo} satisfying the
follo:wing conditiqns for all x,y,z,u,weX and t 1,t21 t31 t4 >0 :

M(x,y,z,w,0) =0,
M(x,y,z,w,t) =1, for all t>O,
(Only when the three simplex <x,y,z,w> degenerate)
(FM-3)
M(x,y,z,w,t)=M(x,w,z,y,t)=M(y,z,w,x,t) = M(z~w,x,y,t)= ...
(FM-4)
M(x,y,z,w,t1+t2 +t3 +t4 ) ~ M(x,y,z,u,t 1)*M(x,y,u,w,t2 )
*M(x,l(,,z,w,t3 )*M(u,y,z,w,t4 )
(FM-5)
M(x,y,z,w,.):[0,1):-+[0,1] is left continuous.
Definition 3. ·Let (X,M, *) be a .fuzzy 3-metric space:
(1) A sequence {xn} in fuzzy 3-metric space X is said to be convergent to a point
xeX, if
(FM-1)
(FM-2)

LimM(xn,x,a,b,t) =1
n~oo

for all a,beX and t>O.
(2) A sequence {xn} in fuzzy 3;.metric space X.is called a Cauchy sequence, if

LimM(xn+p•xn,a,b,t)=
1
n-.oo
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for all a,bEX and t>O,.p>O.
(3) A fuzzy 3-metric space in which every Cauchy sequence is convergent is said
to be complete.
Definition 4. A pair of mappings A and S is said to be weakly compatible in fuzzy
3-metric space if they commute at coincidence points.
Example 1. Let (X,d) be 3-metric space define a*b=ab or a*b=min{a,b} and for
all x,y,a,bEX and t>O
M(x,y,b,t)=t/(t+d(x,y,a,b)).
(1.b)
Then (X,M, *) is fuzzy 3-metric space. We call the fuzzy metric M induced by the
metric d the standard fuzzy metric.
Remark (Sharma [33]) Since * is continuous, it follows from
(FM-4) that the limit of the sequence is fuzzy 3-metric space is uniquely determined.
Let(X,M, *) is a fuzzy 3-metric space with the following condition :

(FM-6) LimM(x,y,z,w,t) =l for all x,y,z,wEX.
t->oo

Example 2. Define A,S : [0,3]~[0,3] by

A(x{ xif x E [0,1) and
1xifxE[l,3]

S(x) =

[3-

x if x E [0,,1)
3
if XE[l,3)

Then for any XE [1,3], ASx=SAx, showing that A,S are weakly compatible maps on
[0,3].
Example 3. Let X=[0,2] with the metric d defined by
d(x,y) = lx-y I· For each tE (0,oo) define

M(x,y,t)= t/(t+d(x,y)),M(x,y,0)= 0, x,yE X.
Clearly M(X,M, *) is a fuzzy metric space dn X where * is defined by a*b=ab or
a*b=min {a,b}. DefineA,B: X~Xby Ax=x ifxe [0,1/3),Ax=l/3ifx;:::1/3 andBx=x/
(1 +x),XE [0,2].
Consider the sequence {xn=l/2 +1/n; n~l} in X. Then
Limn~oo Axn =1/3 and Limn~oo Bxn =1/3. But
Limn~oo M(ABxn,BAxn,t) =tf(t+ I1/3-1/4 I):;t:l.
Thus A and B are non compatible, but A and B are commuting at their coincidence
point x=O, that is, weakly compatible at x=O. Also
Limn~oo M(ABxn,BBxn,t)=t/(t+ I1/3-1/4 I):;t:l.
arid
Limn~oo M(BAxn,AAxn,t) =t/(t+ I1/4-1/3 I):;t:l.
Further
Limn~oo M(AAxn,BBxn,t)=t/(t+ I1/3-1/4 I):;t:l.
Thus A and Bare not compatible of type(~).
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In view of this example, we observe that
(i) Weakly compatible maps need not to compatible.
(ii) Weakly compatible maps need not be compatible of type (a).
(iii) Weakly compatible maps need not be compatible of type (~).
Lemma 1 : (Sharma [33]). For all x,y,z,weX, M(x,y,z,w,.) is non decreasing.
Lemma 2. (Sharma [33]). Let {y,) be sequence in a fuzzy 3-metric space (X,M, *)
with the condition (FM-6). If there exists a number ke (0,1) suc.h that
M(y n-1-2,y n-1- 1,a,b,kt)2M(y n-1- 1,Y n,a,b,l)
for all t>O and a,beX and n=l,2, ... then {yn} is a Cauchy sequence in X.
Lemma 3. (Sharma [33]). If for all x,y,a,bEX, t>O and for a number ke (0,1),
M(x,y,a,b,kt)2M(x,y,a,b,t), then x=y.
2. Main results. Sharma and Deshpande [36] proved the following
Theorem A. Let (X,M*) be a fuzzy metric space with t*t?.t for all tE [0,1] and the
condition (FM-6). Let A, B, S, T be mappings from X into itself such that
(1) A(X)cT(X), B(X)c S(X),
(2) there exists a constant k E (0,1) such that
M(Ax,By,kt) ?.M(1y,By,t)*M(Sx,Ax,t)*M(Sx,By,at) *M(Ty, Ax,(2-a)t)*M(Ty,Sx,t)
for all x,yEX, a E (0,2) and t>O.
(3) One of A(X), B(X), S(X) or T(X) is a complete subspace of X, then
(i) A and S have a coincidence point
(ii) B and T have a coincidence point
Further if
(4) the pairs {A,S} and {B,T} are weakly compatible, then
(iii) A,B,S and T have a unique fixed point in X.
For fuzzy 2-metric space, Sharma and Tiwari [37] proved
Theorem B. Let·(X,M, *)be a fuzzy 2~metric space with t*t?.t for all te [0,1] and the
condition (FM-6). Let A, B, Sand T be mappings from X into itself such that
(1) A(X)cT(X), B(X)cS(X),
(2) there exists a constant ke (0,1) such that
M(Ax,By,a,kt) ?. M(Ty,By,a,t)*M(Sx,Ax,a,t)*M(Sx,By,a,at)
*MCTy,Ax,a,(2-a)t)*M(Ty,Sx,a,t)
for all x,y,aeX, a E (0,2) and t>O.
(3) One of A(X), B(X), S(X) or T(X) is a complete subspace of X, then
(i) A and S have a coincidence point
(ii)B and T have a coincidence point
Further if
(4) the pairs {A,S} and {B,T} are weakly compatible, then
(iii) A,B,S and T have a unique fixed point in X.
Theorem 1. Let (X,M, *)be a fuzzy 3-metric space with t*t?.t for all tE [0,1] and the
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condition (FM-6). Let A, B, Sand T be mappings from X into itself satisying the
conditions (1),(3) and
(2.1) there exists a constant ke (0,1) such that
M(Ax,By,a,b,kt) ;::: M(Ty,By,a,b,t)*M(Sx,Ax,a,b,t)*M(Sx,By,a,b, at)
*M(Ty,Ax,a,b, (2-a)t)* M(Ty,Sx,a,b,t)
for all x,y,a,beX, a E (0,2) and t>O.
(i) A and S have a coincidence point
(ii) B and T have a coincidence point

Further if
(2.2) the pairs {A,S} and {B,T} are weakly compatible, then
(iii) A,B,S and T have a unique fixed point in X.
Proof. By (1), since A(X)cT(X), so for any arbitrary x 0 EX, there exists a point
x 1 EX such that Ax0 =Tx1. Since B(X)cS(X), for the point x 1 we can chooGe a point
x 2EX such that Bx 1=Sx2 and so on. Inductively we can define a sequence {yn} inX
such that
Y2n=Tx2n+1=Ax2n and Y2n+1=Sx2n+2=Bx2n+l for n=0,1,2, ...
By (2.1) for all t >0 and a=l-q with qE(0,1), we have
M(Ax 2n+ 2,Bx2n+ 1,a,b,kt)
;:::M (Tx 2n+ 1 ,Bx2n+ 1,a,b,t)

*M(Sx2n+ 2,Ax2n+2,a,b,t)

*M(Sx2n+ 2,Bx2n+ 1,a,b, at)* M(Tx2n+ 1,Ax2n+ 2,a,b, (2-a)t)
*M(Tx2n+ 1,Sx2n+ 2,a,b,t)
M(y2n+2>Y2n+1'a,b,kt) ;:::M(y2wY2n+l'a,b,t)*M(y2n+l>Y2n+2'a,b,t)
*M(y2n+ 1,y2n+z,a,b,at)*M(y2n,y2n+2,a,b,(2-a)t)
*M(y2;,,1Y2n+1,a,b,t)
;:::M(y2n,Y2n+ z,a,b,t)* M(y2n-1. 1,Y2n+2,a,b,t)* 1
*M(y2n>Y2n+21a,b(1 +q)t)*M(y2n>Y2n+l,a,b,t)
;:::: M(y2n,Y2n+z,a,b,t)*M(y2n+1>Y2n+2'a,b,t)*l
*M(y2wY2n+2,a;b(1 +q)t)*M(y2wY2n+z,a,b,t)
;:::M(y2n>Y2n+l,a,b,t)*M(y2n+1'Y2n+2'a,b,t)*M(y2n>Y2n+2'a,b(1 +q)t)
;;::M(y2wY2n+z,a,b,t)*M(y2n+l'Y2n+2,a,b,t)*M(y2n,Y2n+ 2,a,b,tq+t/3+t/3+t/3)
(Following Sharma [33] and using (FM-4))
_ ;:::M(y2n>Y2n+ z,a,b,t)* M(y2n+ z,Y2n+21a,b,t) *M(y2n,Y2n+2,a,y2n+ z,qt)
*M(y2wY2n+2 Y2n+z,b,t/3)*M(y2n•Y2n+l'a,b,t/3)*M(y2n+1,Y2n+2•a,b,t/3)
;;::M(y2n Y2n+l•a,b,t)*M(y2n+1,Y2n+2'a,b,t)*M(yo,Y2,a,yz,t/4q 2n)
*M(yo,Y2,Yz,Yz,t/4q2n)*M(yo,Y1,a,yz,t/4q2n)*M(yz,y2,a,yz,t/4q2n)
*M(yo,Y2,Yz,b,t/3q2n)*M(y2wY2n+1•'t;,,,b,t/3)*M(y2n+l'Y2n+2'a,b,t/3).
1

1

Thus since M(y 0,y2,y 1 ,b,t/3q2 n)~l and M(yO>y2,a,y 1 ,t/4q2n)~1 as n~oo.
Thus we have
(2.3)

M(y2n+z,Y2n+2,a,b,kt);::c M(y2n,Y2n+l•a,b,t)*M(y2n+1,Y2n+2•a,b,t).
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Similarly we have
(2.4) M(y2n+2>Y2n+3>a,b,kt)'?: M(y2n+1,Y2n+2,a,b,t)*M(y2n+2,Y2n+3>a,b,t).
From (2.3) and (2.4) it follows that
M(y n+ 1,yn+ 2,a,b,kt)'?: M(y n,yn+ 1,a,b,t) *M(y n+ 1,yn+ 2,a,b,t)
for n=l,2,. ... and also for positive integer n,p
M(y n+ 1,Yn+ 2,a,b,kt)'?: M(y n,y n+ 1,a,b,t) *M(y n+ 1,yn +2,a,b,t/kP).
Thus since M(yn+l,Yn+ 2,a,b,t/kP)-7l as p-"!oo we have
M(y n+ l•Y n+ 2,a,b,kt)'?: M(y n>Yn+ 1,a,b,t).
So by Lemma 2, {yn} is a Cauchy sequence in X.
Now suppose S(X) is complete. Note that the subsequence {y2n+z} is containecl in
S(X) and has a limit in S(X), call it z. Let u=S- 1z, thus Su=z. We shall use the fact

that the subsequence {y2 n} also converges to z.
By (2.2) with a=l, we have
M(Au,y2n+ 1,a,b,kt) =M(Au,Bx2n+ 1,a,b,kt)
;;::: M (Tx 2n+ 1,Bx2n+ 1,a,b,t)*M(Su,Au,a,b,t)* M(Su,Bx 2 n+ 1,a,b,t)
*M(Tx2n+ 1,Au,a,b,t) *M(Tx2n+ 1,Su, a,b,t)
=M(y2n,Y2n+ 1,a,b,t)*M(Su,Au,a,b,t)*M(Su,y2n+l'a'b,t)*M(y2n>Au,a,b,t)
*M(y2 n,Su,a,b,t),
which implies that as n-"!oo,
M(Au,z,a,b,kt) ;;::: 1*M(z,Au,a,b,t)*1*M(z,Au,a,b,t)*1
;;::: M(Au,z,a,b,t).
Therefore by Lemma 3, we haveAu=z. ThusAu=z=Su i.e. u is a coincidence point

of A and S. This proves (i).
Since A(X)cT(X), Au=z implies that ze T(X). Let v=T- 1z, then Tv=z. It can be
easily verified by using similar arguments of the previous part of the proof that
Bv=z. Thus Bv=z=Tv, i.e. vis a coincidence point of Band T. This proves (ii).
If we assume tha.t T(X) is complete, then argument analogous to the previous
completeness argument estabilishes (i) and (ii). The remaining two cases pertain
essentially to the previous cases. )ndeed if B(X) is complete, then by (1),
zeB(X)cS(X). Similarly if A(X) is complete, then zeA(X)cT(X). Thus (i) and (ii)
are completely established.
Since the par {A,S} is weakly compatible therefore A and S commute at their
coincidence point i.e. ASu=SAu or Az=Sz. Similarly
BTv=TBv or Bz=Tz.
Now we prove Az=z by (2.1) with a=l, we have
M(Az,y2n+ 1,a,b,kt) =M(Az,Bx2 n+ 1,a,b,kt)
;;::: M (Tx2n + 1,Bx2n+ 1,a,b,t)*M (Sz,Az,a,b,t) *M(Sz,Bx2n+;,a,b,t)* M (Tx2n+ 1,Az,a,b,t)
*M(Tx2n+ 1,Sz,a,b,t)
=M(y2n,Y2n+l,a,b,t)*M(Az,Az,a,b,t)*M(Az,y2n+l'a'b,t)*M(y2n'Az,a,b,t)*M(y2n,Az,a,b,t)

99
Taking limit as n-?oo, we have
M(Az,z,a,b,kt) ;::: 1*1 *M(Az,z,a,b,t)* M(z,Az,a,b,t)*M(z,Az,a,b,t)
;::: M(Az,z,a,b,t).
Therefore by Lemma 3, we have Az=z. Thus Az=z=Sz.
Similarly we have Bz=z=Tz. This means that z is a common fixed point of A,B,S
and 7'.
For uniqueness of common fixed point let w:;tz be another common fixed point of
A,B,S and T. Then by (2.1) with a=l, we have
M(z,w,a,b,ht) =M(Az,Bw,a,b,kt)
2 M ('l'w,Bw,a,b,t )* M(Sz,Az,a,b,t)* M(Sz,Bw,a,b,t)* M(Tw,Az,a,b,t)* M(Tw,Sz,a,b,t)
;::: 1*1 *M(z,w,a,b,t)*M(w,z,a,b,t)*M(w,z,a,b,t)
2 M(z,w,a,b,t).
Therefore by Lemma 1.3, we have z=w. This completes the proof.
Theorem 2. Let (X,M, *)be a fuzzy 3-metric space with t*t?.t for all te [0,1] and the
condition (FM-6). Let A,B,S,T and P be mappings from X into itself such that
(2.5) P(X)cAB(X), P(X)cST(X),
(2.6) there exists a constant ke (0,1) such that
M(Px,Py,a,b,kt) ;::: M(ABy,Py,a,b,t)*M(STx,Px,a,b,t)*M(STx,Py,a,b,at)
*M(ABy,Px,a,b, (2-a)t).*M(ABy,STx,a,b,t)
for all x,y,a,beX, a E (0,2) and t>O.
(2. 7) · If one of P(X), AB(X) or ST(X) is a complete subspace of X, then
(i) P and AB have a coincidence point
(ii) P and ST have a coincidence point
Further if
(2.8) PB =BP; AB=BA; PT=TP and ST=TS,
(2.9) the pairs {P,AB} and {P,ST} are weakly compatible then
(iii) A,B,S, T and P have a unique common fixed point in X.
Proof. By (2.5) since P(X)cAB(X), for any point x 0eX, there exists a point x 1eX
such that Px0 =ABx1. Since P(X)cST(X), for the point x 1 we can choose a point
x2eX such that Px 1=Sx2 and so on. Inductively we can define a sequence {yn} in X
such that
Y2n=Px2n=ABx2n+l and Y2n+1=Px2n+1=8Tx2n+2 for n=0,1,2, ...
By (2.6) for all t >0 and a=l-q with qE(0,1), we have
M(Px2n+ 2,Px2n+ 1,a,b,kt)
2M(ABx2n+ 1,Px2n+ 1,a,b,t) *M(STx2n+2,Px2n,+2,a,b,t)
*M(STx2n+ 2,Px2n+ 1,a,b,at)*M(ABx2n+ 1,Px2n+ 2,a,b, (2-a)t)
*M(ABx2n+ 1,STx2n+ 2,a,b,t),
M(y2n+2.Y2n+z,a,b,kt)
2M(y2n>Y2n+ z,a,b,t)* M(y2n+ 1.Y;n+2,a,b,t) *M(y2n+ 1•Y2n+ z,a,b,at)
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*M(y2wY2n+2,a,b,(1 +q)t)*M(y2wY2n+l,a,b,t)
:2:M(y2wY2n+ 1,a,b,t)*M(y2n+ 1.Y2n+2,a,b,t)* 1*M(y2wY2n+2,a,b, ( 1 + q)t)

*M(y2n,Y2n+ 1,a,b,t)
~(y2n'Y2n+l,a,b,t)*M(y2n+1.Y2n+2'a,b,t)*M(y2n•Y2n+2•a,b(l +q)t) ·
~(y 2 n,y2 n+ 1,a,b,t)* M(y2n+ 1,Y2n+ 2,a,b,t) *M(y2wY2n+ 2,a,b,tq +t/3 +t/8 + t/8)
(Following Sharma [33] and using CPM-4))

~(y2n>Y2n+z•a,b,t)*M(y2n+l'Y2n+2'a,b,t)*M(y2n'Y2n+21 a,y2n+2•qt)
·• ' ·

*M(y2n•Y2n+21Y2n+z,b,t/8)*M(y2n•Y2n+l'a,b,t/8)*M(y2n+l•Y2n+2'a,,l>,t/3)
~(y2wY2n+ 1,a,b,t)*M(y2n+ 1.Y2n+2 a,b,t) *M(y o,Y2,a,y 1,t/4q2n)
*M(y o•Y2•Y 1.Y 1,t/4q2n )* M (y o•Y 1,a,y 1,t/4q2n) *M (y 1,Y2,a,y 1,t/4q2n)
*M(y0, y 2, y 1, b, t/3, q 2n)*M(y2n,y2n+l,a,b,t/3)*M(y2 n+J•.Y211 +2,a.,b,t/.'J).
Thus since M(y 0,y2,y 1,b,t/3q2n)--7l and M(y 0,y2,a.,y 1,t/4q2n)->1 as n··->
1
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Thus we have
(2.10) M(y2n+ 1 ,y2n+ 2,a,b,kt)~ M(y2n,Y2n+ 1,a,b,t) *M(y;n+ 1,y2n+ 2,a,b,t) .
Similarly we have
(2.ll) M(y2n+2>Y2n+3,a,b,kt)~ M(y2n+1.Y2n+2,a,b,t)*M(y2n+2•Y2n+3•a,b,t) .

From (2.10) and (2.11) it follows that
M(y n+ 1,yn+ 2,a,b,kt)~ M(y n.Yn+ 1,a,b,t) *M(y n+ 1,yn+ 2,a,b,t)
for n=l,2, .... and also for positive integer n,p
M(yn+ 1,yn+ 2,a,b,kt)~ M(y wYn+ 1,a,b,t)*M(yn+ 1,yn+ 2,a,b,t/kp) .
Thus since M(yn+J.Yn+ 2,a~b,t/kP)--71 as p--700 we have
M(yn+J•Yn+ 2,a,b,kt)~ M(yn.Yn+l•a,b,t) .

So by Lemma 2, {y,) is a Cauchy sequence in X.
Now suppose ST()() is complete. Note that the subsequence {y 2 n+l} is contained
in ST(X) and has a limit.in ST()[), call it z.
Let u=(ST)- 1z, thus STu=z. We shall use the fact that the subsequence {y 2,) also
converges to z.
By (2.6) with a=l, we hav~
M(Pu,y2n+ 1,a,b,kt) =M(Pu,Px2n+ 1,a,b,kt)
. ;;:: M(ABx2n+ 1,Px2n+ 1,a,b,t)*M(STu,Pu,a,b,t)* M(STu,Px 2n+ 1,a,b,t)
*M(ABx2n+ 1,Pu,a,b,t) *M(ABx2n+ 1,STu, a,b,t)
=M(y2n,Y2n+ 1,a,b,t)*M(z,Pu,a,b,t)*M(z,y2n+l•a,b,t)*M(y2n,Pu,a,b,t)
*M(y2n,z,a;b,t),
which implies that as n--700
M(Pu,z,a,b,kt) ;;:: 1*M(z,Pu,a,b,t)*1*M(z,Pu,a,b,t)*1
;;:: M(Pu,z,a,b,t) .
Therefore by Lemma 3, we have Pu=z. Since STu=z, thus Pu=z=STu i.e. u is
coincidence point of P and ST. This proves (i).
Since P(X)cAB(X), Pu=z implies that zeAB(X).
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Let v=(AB)-lz, then ABv=z. It can be easily be.verified by ll:Sing similar argument
of the previouis part of the proof .that Pv=z. If we assume that AB(X) is complete
then argument analogous to the previous completeness argument estabilishes (i)
and (ii).
The remaining one case pertain essentially to the previous cases. Indeed if P(X) is
complete, then by (2.5), zEP(X)cST(X) or zEF(X)cAB(X). Thus (i) and (ii) are
completely established. Since the pair {P,ST} is weakly compatible therefore P
and ST commute at their coincidence point i.e. P(STu)=(ST)Pu or Pz=STz.
Similarly P(ABv)=(AB)Pv or Pz=ABz.
Now we prove that Pz=z by (2.6) with a=l, we have
M(Pz,y 2 n+l,a,b,kt) =M(Pz,Px2 n+l,a,b,kt)
~ M(ABx 2 n+z,Px2 n+l,a,b,t)*M(STz,Pz,a,b,t)*M(S1'z, Px 2 n+ 1,a,b,t)
*M(ABx 2 n+ 1,Pz,a,b,t)* M(ABx2 n+ 1,STz,a,b,t)
=M(y2 n,Y2 n+l,a,b,t)*M(Pz,Pz,a,b,t)*M(Pz,y2 n+l'a'b't)*M(y2 n,Pz,a,b,t)
*M(y2 n,Pz,a,b,t).
Taking limit as n-700, we have
M(Pz,z,a,b,kt) ~ 1*1 *M(Pz,z,a,b,t)*M(z,Pz,a,b,t)*M(z,Pz,a;b,t)
~ M(Pz,z,a,b,t) .
Therefore by Lemma 3, we have Pz=z. Thus ABz=z=Pz=STz.
Now we shall show that Bz=z. in fact by (2.6) with a=l and (2.8), we have
M(z,Bz,a,b,kt) =M(Pz,BPz,a,b,kt)=M(Pz,PBz,a,b,kt)
~ M(AB(Bz),PBz,a,b,t)*M(STz,Pz,a,b,t)*M(STz,PBz,a,b,t)*M(AB(Bz),Pz,a,b,t)
*M(AB(Bz),STz,a,b,t)
= 1*1 *M(z,Bz,a,b,t)* M(Bz,z,a,b,t)* M(Bz,z,a,b,t)
~ M(z,Bz,a,b,t),
which implies by Lemma 3, that Bz=z. Since ABz=z, therefore Az=z. Finally we
know that Tz=z. Indeed by (2.6) with a=l and (2.8)
M(Tz,z,a,b,kt) =M(TPz,Pz,a,b,kt)=M(PTz,Pz,a,b,kt)
~ M(ABz,Pz,a,b,t)* M(ST(Tz ),PTz,a,b,t)* M(ST(Tz),Pz,a,b,t)* M(ABz,P(Tz),a,b,t)
*M(ABz,ST(Tz),a,b,t)
= 1*1 *M(Tz,z,a,b,t)* M(z, Tz,a,b,t)*M(z, Tz,a,b,t)
~ M(tz,z,a,b,t),
which implies by Lemma 3, that Tz=z. Since STz=z, we have z=Stz=Sz. Therefore
by combining the above results, we have Az=Bz=Sz=Tz=Pz=z,. that is z is a
common fixed point of A,B,S; T and P.
For uniqueness of common fixed point let W:IZ be another common fixed point of
A,B,S, T, and E
Then by (2.6) with a=l, we have
M(z,w,a,b,ktk M(ABw,Pw,a,b,t) *M(STz,Pz,a,b,t) *M(STz,Pw,a,b,at)
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*M(ABw,Pz,a,b,t) *M(ABw,STz,a,b,t)
?. 1*1 *M(z,w,a,b,t)*M(w,z,a,b,t)*M(w,z,a,b,t)
?. M(z,w,a,b,t).

Therefore by Lemma 3, we have z=w. This completes the proof.
Theorem 3.Let (X,M, *)be a fuzzy 3-metric space with t*t?.t for all te [O,.Z:I and the
condition (FM-6). Let A,B,S,T,P and Q be mappings from X into itself such that
(2.12) P(X)cAB(X), Q(X)cST(X),
(2.13) there exists a constant ke (0,1) such that
M(Px,Qy,a,b,kt) ?. M(ABy,Qy,a,b,t)*M(ST'x,Px,a,b,t)*M(STx,Qy,a,b,at)
*M(ABy,Px,a,b, (2-a)t)* M(ABy,STx,a,b,t)
for all x,y,a,bEX, a E (0,2) and t>O.
(2.14) If one of P(X), Q(X) AB(X) or ST(X) is a complete subspace of X, then
(i) P and ST have a coincidence point
(ii) Q and AB have a coincidence point
Further if
(2.15) AB =BA, QB=BQ, PT=TP and ST=TS,
(2.16) the pairs {Q,AB} and {P,ST} are weakly compatible then
(iii) A,B,S,T,P and Q have a unique common fixed point in X.
Proof. By (2.12) since P(X)cAB(X), for any point x 0 EX, there exists a point x 1EX
such that Px0 =ABx1 . Since Q(X)cST(X), for the point x 1 we can choose a point
x 2 eX such that Qx 1 =STx2 and so on. Inductively, we can define a sequence {.Yn} in
X such that
.Y2 n=Px2 n=ABx2 n+.l and y 2 n+z=Qx2 n+z=STx2 n+ 2 for n=0,1,2,. ..
for all t >0 and a=l-q with qE(0,1). As proved in Theorem 1 and Theorem 2, we
can prove that {yn} is a Cauchy sequence in X. Now suppose ST(X) is complete.
Note that the subsequence {y2 n+l} is contained in ST(X) and has a limit in ST(X),
call it z. Let u=(ST)-lz. then STu=z we shall use the fact that the subsequence
{y2 n} also converges to z.
By (2.13) with a=l, we have
M(Pu,Qx 2 n+l•a,b,kt)?.M(ABx2 n+l'Qx2 n+l'a,b,t)*M(STu,Pu,a,b,t)
*M(STu,Qx~n+ 1,a,b,t)*M(ABx2 n+ 1,Pu,a,b,t) *M(ABx2 n+ 1,STu, a,b,t)
=M(y2n,y2 n+z1a,b,t)*M(STu,Pu,a,b,t)*M(STu,y2n+l'a,b,t)*M(y2wPu,a,b,t)*M(y2n,STu,a,b,t),

which implies that as
M(Pu~z,a,b,kt)

n-700

?. M(Pu;z,a,b,t):

Therefore by Lemma 3, we have Pu=z. Since STu=z, thus Pu=z=STu i.e. u is a
coincidence point of P and ST. This proves (i). Since P(X)cAB(X), Pu=z implies
that zeAB(X). Let v=(AB)- 1z, then ABv=z.
By (2.13) with a=l, we haye

103

M(Pz,y 2n+ 1,a,b,kt) =M(Pz,Qx2 n+ 1,a,b,kt)
~ M(ABx 2 n+ 1, Qx2 n+ 1,a,b,t)*M(STz,Pz,a,b,t)* M(STz, Qx2 n+ 1,a,b,t)
*M(ABx2 n+ 1,Pz,a,b,t)*M(ABx2 n+l'STz,a,b,t)
?. M(y 2 n,y2 n+l a,b,t)*M(STz,Pz,a,b,t)*M(STz,y2 n+l'a,b,t)*M(y2 n,Pz,a,b,t)
*M(y2 n,,STz,a,b,t).
Taking limit as n-700, we have
M(Pz,z,a,b,kt)?. M(Pz,z,a,b,t) .
rrherefore by Lemma 3, we have Pz=z=STz.
Now we show that Qz =z. in fact by (2.13) with a= 1 and (2.15) we have
M(y 2 n,Qz,a,h,kt) =M(Px2 wQz,a,b,kt)
?. M(ABz,Qz,a,b,t)*M(STx2 n,Px2 n,a,b,t)*M(STx2 wQz,a,b,t)*M(ABz,Px2 n,a,b,t)
*M(ABz,STx2 n,a,b,t) .
Taking the limit n-700, we have
M(z,(Jz,a,b,t) ?. M(Qz,z,a,b,t) .
Therefore by Lemma 3, we have Qz=z=ABz. Thus Pz=Qz=ABz=STz=z.
By putting x=z andy=Bz with a=l in (2.13), using (2.15) and Lemma 3, it is easy
to see that Bz=z. Since ABz=z, therefore Az=z.
Similarly by putting x=Tz andy=z and a=l in (2.13), using (2.15) and Lemma 3, it
is easy to prove that Tz=z. Since STz=z, we have Sz=z. Therefore, by combining
the above results, we have
Az=Bz=Sz=Tz=Qz=z
that is z is the common fixed point of A, B, S, T, P and Q.
It is easy to prove uniqueness.
Theorem 4. Let (X,M, *)be a fuzzy 3-metric space with t*t?.t for all te [O,.l] and the
condition (FM-6). Let A,B,S,T and {Pi}iel be mappings from X into itself
(2.17) uieJPi(X)cAB(X), uieIPi(X)cST(X), where I is an index set,
(2.18) there exists a constant kE (0,1) such that
M(Pix,P ;)',a,b,kt) ?. M(ABy,P,;y,a,b,t)*M(STx,Pix,a,b,t)* M(STx,P ,;y,a,b, at)
*M(ABy,Pix,a,b, (2-a)t)* M(ABy,STx,a,b,t)
for all x,y,a,bEX, a E (0,2) iEI and t>O,
(2.19) If one of AB(X) or ST(X) or Pi(X)(iEI) is a complete subspace of X, then
(i) for all iE I, Pi and AB have a coincidence point ,
(ii) for all iE I, Pi and ST have a coincidence point .
Further if
(2.20) For all iEI, PiB =BPi; AB=BA; PiT=TPi and ST=TS,
(2.21) For all iEI, the pairs {Pi,AB} and {Pi,ST} are weakly compatible then
(iii) A,B,S, T,P and {Pi} iel have a unique common fixed point in X.
If we put B=T=Ix (the identity map on X) in Theorem 2, we get the following
result :
1
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Corollary 1. Let (X,M, *) be a fuzzy 3-metric space with t*r2t for all tE [O,Jl and
the condition (FM-6). Let A,S and P be mappings from X into itself such that
(2.22) P(X)cA(X), P(X)cS(X)
(2.23) there exists a constant kE (0,1) such that

M(Px,Py,a,b,kt) ?: M(Ay,Py,a,b,t)* M(Sx,Py,a,b, at)* M(Ay,Py,a,b, (2-a)l)
*M(Ay,Sx,a,b,t)
for all x,y,a,bEX, a E (0,2) and t>O.
(2.24) If one of P(X) or S(X) is a complete subspace of X, then
(i) P and A have a coincidence point,
(ii) P and S have a coincidence point.
Further if
(2.25) The pairs {P,A} and {J~S} are weakly compatible then
(iii) A,S and P have a unique common fixed point in X.
If we put A=B=S=T=lx (the identity map on X) in Theorem 2.2, we get the
following result :
Corollary 2. Let (X,M, *) be a fuzzy 3-metric space with t*t?:t for all tE [0,11 and
the condition (FM-6). Let P be mappings from X into itself such that
(2.26) there exists a constant kE (0,1) such that
M(Px,Py,a,b,kt) ?: M(y,Py,a,b,t)* M(x,Px,a,b,t)* M(x,Py,a,b, at)
*M(y,Px,a,b, (2-a)t) *M(y,x,a,b,t)
for all x,y,a,bEX, a E (0,2) and t>O.
If P(X) is complete subspace of X then P has a unique common fixed point in X.
By using theorem 1, we get the following result.
Theorem 5. Let (X,M, *) be a f1.t.zzy 8-metric space with t*t?:t for all tE [OJI and the
condition (F'M-6). Let A,B and T be mappings from X into itself such that
(2.27) A(X)uB(X)cT(X)

(2.18) there exists a constant ke (O,.l) such that
M(Ax,By,a,b,kt) ?: M(Ty,By,a,b,t)* M(Tx,Ax,a,b,t)* M(Tx,By,a,b, at)

*M(Ty,Ax,a,b, (2-a)t)* M(Ty, Tx,a,b,t)
for all x,y,a,bEX, a E (0,2) iel and t>O.
(2.29) One of A(X), B(X) or T(X) is a complete subspace of X, then A,B, T have a·
coincidence point.
We establish Theorem 1 for sequence of mappings in the following manner.
Theorem 6. Let (X,M, *)be a fuzzy 3-metric space with t*t?:t for all tE [0,1] and the
condition (FM-6). Let S,T, Ai:X-7X, i=0,1,2 ... such that
(2.30) A 0 (X)cT(X), Ai(X)cS(X), ieN
(2.31) there exists a constant kE (0,1) such that
M(AoX,A;J,a,b,kt) ?: M(Ty,Aµi,a,b,t)* M(Sx,AoX,a,b,t)* M(Sx,Aµi,a,b, at)
*M(Ty,AoX,a,b, (2-a)t)* M(Ty,Sx,a,b,t)
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for all x,y,a,bEX, a E (0,2) and t>O.
(2.32) The pairs {A 0,S} and {Ai,T} (iEN) are weakly "compatible,
(2.33) if one of S(X), T(X) or A 0 (X) is a complete subspace of X or altrnatively Ai,
iE N are complete subspace of X.
Then S,'I; and Ai,i=0,1,2, ... have a unique common fixed point.
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