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ABSTRACT 
In the present paper, we define biorthogonal type polynomials and establish 

their differential recurrence relations through special generating functions and 
then, making an appeal to these relations, we obtain some more generating 
functions through Lie group theory. 

1. Introduction. The biorthogonal polynomials play an important role in 
the theory of Approximation, Queueing, Coding and other branches of Applied 
Mathematics and Physics. They are used as weight function. Konhauser [6] has 
defined rather first the biorthogonal polynomials of degree n such that 

z~(x,k)= r(kn+,a+1)f(-1Y(~) xkr . 
n. r=O f(kr+ CX + 1) . 

Again, Carlitz [3], Prabhakar [7,8], Srivastava [10], Srivastava and Singhal 
[12] and Thakre [13] studied various biorthogonal polynomials along with 
generating functions, recurrence relations, orthogonal property and other relevant 
properties. 

Motivating by above work in the present paper we define biorthogonal type 
polynomials such that 

ya(x k)= r(l+a+nk)f(n) r(l+r) r(l+n-r) (-xk[ (1.1) 
n ' nf r=O r f(l+kr)f(l+a+kr)T(l+nk-kr). 

It is evident that for k = 1 

Z~ (x,1) = Y,:X (x,1) = L~ (x). (1.2) 

We also take the generating function concept due to Bateman [1,2] and 
Rainville [9] to establish the differential recurrence relations for the biorthogonal 
polynomials and make their applications to find further generating functions of 
these polynomials with the help of Lie group theory (see Srivastava and Monocha 
[11]). 

2. Theorems. Before evaluation of recurrence relations for the 
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biorthogonal polynomials defined by (1.1), we prove two theorems here, in this 
section 

"" Theorem 1. From e'\jJ(x,t) .::: L:cr,1 (x,k)tnk, 
/1>20 

it follows that cr'0 (x,k) = 0 and for n '21,k > O; 

xa'n (x,k) = nka 11 (x,k)- a n-·l/li (x,k). 

Proof. Consider the generating function 

e1\v(x,t) = f cr11 (x,k)t 11
k = F 

n=O 

Then, 

aF/&x = te1lV'(x,t) 
and 

aF/at = e1\v(x,t )+ xe1lV'(x,t). 

On eliminating \v(x,t), lV'(x,t) due to (2.2), (2.3) and (2.4), we get 

x(aF/&x)-t(aF/at)+tF = O 

Alternatively, (2.5) may be written as 

"" "" "" L:xcr'
11 

(x,k)t 1111 
- L:nkcr

11
(x,k)tnk + L:a

11
(x,k)tnk+l = 0. 

p() p() p() 

Further (2.6) may be put in the form 

"" "" "" ""' xa' (x k)t 11k - ""'nka (x k)t 11k + ""'cr · (x k)t"k = 0 £..,. n > £.., n 1 £.., ri-1/k 1 . , 

ri=O n=O 11"1/k 

Finally, from the relation (2. 7), we get the required result 

xa'11 (x,k) = nkan (x,.k)-an-l/k (x,k). 

"" Theorem 2. From A(t)exp(-xt/(1-t))= LPn(x,k)tnk, 
n=O 

it follows that p'0 (x,k) = O,n '21 and k>O, 

P1
n (x,k) = P'n_;_ll k (x,k)- Pn-11 k (x,k) 

and 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 



m=O 

Proof. Consider the generating function 

00 

A(t)exp(-xt/(l-t))= LPn(x,k)t 11k = F, 
n=O 

we have 

(1 tXcW/0x)= ~tF. 
Hence, we get 

00 00 00 

LP',, (x,k)tnk - LP'n (x,k)tnk+l = - LPn(x,k)t11k+l, 
n=O n=O 11=0 

which yields p'n(x,k)=O andfor n?.1, k>O, 

P1
n (x,k) = P'n-1/k (x,k)-Pn-1/k (x,k) · 

Again, rearranging (2.11) in the form 

aF/O:x = -(t/{1- t))F, 
so that we obtain 

oo n-l/ k nk 
=-L L Pm(x,k}t 

n=O m=O 

Hence, for n 2.1, k>O, we get 

n-1/k 
P'n (x,k) = - LPm(x,k). 

m=O 
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(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

3. Applications of the theorems to obtain the differential 
recurrence relations. Consider the generating relation 

oo ya (x k)tnk 
e'oFi(-..:.;l+a;-xt)= L 11 

' 

n=O (1 + a)nk 
(3.1) 

and theorem 1, we get the relation 

(3.2) 
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which readily yields the relation 

x(d/dx )Yna(x,k) nkY,~(x,k)-(a + nk)Y~~11 k (x, k ). (3.3) 

On replacing n by n+ 1/k, we find 

x(d/dx)Y,~ 11 k(x,h) = (nk + l)Y,~, 1 ;k(x,h)-(1 +a+ nh)Yna(x,k). (3.4) 

Further, consider the generating relation 

<J) 

(1- t tl-a exp(- xt/(1- t )) = 2: Y,~ (x,h ~nk , (3.5) 
11~0 

and theorem 2, we find 

:x Y:(x,k) = :x Y,~-1/k(x,k)- Y,:1~1/k(x,k). (3.6) 

Now, replacing n by n+ 1/k, we get 

(3.7) 

Again, making an appeal to (3.4) and (3.7), we obtain the relation 

(3.8) 

4. Applications of the differential recurrence relations to obtain 
further generating functions by Lie thoery. To find the further generating 
functions due to Lie theory, we choose following relations for the eigen function 

yna (x, k )ykn as 

A[Yna(x,k)ln ]= an,kynu(x,k)/11
, 

n[yna(x,k)l11 ]= bn,kyna-1/k(x,k)ykn-l, 

C(Y:(x,k)/11 ]= Cn,kyn:11k(x,k)/11
+

1 
, 

(4.1) 

(4.2) 

(4.3) 

provided that A,B,C are first order differential operators and an,k' bn,k and cn,k are 
the expressions iri. n and k, and are independent of x and y but not necessarily of a. 

Now, making an appeal to the differential recurrence relations (3.3) and 
(3.8) and Weisner's technique [14-16], we get the operators 

A=y(8/cy)+(a+l)/2, (4.4) 

B = xy-1(a/ax)-8/0y, 

and C = xy(a/ax)+ y2(a/ay)+ (1+ a-x)y. 

(4.5) 

(4.6) 



The .commutation relations. due to above operators follow 
[A,B] = AB-BA = -B, 
[A,C] =AC-CA= C, 

and [C,B] = CB-BC=2A. 
Again, we consider, here, an operator 

D=CB+A2-A 

= x[x(o2 /8x2 )+ (1 + a-xXo/Bx)+ y(8/ay)]+(a2 -1)/4 

which commutes with A,B and C. 

83 

(4.7) 
(4.8) 
(4.9) 

(4.10) 

Again, suppose f(x,y) is a common eigen function of the operators D and B 
and that satisfy the equations 

Df(x,y)=(a2-l)f(x,y)/4, (4.11) 

and 
Bf(x,y) =-f(x,y ), 

which gives us the partial differential equations 

and 

( xy-1
: - ~ -1)r(x,y)=0 

Setting f(x,y)=&'R(x.y) in (4.13) and with the use of (4.14), we get 

[ 
d

2 
d ] u-2 +(l+a)-+1 R(u)=O, whereu=xy. 

du du 

Due to Srivastava and Manocha [§ 1.4 (11)], (4.16) gives the solution 

Therefore, from (4.15) and (4.17), we have 

f(x,y)= eYoF1[ - ;-xy] 
l+a; 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

Now if@ and@' are the Lie algebras of local Lie groups G and G' respectively 
and then G and G' are isomorphic (see Srivastava and Manocha [11] thorem 5 p. 
319). 
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Let T denotes the local isomorphism of G onto a neighbourhood of the 
identity element in G'. rrhen T is a multiplier representation of G on the 
representation space Ax~· Particularly, if L~EG' is an isomorphic image of PEG, we 
have 

[r(eP1 )f Jx} = exp(tLp )f(x} = f tn' [L'pf Jx}, 
n~l n. 

where t lies in a sufficiently small neighbourhood of 0 e ~. 
Now, to determine the multiplier representation 

[T(g)f](x,y) with the aid (4.19), where g = (: ! }sL2. 

(4.19) 

(4.20) 

corresponding to A,B and C operators (See Srivastava and Manocha [§6.4 (18)]). 
we have 

[T(g)f}x,y}= (by+dta-I exp( b:x:d }r( (ay+:~y+d}' :::~) 
where lby/dl < l,lc/ayj < 1 (4.21) 

and g given by (4.20) with ad-bc=l, lies in a sufficiently small neighbourhood 

(4.22) 

Now, making an appeal to (4.18), (4.19), (4.20) and (4.21) with the condition 
(4.22), we find 

[T(g}("x,y}=(by+d}-a-1exj ay+bxy+c) R[ - ; -xy l 
.I\ . 11, by+ d o 1 1 +a; (by+ d)2 ( 4.23) 

which satisfies 

D[T(g)f }x,y} = (114Xa2 -lJT(g)f}x,y} (4.24) 

Since [T(g)f}x,y} is analytic at y=O, hence we have 

00 

[T(g}f}x,y}= LPn,k(gp,:X(x,k}ynk (4.25) 
n=O 

To compute the coefficient Pn,k(g), we put x=O in (4.25) and with the aid of 
( 4.23) we have 
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(b d)-a-·I (ay+c)- ~ (l+a)nk ( ) nk 
Y + exp -b d - L., ( k)' Pn,k g Y · y+ n~o n . 

(4.26) 

from which, on making an appeal to (3.5), we derive 

(by+ dta-l exp(::;~)= ec/dd-l-<i(-b/ dyikyna(l/(bd),k)ynk. (4.27) 

Now from (4.26) and (4.27), we obtain 

( ) = r(l + a)r(l + nk) ectdd+·a(-b/ d)nk.Ya(l/(bd) k) 
Pn,k g r(l+a+nk) n ' . (4.28) 

Thus, making an appeal to (4.23), (4.25) and (4.28), we get 

(l by)· .. (l·-l {y(l + bdx)] F [ - ; - xy l 
+d ex d(by+d) 0 1 l+a;(by+d)2 

= f r(l +nk)r(l+ a)Y:(x,k)Yna(_!_,k)(-by)nk ;lbyl < 1, 
n=O f(l+a+nk) bd d . d 

(4.29) 

Again, setting b=i/ .{r;; and d=-i/ .{r;;, i= Jr-1) in (4.29), we find 

(1 -· y ta-1 ex{ .. :~(:~~ ... ~Jy ]o ]1~ [ - ; wxy, l 
(1- y) 1 +a; (1- y)2 

= ~r(l+a)r(l+nk)ya(x k)Ya(w k) r1k.l l<l 
L., r(1 k) n ' n ' Y ' Y · n=O +a +n 

(4.30) 

5. Special Case. For k=l, (4.30) with the appeal to (1.1) and (1.2), gives the 
formula due to Hardy [ 4] and Hille [5] 

(1 )-a-l {-(x+w)y]. J;1·[ - ; wxy ]- ~ n! Ta( )Ta( ) ·n ·I I 1 - Y ex ( ) o.L'1 • ( ) 2 - L., ( ) un X un WY ' Y < (5.1) 1- y 1 + a, 1-y n=O 1 + a n 
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