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SUMMARY 

In the course of an attempt to present a unified theory of the classical 
probability distributions, the authors introduce and study here a general family 
of statistical probability distributions involving Fox's H-function. In particular, 
the distribution function, the characteristic function, distributions of the largest 
order ~tatistic and of the ratio of two independent stochastic variables having 
the probability functions in this family of statistical probability distributions, 

etc., are investigated. 

*This work was supported in part by the National Research Council of 

Canada under Grant A-7353. 

See Abstract 70 T-F21 in Notices Amer. Math. Soc. 17 (1970), p. 969. 
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Several interesting properties of this class of generalized hypergeometric 
distr.ibutions are also pointed out. 

1. INTRODUCTION. 

In the literature on probability theory a large number of statistical 
distributions have been studied, in varying details, from time to time 
because of their enormous practical applications. Indeed there are 
frequent instances of studies of some general classes of statistical distributions, 
such as the general hypergeometric distribution, the generalized beta and gamma 
distributions, and so on. Recently, MATHAI and SAXENA [4] have introdu
ced what they call a generalized hypergeom.etric distribution whose probability 
density function involves the Gaussian ordinary hypergeometric function 2 F1 

(see, e.g., [l], p. 56). A limiting form of this probability distribution would .. 
lead to what is well-known in the literature as the general hypergeometric 
distribution the density function_ of which involves Kummer's confluent hyper
geometric function 1F 1 [ loc. cit., p. 248 ]. Thus it is readily seen that almost 
all classical statistical distributions, such as the generalized beta and gamma 
distributions, the generalized F-distribution, Student's t-distribution, the normal 
distribution, the exponential distribution, the waiting time distribution, the 
logistic distribution, and the distributions that go with the name<> of Cauchy, 
Raleigh and Weibull, can be derived as specialized or limiting cases of the 
so-called generalized hypergeometric distribution. 

The rtiotivation of the present paper is manifold. A critical analysis of 
the aforementioned work of Mathai arid Saxena would reveal, among other 
things, the fact that it is only the generalized F-distribution which follows as a 
particular case of the distribution they have studied. ln order to deduce the 
other classical statistical distributions from theirs, they obviously ha"'e had to 
recourse to a certain limiting process by means of which their generalized 
hypergeometric distribution would reduce, first of all, to the known hypergeo
metric distribution involving Kummer's 1 F1 function. Also in the study of the 
characteristic function and of the distribution of the ratio of two independent 
stochastic variables with probability functions expressed in terms of Gauss' 

2 F 1 , they have to bring in a wider class of functions, viz.. Fox's ff-function 
defined by [ 2, p. 408 ] 

(1) 

2 ] 
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j=m+I 

p 
r (l-bj+Bj 0 II r (ai-AJ () 

j=n+l 

where an empty product is interpreted as unity, O~m~q, O~n~p, the A1 and 
Bi are all positive, the poles of the integrand of ( l) are simple, C is a suitable 
contour of Mellin-Barnes' type which runs from T-i oo to T+ i oo with inden
tations, if necessary, in such a manner that all the poles of r (bi-Bi(),j = 1, ... , 

m, are to the right, and those of r (I-a) +AJt),j = I, ... , n, to the left, of C, 

and the integral in (I) converges if 

(2) I arg (z) I < t 11 t::,,, 

with 
n p m 

(3) 6 = E Ai - E A1+ E Bi -

J=l J=n+l J=l 

These conditions will be assumed throughout the present paper, and for 
convenience, we shall abbreviate the first member of ( l) by 

H~' n [z]. 
l'• q 

Evidently 

(4) Hm, n [ <:] = Hn, m [ I 
p, q q, p <: 

(1-bv Bi) , •.. , (l -bq, Bq)] 

(1-ai, Ai), ... , (1-aP, AP) • 

( 

(s) a H m, n [ J - Hm, n l' ., <: p, q <. - p, q .. 

and 

H
m,n 

(6) p, q 

(ai +a !v Ai), .•. , (ap+a AP, Ap) J 
(bi +a Bv Bi), ... , (bq+a Bq, Bq) 

[ 3 



where Gpm, n (z) denotes the G-fonction of MEIJER [5]. 
'q 

It may be of interest to note that since [l, p. 215] 

(7) 

both Gauss' 2F 1 and Kummer's 1 F 1 can be recovered from the G-function, 
and hence also from the H-function, by merely specializing the parameters 
appropriately, there being no limiting processes involved. Moreover, Meijer's 
G-functions given by (6) do find several interesting applications in statistical 
distribution problems (cf., e.g., (3]). Thus it would seem quite natural to con
sider, in this paper, a general family of statistical probability distributions 
having the probability density function 

[ J ~-1 m n r y l 
(8) p (x) = U a, ~' ')' : (ap, Ap)n ; (bq, Bq)m X Hp,q la X J ' 

for x > 0, 1 > 0, 

(9) min (bi)<!!_<_ m~x (a1-I), 
- I ~ j ~ m B

1 
y 1 ~ J ~ n Ai 

and p (x) = 0 elsewhere ; wherein, for convenience, 

( 10) 

it being understood that the parameters involved are so restricted that p (x) 
remains positive. 

4 J 
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For several interesting properties of the H-function, in addition to 
relationships (4) and (5) above, one may refer, for instance, to FOX [ 2, pp. 
408-429] and SRIVASTAVA and DAOUST [ 7, pp. 451-453 ]. Indeed its 
special case, the G-function, has been treated extensively, for instance, by 

I 
MEIJER [5] and ERDELYI et al. [I, pp. 206-222]. 

It seems worthwhile to remark in passing that in our systematic study 
of the generalized statistical probability distribution associated with (8) we do 
not encounter any higher tramcendental functions other than the H-functions 
themselves. 

2. THE CHARACTERISTIC FUNCTION. 

The characteristic function of p (x) is given by 
co 

(11) <f> (t) = E [ ei t X J = f itx p (x) dx, 

0 

where i = v'-1, and E stands for 'mathematical expectation'. 

On substituting for p (x) from (8), if we replace the H-fi.mction by its 
contour integral (1), invert the order of integration, and then evaluate the 
inner Eulerian integral, we shall obtain the characteristic function as 

The derivatives of the H-function, occurring on the right-hand side of 
(12), can be expressed fairly easily in terms of.H-functions themselves. Thus it 
would be quite straightforward to evaluate the moments and related measures 
for the general family of probability distributions defined by (8). 

3. THE DISTRIBUTION FUNCTION. 

The distribution function F (x) or the cumulative probability function 
for the probability density function p (x) is given by 

(13) F (x) = f x p (t) dt 
-CO 

[ 5 
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= U [a, {J, i' : ( ap, Ap)n ; (bq, Bq)m] Jx 
0 

ifJ-l Hm' n [at" J dt. 
p,q 

Now substitute the contour integral for the H-function and change the 
order of' integration. Then evaluate the inner integral and interpret the 
resulting expression in terms of the H-function. 
We thus find that 

(14) 

F (x) = u[ a, {J, 1:(ap, Ap)n; (bq, Bq)m] 

fJ m, n+ 1 
.x H 

p+l, q+I 
• 

4. DISTRIBUTION OF THE LARGEST ORDER STATISTIC. 

The density function for the largest order statistic for a sample of size 
N from a population f (x) is given by 

(15) g (x) = N [_ff (t) dt] N- l .f (x). 

:f 

Thus if we let f (x) be the same as p (x) defined by (8), then the 
density function will be given by 

(16) g (x) = NU [a, {J; i' : (ap, Ap)n ; (bq, B11)m] 

.x ~-1 

where F (x) is defined by (14) above. 

The special ca8e of (16) when N = 2 is worthy of note. Indeed, for a 
sample of size 2, the density function g (x) is expressible as the product of two 
H-functions having the same argument. 

5. DISTRIBUTION OF THE RATIO. 

Consider the distribution of the ratio of two independent stochastic 
variables X and r whose probability density functions p (x) and q (y) belong 
to the same family as in (8) above. Thus if we suppose p (x) to be given by (8) 
itself, we may write analogously 

6 ] 



( 17) q (y) = U [ >., P, u : ( er, E ) ; (g., G.) J 
T II JL 

·y u-IHµ,, v [A yu 
r, s 

(e11 E1 ), .•. , (er, E,)] ' 
(g1, G1),. .. , (g., G,) 

for y > 0, u > 0, 

(18) 

and q (y) = 0 elsewhere ; where 

v r 
(19) E Ei- E 

j=l j=v+l 

µ, 
E 

j=l 

it being understood, as before, that the parameters involved are so constrained 
that q (y) remains positive. 

Ifwe put W = X/r, then 

(20) V = lqg W =log X-log r, 
and the characteristic function for V is given by 

[ i t v J =.ro:> so:> ~v (t) = E e it (log x-logy) p (x) q (y) dx dy 

0 0 

(21) ; =so:> xi t p (x) d x. so:> Y-.i t q (y) dy. 

\ 0 0 

On substituting for p (x) and q (y) from (8) and ( 17) respectively, if 
we evaluate the resulting integrals in (21) by making an appeal to the Mellin 
transform ofthe H-function [cf., e. g., [7], p. 452, formula (2.5)] ·,we shall at 
once arrive at the elegant result 

(22) c/>V (t) 
= Ur a, {3, 1: (ap, Ap)n ; (bq, Bq)m ] 

uL a, ~+it, y : (ap, Ap)n ; (bq, Bq)m J 
l 7 



u[ ,\, P, a-: (er, Er)v; (g., G.)µ] 

UL A, P-it, u : (er, E,)v; (g., G8)µ, J 
Now the Fourier transform ofq, V (t) would give us the density function 

Pv (x) of V. Thus 

0:) 

(23) P 11 (x) = _!__ J e - itx <Pv (t)dt. 
v 271" 

-co 

If we substitute for <Pv (t) from (22) and put P - i t = (, then the second 
member of (23) will transform itself into a contour integral of MeWn
Barnes' type which can readily be interpreted as an H-function by means 
of ( 1). 

In order to obtain the densi.ty function Pw (x) of W we apply the 

transformatio; w = ev, and we finally have 

(24) Pw(x) = U[a, {3, 'Y : (ap, Ap)n; (bq, Bq)m] 

- P - (f3+P)fu 
U [ ,\, P, <r : (e., Er) ; (g., G.) ]-x ___ a ____ _ 

v µ, 7<r 

( E,) ( Bm+1 ) ( B ) I-er. -;- ' rom+l '-1- , ... , '"q '-: 

for x > O and Pw (x) = 0 elsewhere; where, for the sake of brevity, 

8 ] 
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ABSTRACT: 

Some known results involving Laguerre polynomials and Humbert's 
function are generalized. 

1- INTRODUCTION. • 

A few years ago, Abdul-Halim and Al-Salam [ 1] obtained the 
expansion 

(1.1) 

where, as usual, the Laguerre polynomials are defined by 

( [6], p. 200 ) 

(1.2) L (a) () _ (l+a)8 F 
D X - I 1 1 n. 



1 F 1 is the confluent hypergeometric function and q,1 (a, (3; 'Y; x, y) is the con
fluent form of Appell's function F1 ( (4], Vol II, p. 444) 

(1.3) 

1.4) 

c/> 1 (u, (3; 1'; x,y) = 
co 
E 

m,n=O 

(u)m+n (f3)m 
(Y)m+n 

We prove here the more general result 

n co 
</> 1 (a, ~; r;-u,-u 1: wi) = 1: 

i= 1 rl>''''r0 =0 

x L (/31-:- /3----<1)(w1) • .. L(f3u-1-fJn ... 2-rn-1) (w ) L(-fJn-1 -rn) (wn) 
r 1 • rn-l n-1 r 0 

with (~r -f3r_ 1) ¢0,--1,-2, ..... for r=l, 2, ...... ,n where fJ 0 =fJ, (30=0 
and Ix I < 1, (1) ¢0,-1,-2, ...... . 

We also obtain generalizations of known formulas which may be new, 
e.g. (2.1), (2.5), (3.2), (3.4), (3.7), (3.8), (3.9) and (3.12). Note that for the 
sake of brevity in most of these formulas, we do not mention explicitly the res
trictions on the parameters involved. They can easily be obtained from the 
restrictions mentirmed in connection with formulas (1.4) or (2.4). We refer the 
reader to standard texts, e. g. [5], for definitions and notation used in connection 
with hypergeometric functions; , · 

2. PROOF OF THE MAIN RESULT. 

Since it is no more diffirnlt, we shall obtain slightly more general result 
than (1.4). Consider the identity 

co 
(2.1) ·· q, 1 (a,~; 'Y; x, y)= 1J 

.r=O 

(cx)r ( . r L(rf31-f3-1) {Cl-(J')~} (Y-)-' -X) 
r 

which is easily established as fuHow. From {1.2) and the. fact that 
\ . 

(-lh r ! 
(-rh = (r-k) ! (0 ~ k ~ r) and 

(l+fJi-/3-r)r r+k ( ,'.··· ·.· . 
(l+.81-,8 ....... r)k =(-I) (f3-,81)r-k, 

12 ] 



the Laguerre polynomial of (2.1) can be written 

(2.2) 

L~fJ1-fJ-r) {Cl-IT) Y} = (-1/ ~ 
x k=O 

(~~1)r-k 
(r-k) ! k ! 

With (2.2) and the definition {l.3), the right-side assumes the form 

12·3) 

r k n )k-n 
X Y IT (1-o · 

00 
E 

r, k=O 

(a) r+k (f3-f31)T _!_ ({I-IT) y)k F c-k 1-IT ) 
(Y)r+k r! k! 1 o - I I-IT 

Gauss's summation theorem ( [ 6 ], p. 49 ) implies (2· l) immediately. 

(2.4) 

Thus applying (2· l) n times we obtain our main result 

00 

<f,1 (a, f3; 'Y ; x,y) = E 
Tu .. ·• T0 = 0 

• 

X </> 1 (a+r1 + ... +r n• /Jn ; 'Y +r 1 + ... r n; x; IT1 ... ITnY) ~ 

which holds for (/31-fJ1_ 1 ) =f=. 0, -1, -2, ... for i = I, 2, ... , n 

where /Jo = fJ and Ix I < I, ('Y)=f=. 0, -1, -2, ....... 

'[ 13 



n+l 
If x = -u, y = -u ,l; w1 and 

j =I 

w 
o-1 = 1- 1 for i=l, 2, ... ,n. 

W1 +--·+ Wn+1 
Eq (2.4) becomes 

( 
n+l) o:i (a),1 + .. +rn r1 + ... +rn 

<fi 1 a,{J;1;-u,-u ~ w1 = ~ ('Y) u 
J= 1 r l>'"' r 0 = 0 '1 + ... +rn 
.. 

(2•5) 

Our relation (2·5) contains very many interesting special cases, listed in 
Sec. 3 of this paper. In particular we obtain (I ·4) for f1n = w n+i =0. 

3- SOME SPECIAL CASES. 

If we recall that 

(3.1) t/>1 (a, /3; 'Y; x, 0) = 2F1 (a,: Ix)• 
then with Wn+1 = 0 in (2•5), we obtain 

(3•2) 
n co 

¢ 1 (a,{?;;1;-u,-u,"'.8wi)= :Z 
J=l r1 , ... , rn=O 

(a),l + ... +rn '1 + ... +rn 
u 

('Y) '1 + ... +rn 

as before we have two cases in which the 2 F 1 can be summed. If u= 1 and 
'Y= 1 +a-/3n, then Kummer's summation theorem [(6), p. 68] 

(3.3) ( a, fJ l ) -r (1 +a-.8) r (l +l a) 
2F1 l+a-~ -l -r (I+i a-13) r (l+a) 

and l+a.-,8:;60, -1, -2, ...... 

reduces (3.2) to 

14 ] 
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(3.4) </>1 ( a, fl; l +a-f3n; -1, - .; wi) 
;=l 

r (l+a-/3n) 

.I' (a) 

r (1-fln+l (a+r1 + ... +r.,)) (a+r1 + ... +rn) 

x L(fJ1-f1-r1) ( ) L(f30-f30-1-ro)( ) 
rl. ,W1 ... ro Wn 

with the supplementary conditions Re (f3n) < 1 and Re ((3) < 1 for convergence. 
In the second case, if u=-1 and Re (Y-a-f10 ) >0, we apply Gauss's 

summation theorem [(6), p. 49] to the right side of (3.2) and recalling that 
[(5), Vol I, p. 239] 

r (Y) r (Y-a-(3) [a I ' 
(3.5) </>1 (a, (3; Y; l,y)=t (Y-a) I' (y-(3)IF1 Y-(3 y J with 

we obtain 

r (Y-/3) r (Y-1t-f10) 
= r (1-fln) r (1-a-fJ) 

Re (Y-a-fl) > 0, 

(a) + + (1-) r1 + ... +rn r1 ··· ru 

However in the above, if a = -s and if 1-~-l = a1 + ... +ao+H 
• 'Y-flu-1 = au+1 and (31-(31_1 = a1 for i =1, 2, ... , n with flo = /3, then Eq. 

(3·6) may be written 

[ 15 



where as usual 

(a)- r (l+a.) 
!fl - r~( l-+-/3)-r~(l-+-a--/3) 

Moreover, ifw1 = 0 for i = I, 2, ... , n, all polynomials reduce immedia
tely to binomial coefficients and we obtain the interesting result 

(3·8) 
• 

( al + ... +s an+1 +) = ~ ( an+i +s 
r1 + ... +rn =0 an+i +r1 + +rn 

Let us now return to the main relation (2.5) and, as before, put u=-1, 
a.=-s,1-P-l=a1 + ... +an+1 and a1=~1-,B1_1 fori=l, 2, .. , nwith,80=.B. 
but with Wn+i if=. 0. Then '1-/Jn-l=an+i and the equat•on becomes . 

(3.9) 

Equation (3.9) is more general than (3. 7), the special case is recovered from 
(3.9} with Wnu =0. In (3. 7), (3.8) and (3.9) the sum is extended over all sets 
of non-negative integers rv r 1l> •. , 'n-I• and r 0 having sums eqal to 0, 1, ... , 
s-1 ands. 

Another special case can be obtained. Ifwe let ~--t/31 in (2.1) and 
apply the transi:ormation 

(3.10) 4'1 («, 13; 1; x, y) = (l-x)-/3 eY 4'1 ( '1-a, {3; r; xx l '-y). 

which is a confluent case of one of the known transformations of the function 
;t~ 

F 1 (Appell's first type) ([5], Vol. I, p. 239), we obtain 

16 l 



(3.II) r1..
1 

( 1 a {3· .,. x -'II)_ eY (o--1) 
'I' - ' ' ' x-1' J -

[~(_l--~~)~y~y <P1 ( 1-a, fJ; 1+r;_::._, - o-y ) • 
r. x-1 

we have 

-v d In the above, letting a=1-S, x = -
1
--, an y = -w, 
-v 

-v(o--1) 
(3·12) <f,1 ( 8, {3; 1; v, w) = e 

r=O 

('Y-o), 
(Y)r 

( (o--1) w)r 
r ! 

</>1 ( o,(3; y + r; v, o-w). 

This inverse relation can be obtained similarly. Moreover if f1=0 and 
o- = v, we obtain a known result for the confluent hypergeometric function 

1 F1 ( [7J, eq. 2·3·13, p. 23). 

Many other special cases for two and three variablt>s can be obtained 
from the relation (3· 11), which are already special cases of other general known 
results. For example the special cases for three variables can be obtained from 

the bilinear relation (3· l) and (3.2) in ( [8], p. 70) in terms of Kampe de 

Feriet's double hypergeometric functions. The special cases for two variables 
can be obtained from the well known formulas of Brafman ( [2], eq. 27, p. 947) 
and Chaundy ( [3], eq. (25), p. 62) which are also special cases of the more 
general formulas (3.1) and (3.2) in ( [8], p. 70). 
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1. INTRODUCTION. 

Recently, Lahiri [3, 4, 5) studied the polynomials which are defined by 
the generating function* 

E H°' m• v (x)tn 
I ' n=O n • 

where m is a positive integer. 

In this paper; we shall extend some of the results due to Lahiri [4) with 

the help of the operator x2 d.: or by the modified operator xk; , studied in [I] 

and (2] respectively. 
• 

2. APPLICATION OF THE OPERATOR !2=x2 ~. 

2 d .. 
For the operator !2 = x dx , it is easy to show that, formally, 

(2.l) etn {f(x)} =JC~xt), 
where f (x) admits power series expansion. 

*More general sequences of polynomials have already been studied in 
the literature. See, for instance, Srivastava [6, 7]. 



Now consider the result [ 4, (3.1) ] 

v8 n ! Ho-•• m• v (x) 
[ Hn, m• v (x) ] = (n-s) ! 

Replacing x by I/x, we get 

(-Q)s H (l/x)_ V
9 n ! Hn-u m• v(l/x) 

n• m• v - (n-s) ! • 

from which we can further write 

co 
1: 

s=O 

vs n r (-t)s 
( _·) 1 1 Hn-s• m• vCl/x). n s . s. 

Applying (2.1) and replacing x by_!__, we obtain the summation formula 
x 

n 
(2.2) H 0 , m• v (x+t) = 1: ( n ) vs es Hn-s• m• v (x) 

S=O s 

Now replacing t by x and x by 0, we obtain another result 

n 
(2.3) H°' m• v (x) = 1: ( ; ) V8 xs H"'-s' m• v(O). 

s=O 

In particular, on replacing t by..!__ in (2.2), \\·e get 
v 

Similarly, on replacing x by ~ in (2.3), we derive 
v 
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d 
3. APPLICATION OF THE MODIFIED OPERA TOR .>ck_dx • 

. d 
Recently, usmg the operator xkd; in our previous paper [2], we 

studied the polynomials Tn a, k (x, r, p) defined by the Rodrigues' formula* 

Herek is not necessarily a positive integer; it may be any real number. 

For the operator n"=xa ~ , we can easily prove 

(3.1) etnx {f(x)} =f [ x 1 J 
( 1-(a-l) xa-It ) /a-l ' 

where a is any real number except 1, and f (x) admits power series expansion. 

Now consider the corrected version of formula (9.1 ofLahiri [4]: 

(3.2) ( x am+I ddx ') r [ x -an a)]- n!(am)r Hn, m, v( x - (n-mr) ! 

-a(n-mr) ( ) x Hn-mr> ro• v Xa • 

From the above result, we write 

co 
E 

r=O 

co 
E 

r=O 

n! (amt 
(n-mr)! 

tr 

rr 
-a( n-mr) ( a) 

X Hn-mrJ m• v X 

er ( am+I d )r { -an H } I X dx X no m, v ( Xa) r. 

• 

* · A similar polynomial system was studied earlier by Srivastava and 
Singhal [8]. 
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r x ')-an r x 1 a 

= l ( 1-am x«mt) l/u.m j l (l-amx«mt )lf«m J 

Now replacing t by ----, and finally xa by x, we get 
amxum 

(3.3) o/m ( x ) [n/m] 
(1-t) Hn•m•v ( l-t )l/m = Z 

r=O 
r ! (n-mr) ! 

Hn-mr> m> v(x), 
which is believed to be new. 

Applying the same techniques, the above result can also be obtained 

from (4, (8.2)) • 

(3.4) (
xm+1 d .)r I x -n H (x) J x-n+rm 

l 
o>m>v _ 

7n dx n ! (n-rm) 
H (x). 

n-rm> m> v 

Now we recall our earlier result [2]: 

where D 

Replace k by m+ I in the above result, and denote 

We thus obtain 

</>'=. ~ ( ~) T;::lm+I (x, r,p) Of, 
J=O J 

whence we have 

22 ] 



". 

x-a H (x) J s 
I" ID> v >-·= E ( JS ) 
n ! J j=O 

......a, m+ I ( ) 

.1. •-l x, r, p 

81 {-x_-_n_H_~1..t' v (x) 

Now applying (3.4) on the rigkt-hand side of the above result, 

we get 

(3.5) 
( x-n (x) } .pa l 

Ho, m> v 
n ! 

min (s,[n/m]) 
( s ) 

x-t1+Jm ml (x) E 
J (n-jm) I Hn-jm> m> v 

j=O 

}· 

T a,m+1( 
a-J x,r,p), 

which appears to be new. 

In our previous paper (2], we also have a result 

n n n 
l[ E ( j ) Tn-J -a, k ( X, r,-p ) DJ • 

j=O 

Replymg k by m+ I, we write 
• 

x-s H (x) n x-• (x) 
r/ { '',m•v } = E ( ~) T l-a, m+1 (x r-p\<f>l}~-~}. 

s. . 0 J u- ' ' , l s! 
]= 

Now using (3.4), we establish the result 

mn x-•+nm 

(s-nm)! 

n 
'"' ( n) ...,..-a, m+I = ._ j .I. n-J 

i=O 

~c-s (.x) 
(x, r,-p) cJ>l { H;j m> v } 
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We can easily prove 

(3.7) 08 
( u.v) = ~ ( s ) os-J (u) oJ (v). 

J=O J 

Thus we have 

-n H (x) 
X n> m> v 

n! 
x-P Hp, m• v(x)} 

p! 

.... 

s 
.E 

}=0 

. ( -n H (x)) 9· ( 9s-J X "' m• v l 

n! 
-P H (x)) 

X P•~ 
pl 

s .. 
- }; (S' 

j=O j ) 

m s-J x -n"'-(s-j )m 

( n-(s--;j)m ) ! 

(x) 
Hn-(s-Jlrru m• v 

x ml x -p~jm 

( p-j m) ! 

(x) 
Hp-Jm> m> v 

Hence we obtain 

(3.8) o• ( xn-! np-!~ (x) (x)) H n• m' v HP' m> v 

s 
}; ( s ) ms X -n-p+sm (x) (x) 

Hn-(1-Jlm> m• v Hp-Jm• m• v - j=O . j .......,...(n--(.,-s-....,,i),....m"""") -, _,(-P-....,im_;.....,.! 

Remark:-Particularly for m=v=2, all the results of this section will 

be reduced to similar results for Hermite polynomials. 

4. EXTENSION OF THE GENERATING FUNCTION. 

From the generating ielation (J.l), we write 

Ho> m> v (x+y) 
t0 v(x+y)-tm 
-;;r- e 
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Hence 

(4.l) H 0 , m• v (x+y) 

Also 

o:i ( l!)'t)n o:i tk 
- 2 -,- 2 Hk, ms v(x) kf 

n=O n. k=O 

o:i n 

-- 2 2 (l!Y) n-k H ( ) kJ mJ v x en 
n=O k=O (n-k)! k! 

n 

= 2 ( Z ) (l!Y) n-k Hk, m• v(x) • 
k=O 

(4.2) H 0 , m> v ( x+2'..) = ~ ( Z ) Y n-k Hk, mJ v(x) • 
v k=O 

Put x=O in the above result, so that 

(4.3) Hm m> v (: ) 

n 
~ ( n) y n-k //., (o) = k kJ m• v • 

k=O 

Again from (I.I), we have • 

o:i t 0 (u+v) xt-tm 
2 Hn, m• <u+v>(x)nr= e 

n=O · 

= e uxt 

o:i n ()nk 
= ~ ~ ux - H (x) t• 

n=O k=O (n-k)! k! k• mJ" 
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Therefore, 

Similarly 

(4.5) fin, m• u+v(x) 

Replacing u by u/x in (4.4) and v by v/x in (4.5), we derive .. 

and 

(4.7) Hn•m•u+f (x)_ = ~ ( ~) vn-k Hk, "'' u (x) 
=0 

Putting u=O in (4.7), we further derive 

Now comparing (4.2) and (4.6), we get 

(4.9) fin, m• -i' + v (x) = H0 , m• v [ x+ : J 
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ABSTRACT 

We have studied the magnet(l)-gravitational instability of a rotating 
infinite fluid layer of finite thickness. The layer is surrounded by a rotating, 
infinitely extending non-conducting matter. The dispersion relation for equal 
kinematic viscosities has been derived and studied in various situations. The 
cases of, short and long wave lengths have also been discussed. It is observed 
that the rotation has no effect on the equilibrium if the viscosity is predominant. 
In case of short waves also rotation plays no role. • 

1. INTRODUCTION 

The importance of the study of gravitational and magneto-gravitational 
stability of fluid layers of finite thickness in the astronomical context was pointed 
out by Shafranow1 • Ognesyan 2 '3 studied the same in the pre~ence of a uniform 
magnetic field and Chakraborty4 extended his investigations to study the effeet 
of uniform rotation. Uberoi5 considered the same problem in the presence of 
infinitely extending surrounding non-conducting fluid on both sides of the 
layers. Srivastava and Sharma7 extended the problem of Uberoi to consider 
the effect of finite conductivity. The aim of the present paper is to extend our 
later investigations to include the effect of unform rotation of both the layer 
and the surrounding matter. 



2. LINEARIZED EQUATIONS AND THEIR SOLUTIONS. 

Consider an infinitely extending plane layer of viscous, gravitating and 
ideally conducting fluid mass of uniform density. The thickness of the layer is 
taken to be 2h. It is supposed that the xoy plane coincides with the equili
brium middle level of the layer. The z-axis is directed upwards and is normal 
to the unperturbed fluid surfaces. This layer is surrounded by a non-conducting 
fluid of constant density P0 • The entire matter is incompressible. 

In the static state the conducting fluid is supposed to be immersed m an 

external uniform magnetic field of strength H0 along the x-axis. The layer 
and the surrounding liquid both are assumed to be rotating about z-axis with 
uniform angular velocity. 

The linearised hydro-magnetic equations for the conducting layer 
governing the small departures from equilibrium are Equations of momentum. 

(2.1) 

(2.2) 

Equation of continuity : 

(2.3) div v = 0, 

Maxwell's equations : 

(2.4) div ii; = 0, 

(2.5) oh - - -a-t=curl ( v x H 0 ) , H 0 =[H0 , 0, O], 

Poisson's Equation : 

(2.6) '\728V1 = O, 

where Sp, v , h1 , oV1 denote the perturbations in velocity field (initially assumed 
to be zero), magnetic field and gravitational potential. 

With the same notations as above th~ corresponding linearized equations 
for the non-conducting medium are, 
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(2.8) 7Te = ope + 8v ' 
p 

(2.9, 10) div~ = 0 , div he = 0 , 

(2.11, 12) curl he = 0' v 2 av. = o, 

where, now 8pe , u , 11
0 

and Bv e denote corresponding perturbations i.n the 

matter surrounding the layer. 

To study the stability of the system, it is assumed that all the physical 

quantities vary as 

(2.13) F(x, y, z, t) = f (z) exp. [ (u t+ ik1 x+k2 y) ]. 

Equation (2.5) can be written as 

\2.14) -h ik1 H0 -= v. 
CT 

Substituting for h from (2.14) in (2.1) and taking its divergence, we 
have 

where ( 1 is the z component of the vorticity, given by 

The equation (2. l) can be written as 
, 

(2.17) (A-vV 2 ) v + 2 fix v = -VTT1 • 

From equation (2.13), we have 

{2.18) =<T. 

Equation (2.17) breaks up into three component equations 

(2.19) (B-v D 2 ) Vx - 2 n Vy= - ik1 7T1 

(2.20) (B-v D 2 ) Vy - 2 n Vx = - ika '11"1 

l "J 



(2.21) {B-v D 2) Vz 

and the equation of continuity gives 

2 2 
where B = A + v (k 1 + k 2 ) = A + v k 2 

2 2 

( 
fl2A) uk1 Ho 

(2.23) A = <T+ -- fl 2 A = 
<T ' 4rP 

From equations (2.15, 2.16 and 2.19 - 2.22) we have 

• 
(2.25) (D 2 -k2 ) 1Ti = 2 n (1 

(2.26) (D 2 -m2 ) Dvz - ~- (1 
v 

(2.28) where m 2 = B/v. 

k2 = -1T; 
v 

From equations (2.24 - 2.27) we obtain 

The solution of (2.29), considering the symmetry of u, , is written as 

(2.30) 

(2.30a) 

(2. I) 

(2.32) 

32 ] 

7i'j = cl sinh pz. 

4Q2 . 
where pis a positive root of (p2-k2) (p2-m2)2 - -- p2 = O. 

v2 

From equations (2.24) and (2.30) the solution for v, is written as 

p C1 cosh pz 
Vz = C2 cosh mz + ( 2 2 ) , 

v p -m 

'1 = p2 - k2 
~ 212 '"1 



The solution for 8v1 is written from equation (2.6) 

(2.33) 8v1 = Ca sinh kz , 

where the constant Ca is determined from the conditions of continuity. 

The corresponding solutions for 'Ire, Us and Ce for the non-conducting 
fluid are 

(2.35) 

and 

(2.36) 

where 

P, E e-P'• 
U - E em's - l z>h z - 2 (p'2 _ m'2) , 

p'2 - k2 
:w 

(2.37) m'2= __!!_ +k2 , 
Vo 

(2.37a) 

The solution for 8v0 is 

(2.38) 8V9 = - E3 e+kz , z < h 

.. 

The solution for ii0 is written from (2.1 O). (2.11) 

(2.39) he = 'V (Le-kz) , z > h, 

[ 33 



3. THE BOUNDARY CONDITIONS. 

The perturbed interfaces between the conducting and non-conducting 
fluids consideriz;g the perturbations symmetrical about the mid-level of the 
layer are given by 

and 

where (.6<:) is the amplitude of the displacement at the interfaces . .. 
The perturbation 8~0 in the unit normal n0 is given by 

The following conditions should be satisfied at the perturbed interfaces. 

(i) gravitational potential is continuous i.e. 

(3.3) [ v ] = 0 

(ii) the normal component of the gradient of the gravitational potential 
is continuous, i.e. 

(3.4) 

(iii) 

(3.5) 

A 
n. ['\JV]= 0, 

the velocity should be compatible with the assumed form of the 
deformed interfaces 

A -
n.[u]=O, 

(iv) the component of the magnetic field normal to the deformed interfaces 

must be continuous , 

(3.6) 

(v) 

(vi) 

34 J 

JI -
n. [ B] = 0, 

all the perturbed quantities for the non-conducting medium must 
be bounded. 

the tangential viscous stresses must oe contiDUOYS 



{vii) the normal component of the total stress tensor must also be 
continuous on the deformed interfaces 

(3.8) [ P { ?r-8V-2 vDuz} ] = 0, 

(viii) integrating equation (2.24) over an infinitesimal element of z at the 
interface, we get 

(3.9) [ vDuz-TT ] = 0 

where ~ denotes the unit normal vector directeq in the conducting fluid, the 
square brackets denote the jump in the enclosed quantity upon crossing the 
interface from the non-conducting to the conducting fluid. 

4. DISPERSION RELATION AND DISCUSSION. 

The conditions (3.8) and (3.9) applied on equation (2.35) and (3.43) 
yield. 

sinh kz 
z:h 

and 

-47TG ( ) -kh 8V0=-k- P-P0 e (uz) 
U z=h 

The boundary condition (3.45) gives the perturbation in the magnetic 
field in the non-conducting fluid to be zero. 

The boundary conditions (3.6), (3.7), (3~8) and (3.9) yield four 
homogeneous equations in four unknowns. The condition for the existence of 
non-trivial solutions yields the dispersion relation 

(4.3) m tanh X [ {vCP2+k2)+ n;A -v0(p' 2+k2)} { ;;, (m'-p')- ~";'} 

-(m'+P'){f(p2-m2)= :~ 2~~vo + v~;,o (p'2+m'2 ) }] 

+ ~2 
tanh)I [ { v(m2+k2)+ n;A -v0(p'2+k 2)} { ;: (P2

-;;2m
2
) 
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- Po, (m'-P)}+Cm'+P'>{-F' +~ p'2+m'2- vom'ii __ p2+m:i 1 J 
Pp k<r PP p' m2 f 

+~(m2-p2) [ voPo (m'+p' )-!!__]=o 
P' P ri 

where 
X=mh, y=ph, a=kh, 

(4.4) 

( P ) [ l ~P0/P J F' = 4 71" GP 1 ..... Po a I- ~ (l+cotha.) , 

Making v=v0~equation (4.3) reduces to 

with x=m'h, z=p'h1 

(4.6) L 2 = n
2

11~h
4

1 F=4tr GP ( 1-P:) ( :
2 )2 · { 1 - ( t;:O~t: a) 1 

and 

(4.7) 

The dispersien eq. (4.5) i5 discussed for certain limiting easel 

(i) k and m small {ii) k large (iii) 11-J.oo 

Case (i} k and m small. 

The roots of the eq. (2.30a) neglecting k1 m' are givc-n by 

36 ] 
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the dispersion eq. (4.5) reduces to 

Eq. (4.9) with the help of eq. (t.8) gives 

of which both the roots are positive. Thus we find that long wave perturba-
tions make the system unstable. · ' : 

Case (ii) k large. 

From the eq. (2.30a) we find that for short wave perturbation, the 
effect of rotation is negligible. Making rotation evanescent, this case reduces 
to the problem of our paper8 which has fully been discussed there. Thu.s for 
short waves, the unstable modes when the density P01 of the surrounding 
medium is Jess than the density P, of the layer are shown in figures I, 2, 3 
and 4 for P0 /P=0 and 0.5. It is also seen that the system is physiclly unstable 
for P0 /P > l. _In the limiting case of high viscosity the system exhibits 
marginal stabil1ty. It must be mentioned that the dispersion relation in this 
case is obtained independently taking !2 =0. 

Case (iii) v=v0 = o:i (The case of high viscosity). 

When viscosity is paramount, we put • 

where o and 0' are small quantities and y and z tend to a, Also equations 
(2.57) and (2.58) give 

(4.12) 

(4.13) -= 
v 

which implies that u is negative and first order. Tht perturbations are purely 
damped in this case. We also observe that rotation has no effect in this case. 

[ 37 
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Abstract. The set of contiguous relations for the H-function of Fox 
are obtained by a unified treatment in a direct and simple manner, the connec· 
tions among these formulas are discussed, and the connections with some 
scattered results in the literature are given. Several finite seri'!s involving 

H-func;:tiom can be generated from each of these contiguous relations; some 
examples are included for illustration. 

1. Introduction. The H-function was introduced by C. Fox (5) 
and it is usually defined in terms of the contour integral 

= _I_f Ili: l I' (l-a1+111 s}lli~\ f (b1-~1 s) z' ds, 
2

7T i c II/~-n+ l rca1-a1 s)IIi~m~ I I'(I-b1+.81s) 

in which we use the notations {(al> a;)} and {(bi, ,81)} to denote, respectively, 
the sets of parameters (al> a 1 ), ... , (ap, ap) and (b1, ,81 ),. .. , (bq, (3q)· The des
cription of the path of integration and the conditions which the parameters 
mmt satisfy are described in [5]. An extension of the definition is given in Ll4]. 
If the second parameter of every pair is equal to l, then the H-function reduces 
to the G-function of Meijer, a summary of the properties of which appear in 
the books [4] and [11]. 

tDepartment qf Mathematics, University of Victoria, Victoria, B. C.; Canada; on sabbatic1d 
Nave from the Univmity qf Wyoming, Laramie, Wr 82070, U. S. A. 



A number of recurrence formulas for the H-function have appeared, 
scattered in recent literature. Some of these can be given the name of conti
guous relations; where they involve a unit shift in any of the first parameters of 
the pairs, the terminology thus corresponds to that used for the Gauss hyper
geometric function. Various methods have been used in order to derive such 
formulas; for example, see [l), [2], [3], (6), [7), [8), [9], [10], [12), and [15). 
Often the method used involves the evaluation of a complicated integral of a 
product of the H-function and some other function and the use of an identity 
for the second function. Many of the results contain restrictive conditions on 
the second parameters of the pairs. In section 2 we collect the 30 contiguous 
relations. In a unified treatment they are obtained by simple direct derivations 
and without the severe restrictions on the second parameters. Further, the 
connections with certain other formulas which have appeared in the literature 
are discussed. • 

Finite series which involve the H-function also have appeared in a 
number of places, for example, in (3], [13], and [15). Similar methods were 
used and often with severe restrictions placed upon the second parameters of 
the pairs. In section 3 we discuss the manner in which various simple forms 
'of finite series can be obtained directly from our contiguous relations and how 
the complicated generalizations of some known series can also be obtained, 
again with fewer restrictions on the parameters. 

Inasmuch as certain determinants appear throughout this work, we shall 

introduce simplifying notations as, for example 

in which we display the first row of the determinant by our notation. The 
second row of the determinant is always to be filled in with the appropriate 
a,s and /3,s in order to correspond to those a,s and b,s of the first row. We 
assume that none of these determinants equals zero, which is consistent with 
the restrictions in the definition of the fl-function. To further simplify the 
notational problems we merely write H for the function as given in the defining 
relation; then, for example, we use H[b 1 + l] to denote the contiguous function 

. in which b1 is replaced by b1 +I, but with all other parameters left unchanged, 
where further it is to be understood that if both Hand H[b 1 + l] appear, 
then m > I. 
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2. Contiguous relations. We first note from the definition that the 
replacement of b1 by b1 +1 and the application of the recurrence formula 
I'(z+l)=zF(z) is equivalent to the introduction of the multipiler b1 -/31 s into 
the contour integral format for H. Similarlv, the replacement of bq by bq + 1 
introduces -bq+f3qs, ofa1 by a1 -l introduces l-a1 +a1s, and of aP by ap-1 
introduces ap-1-aps. Consequently, we can simply form a 3-term recurrence 
involving undetermined coefficients. 

and then require that 

be an identity ins. Hence A, Band C can be evaluated in order to obtain 
the contiguous relation numbered (1) in our list. In a similar manner all of 
the other listed contiguous relations can be obtained. 

(1) ixpH[b1 + l]-~1H[ap-l]=d(b1 , ap- I)H 

(2) apH(a1 -l]+a1H[ap-l]=-d(a1 -·l, ap-l)H 

(3) /3qH[a1 - l]-a1 H[bq+ 1J=-d(a1 - l,bq)H 

(4) /3qHLb 1 +l]+/31Hfbq+l]=d(b 1 , bq)H 

(5) a1 H[b1 + l]+/31 H[a1 -I]=d(bv a1 - l)H 

(6) /3qH[ap- l]+apH[bq+ l]=d(ap-1, bq)H 

(7) f32 H[b1 +1]-~1 H[b 2 +l] = d(bvb 2 ) H,. 

(8) a2 H[a1 -l]-a1 H[a 2 -l] = -d (a1 -l,a2 -l) H 

(9) aP-l H [ap-l]-ap H [ap_1-l] = d (ap- l, ap_1 - l) H 

(10) /3q-1 H[bq+l]-~qH[bq_1 +1J = -d(bq,bq-1 )H 

(11) d (ap-1, bq) H [a1-l]-d (bq, a 1-l) H [ap-l] = -d (a1-I, ap-1) 
Hlbq+I] 

(12) d (ap-1, bq) H [b 1 +l]+d (bq, b1 ) H [ap-l] = d (bv ap-1) H [bq+l] 

(13) d (a1-I, bq) H [b1 +IJ-d (bq, b1 ) H [a1-l] = d (b 1 , a1 -l) H [bq+l] 
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(14) d (a1 -1, ap-1) H [b1 +l]- d (ap-1, b1 ) H [a1-l] = -d (b1 , a1 -l) 
H [ap-1] 

( 15) d (b 2 , b3 ) H [b 1 +IJ+d (b 3 , b1 ) H [b 2 +1J = -d(b1' b2 ) H [b3 +1] 

(16) d (a 2-l, a 3-l) H [a 1 -l]+d (a 3 - l, a 2-l) H [a 2 -l]= 
-d (a1 -1, a2-l) H [a3-l] 

(17) d (ap_1 -l, ap-ci-1) H[ap-l]+d (ap_2 -l, ap-1) H[ap_1 -l] 
= -d (ap-1, ap_1 -1) H [ap_2 - l] 

(18) d (bq-1' bq....,p,) H [bq+lJ+d (bq_2 , bq) H [b<t_1 +l]=-d (bq, bq-i) 
H [bq_2 + l] 

(19) d (ap-1, b1 ) H ~aP_ 1-l]+d (b 1 , ap_1-l) H [ap-1] 
= -d (ap_1 -1, a11 - l) H [b 1 + l] 

(20) d(bq, a 1 -1) H[bq-l + 1 J+d(a1 -1, bq_1 )H[bq + l]= -d(bq-l• bq)H[a1 -1] 

(21) d(a 2 -l, ap-l)Hla1 -IJ+d(ap-1, a1 -l)H[a2 -l]=d(a1 -1, a2-l) 
H [ap-1] 

(22) d(b<.:., bq)H[b 1 +l]+d(bq, b1 )Hrh 2 + l]=d(b1 , b2 )H[bq+ l] 

(23) d(ap_1 -l, a1 -l)H[ap-l] + d(a1 -1, ap-l)H(ap_1 -l] = 
d(ap-1, ap-1 -l)H[a1 -1] 

(24) d(bq-v b1 )H[bq + l] +d\bv bq)H[bq--1 + l]=d (bq, bq-1)H[b1 + l] 

(25) d(a 2 - l, bq)H[a1 -1] -t-d(bq, a1 - l)H(a2 - l] = -d (a1 -1, a2 - l)H[bq +I] 

(26) fi(b 2 , ap- l)H[b1 + l]+d(ap-1, b1 )H[b 2 + l]=-d(hv b2 )H[ap-1] 

(27) d(a2 - I, b1 )H[a1 - l]+d(bv a1 -l)H[a2 -l]=d(a1 -1, a2-l)H[b1 + l] 

(28) d(b 2 , a1 - l)H[b1 + l] +d(a1 -1, b1 )H[b 2 +1] =d(bv b2 )H[a1 -1] 

(29) d(ap-1 -1, bq)H[ap- l]+d(b4 , ap-1 )H[ap_1--l] =d(ap-1, ap_1 -1) 
H[bq+ I] 

(30) d(bq-1 , ap- l)H[bq+ l] +d(ap-1, bq)H[bq_1 + l]=d(bq, bq_1 )H[ap- l] 

Alternatively, it should be noted that many of these relations are closely 
connected. The H-function satisfies the identitv 
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so that, for example, (3) and (4) can be obtained, respectively, from (I) and 
(2) and beyond formula (6) each odd numbered formula leads in the same 
manner to the even numbered successor. Actually we could consider formulas 
(1) and (2) as basic and then derive all of the others from the two of them 
along with this transformation formula. For example, (5) can be obtained by 
combining (I) and (2) and similarly (6) from (2) and (3). A double applica
tion of (I) leads to (7) and to (9), (11) comes from (2) and (3), (13) from (3) 
and (4), (15) from a triple application of (7), and similarly (17) from (9). 
Formula (19) can be obtained by a double applicalion of (l) and similarly (21), 
(23), (25), (27), and (29) from (2), ('2), (3), (5), and (6), respectively. 

If we set all of the u.'s and /3's eriual to 1 we obtain the special cases for 
the G-function of Meijer, where now, for example, d (b1 , ap-k) is simply the 
difference, b1 -(ap-k). Since MacRoberts' E-function and the generalized 
hypergeometric series pFq are special cases of the G-function, some contiguous 
relations for these functions now also follow. 

Some of the formulas have appeared in various format and are scattered 
in the literature; some examples which are known to us follow. Formulas 
(1)-(6) were earlier derived by P. Anandani [2] from differentiation formulas 
and without unnecessary restrictions on the -.'s and {3's; cases of (I )-(4) and 
(6), but with the restriction of equality of those a's and /3's related to the a's 
and h's of the contiguity_ of the particular formula, were also given by 
P. Anandani [3] as Fpecial ca<es of certain finite sums. Formulas related to (5) 
and (6) were obtained from differentiation formulas by B. M. Agrawal [I]. 
Formula (2) has been derived ming integrals involving the identities connecting 
generalized Bessel functions by Aruna Srivaitava and K. C. Gupta [15]; cases 
which follow directly from formulas (3), (8) and (25) were given earlier by 
K. C. Gupta [7]. U. C. Jain [101 gives a special case of (28) with a 1 = {3 1 

=/32 ; P.C. Golas [61 obtains the special case a 1 =ap=h =~2 of formula 
(I) from integrals and identities involving the Gauss hypergeometric function. 

A result which is a simple combination of (5) and (14), but with the restriction 
a 1 =u.p=/31 was obtained from integrals and identities involving Laguerre 
polynomials by S. L Mathur [ l 2]. Other recurrences of four and more terms 
which have appeared can be obtained from combinations of our contiguous 
relations, such as those in [6] and [12]. 
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... 

Relations analogous to those for the Gauss hypergeometric function in 
which the coefficients are polynomials of degree one in z are not available for 
the general H-function, since from 

it is seen that contiguous type functions appear only for the special case of the 
G-function. 

3. Finite Series. Certain finite seri.es can be obtained from the 
contiguous relations by the formation ofcoilapsing series. We illustrate for the 
case of formula ti), the others can be obtained, although beyond formula (10) 
the coefficients become quite messy in comparison with their first formulas. If 
we pair the terms which involve ap and first write 

(3 1 H [b 1 +k-l, ap-IJ=ap H [b 1 -+-k, apl-d (b 1 +k-1, ap-1) H [b1 +k-1, ap] 
and then notf' that 

d (b1 +k-1, ap-l)=ap r (b1 +k-(ap-1) ~1/ap)/f (b1 +k- l-(ap-1) 'P1/ap) 
we can sum on k and collapse the re5ulting series on the right. Consequently, 

we obtain 

If we similarly begin with the form 

ap H [b 1 +I, ap-k+ 1]=81 H [o1 , ap-k]-d (bi, ap-k) H [bi, ap-k+ 1] 
(here it seems more convenient to decrease the indices, since one of the a's is 
involved), then a similar formula can be derived, 

(1 b) 
(-J)k H(b1+1, ap-k+ll 
r (bl ap/f31-(ap-l)+k) 

The third pairing of terms in the form 

I' (b 1 u.p/(31 -(ap-I)+n) 

H lb1 , ap] 

d (b 1 +k, ap+k-1) H[b 1 +k, a9 +k]=.B1 H[b 1 +k, ap+k-1]-ap H [b1 +k-I, 
ap+k] 
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leads to a series in which both parameters are involved in the summation, 

P. N. Rathie [13) has obtained a formula of this third type for the 
G-function which would be genera1ized by starting with our formula (2). 

The summation formulas given by P. Anandani [3) are not included in 
these three types. They can be obtained, and without the restrictions on the• 
second parameters of the pairs, but the coefficients are extremely messy and no 
simplifying notation is obvious to us at this time. In order ·to do this we consi
der formula (I) written in the format 

If we now iterate by expanding each term on the right by use of this same 
relation, we obtain 

Further iterations produce expressions of the form 

(ld) 

in which the A's involve sums and products of the determinants. For the 
special case in which (31 =ap the coefficients are greatly simplified and we can 
write 

( f(b 1 -ap+n)/f(b1-ap+l) )H[bi> ap]= 

= E:=o (-l)k G)H[b1 +n-k, ap-k] 
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which is thus of the same type as certain of the summations in [3]. 

Related finite series for the G-function and in suitaJ:le cases for the 
E and pFq functions can now be obtained by specializing the parameters. 

In various papers recurrences have appeared in which the indices m,n,p,q 
have not been the same throughout; we have here intentionally omitted the 
discussion of such formulas. 
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I. INTRODUCTION. 

In our recent papers [1, 2, 3J, we studied the generalized Laguerre poly
nomials which are defined by 

(I.I) (l-t)-0 exp. { -{ l.:.t )'xt }=Lr f~(x,r) t0
, 

n=O 

and also their related polynomials defined by 

n 
( 1.2) .r 

k=O 

{1.3) 

(1.4) R (c, b) v x r) 
n .. ' , 

and 

(l.5) N
0
<0

• b) ( x,y, r) 

c 
A0 {x, r) = 1, • 

t h+k f k {y, r) An-k (x, r), 

For a ready reference here, we write the following generating relations 
[I, 2], which will be used in our investigations : 



) 1 et.i 1·c-n 
(1.6) (l +t a- exp. {-x t rr (1 +t)r-1} = J; n (x, r) t 0 ,-

n=0 

00 
Ac (1. 7) (l +t)-o exp. {rr (1 +t)r-1 x t} = J; (x, r) t0

, 
n 

n=O 

o.:i c-n (l.8) (l-t)o-1 exp. {rr x t (l-t)-r} = J; A (x, r) t 0
• 

n 
n=O 

In this paper, we discuss the nature off c (x, r) and Ac (x, r), and esta-
n n . 

blish some recurrence relations for them. We also ohtain Rodrigues' formulae 
and some summation formulae for the above polynomials. Some:; of the summa
tion formulae are the generalizations of[3, (4.4), (4.5)]. Finally, we derive 
two new identities associated with these polynomial systems. 

2. NATURE OF f' (x, r) and Ac (s, r). n n 

In this section, we notice that the polonomials f c (x, r) are non·ortho· n 

gonal except when r= I, and the polynomials A c (x, r) are non-orthogonal for n 
all values of r. 

Again by definitions (1.1) and (1.7), it is clear that f~ (x,r) and 

Ac (x, r) are both of Sheffer A-type zero (9]. All orthogonal polynomials which 
n 

are of Sheffer A-type zero have been determined by several authors e. g. 

Meixner and Sheffer etc, Our polynomials!~ (x1 r) are aot among them except 

for r= 1, and similarly A~ (x, r) are also not included in them for all 

values of r. 

Using the above property of these polynornials1 we establish the follow~ 
ing recurrence relations which appear to be new ~ 

(2.l) n,., 
1 

( :f (k+t)rt (rh) Jc ( } _ ft ( ) 
"' c - k ? n- l-k X; r - n n xj r 

k=O 
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n-1 
(2 2) d i c ( ) j.c (x r)-- I: (xrr (r)n-1-k ) c 

. xdX n x,r-n n ' -k=O (n-k-2)! -c ik(x,r) n>l, 

n-1 
(2.3) I: { (-l)k+1 c+rr (k+l) ('f;1

) x } A ~--l-k (x,r)=nA ~ (x, r) n>l, 
k=O 

min (n-l,r-1) {'-l) Ac d c 
(2.4).E rr k n-1-k(x,r)=dx 4n(x,r) n>I, 

k=O 

and 

d n-1 { ( 1) 
(2.5) x dx A: (x, r)-n A~ (x, r)= - k:O (-l)k+l c+ 

1k rrk x} 

c 
A n-l-k (x, r) n> 1 

3. SOME OTHER RECURRENCE RELATIONS. 

Starting from the generating relation (1.1), we also obtain the following 
recurrence relations : 

(3.1) (n+l)i~+l (x,r)+[r'x-c-(r+I) n]i~ (x, r) + [(r~l}Cn-1) 

-rr x+1r+l x-tc r]x i~-l (x, r) 

=~~(r,n)(-1)1 [{}tD (n-j)+c(j)]i:_j(x,r), 
1=2 

(3.2) [ l-c-rn+ ('1 1
) (n-1) +rr+l x+c r J :xi: (x, r)-(n+ l) rr 

• 
ic+r-l (x, r) 

n 

+rr [ ('t 1) (n-1)-rr x+rr+t x+c r Ji~~;- I (x, r) +rr i~ (x. r) 

min (r, n) 
+,r (r-1) i~-l (x, r)=j:

2 
{-IJI [ (}tD + c (j) J 

d c 
d xi n-j (x, r), 
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and 

(3.3) (I-c-rn+rrx) d: f ~ (x,r) +[ ('t 1 )cn- l)-rrx+rr+ix+cr }fx /~-I (x,r) 

[f c c c+r-l J +rr n (x,r)+(r-1) f n-l (x,r)-(n+l)f n (x,r) 

min (r,n) ) )] d 
= £ (-l)l[(~+l (n-j)+c(~ -d Jc .(x,r). 

j=2 J+l J x n-J 

The relations (3.1), (3.2) and (3.3) are generalizations of [5, p. 297, (7), p. 299, 
(12), p. 300, (13)] respectively, and they reduce to them for r=l, c=a+I. 

Now making an appeal to the relationship[!, (3.8)] 

• c( ) 1 -(c+k-l) Ak x,r = k (-x,r), 

we derive the following results from (3.1), (3.2) and (3.3) respectively : 

c-l [ J c (3.4) ( n+ l ) An+ 1 (x,r) + -rrx+c-1-rn An (.t',r) 

min (r, n) [ 1 J . 
= .E (-1)1 c~+ ) (n-j)-(c+n- I) ( ~) Ac+~ (x r) • J+l J n-J I J 

)=2 

(3.5) [cc+n)(1-r)-rn+('t
1) (n-1)-rr+ix+r ]~A~ (x,r) 

c-r+l +(l+n)rr A (x,r) n 

[ 
c c+ I 1 -i' An (x,r)+(r-1) An-l (x,r} 
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min (r,n) lC 1) 1 d · 
= J: (-J)l ~+ (n-j)-(c+n-l)( ~)!-Ac+~ (x,r) 

j=2 J+l J J dx n-; 

and 

(3.6) .[c+n(l-r)-rrx] Jx A~ (x,r)+[(1t 1) (n-l)+r•x-r•+ 1x-(c+n-l)r J 

!_ Ac+ I (x,r) +rr [ (1 +n) Ac-r+ 1 (x,r)- Ac (x,r1-(r- l) Ac+ 
1
1 (x,r) J 

dx n n n · n-

Particularly for r=l, c=a+l, the relation (3.4) reduces to [6, (2.10)]. 

4. SOME SUMMATION FORMULAS. 

Starting with the generating relations (1.1), (1.6), (1.7) and (1.3), we 
derive the following summation formulas respectively : 

m 

= ~ II J~~ (xi,r), 
n1 +n2 + ... +nm=n j=l 1 

• 
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and 

(4.4) 

The relation (4.1) is a generalization of [3, (4.4) . Indeed for 
x1 =x2 = ... =Xm=kx; c1 =c2 = ... =cm=kr+I and m=c, the relation (4.1) reduces 
to (3, (4.4)]. Similarly, (4.3) is a generalization of [3, (4.5)] and it can be 
obtained from (4.3) by taking x1 =x2 = ... =Xm=kx, c1 =c2 = ... =Cm=s and 
m=c. 

Again, forx 1 =x2 = ... =Xm=X, the relation (4.1) reduces to 

(4.5) 

which, on equating the coefficients of x0 on both sides, gives us the identity 

m 
mn II l (4.6) 1= ,E -( )' n. . 

1 
,n1 • n1 +n2 + ... +nm=n J= 

The relations (4.5) and (4.6) further suggest that the relation [8, (3.3)] 

will give us another identity : 

(4.7) 

Now making an application to the definitions of the polynomials, we 
can also derive the following results : 

R(c, b) ( ) _ R(-b, -c) ( ) R(c, b) ( ) (4,8) n x,y, r - n x,y, r = n -y, -x, r , 
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(4.9) N (c, b) ( )- N(-b, -c) ( ) R(c, b) ( ) n x, y, r - n x,y, r = n -y, --x, r 

R(c+c', h+b') n 
(4.10) (x+x', y+y', r) E n 

m=O 

R(c, b) (x.y r) R(c', b') (x' y' r) 
m - ' n-m ' ' 

and 

( 4.11) 
N.(c+c', b+b') 

n (x+x',y+y', r) 

n (c, b) (c',b') ( , , ) 
= I: Nm (x,y, r) N n-m x ,y, r • 
m=O 

The last two results may further be generalized in the following way : 

and 

(4.13) N~'1 +c:z + ... +cm, bi +b2 + ... +bm)(x
1 
+x2+ ... +xm,Y1 +12+ ... +ym,r) 

m 
= I II N kcl, bi) (xpJ'1• r) • 

k1 +k1 + ... +km=n j=l I 

Rainville [4] has obtained a series for Legendre polynomials and 
Singh [7J has obtained a series for Srivastava's polynomials [6]. Here we shall 

obtain a similar expression for A c (x, r) • n • 

and 

From (1.7), we have 

Cl:> 
E Ac (tan,8, r) t 11= (I +i)-0 exp. { rt (l +t;r-1 t tan/3 } , 

n=O n 

o::i t 
1: A (tan~, r) tll= (l +t)-0 eN:p. { rr (1 +1)1.--l t tan~} 

n=O n 
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= (1 +1)-0 exp. {rr (l +J)r-1 t tan/3} exp. {rr {1 +w-1 t (tan0-tan,8)}. 

combining the above two results and equating the coefficients of t 0
, on both 

sides, we get 

(4.14) A~ (tan S, r)= ~ _i:_[ Sin (B-~) Jm Ac-(r- l) m(tan ~' r) 
m=O m ! Cos o Cos f3 n-m 

As a particular case, the above result reduces to [ 7, ( 4.1) ] for 
c=a+l, r= I. 

5. RODRIGUES' FORMULAE. 

(5.1) 

The Rodrigues' formula for f' (x, r) are given by n 

• 
Jc (x, r) = x-n+l ~ { xo+o-1 

n n ! dx 0 
F c-n, c, 

r+l r+l c+n, 

and 

A (r-1, c+n); (r-l)r-1 x ]} 
A(r,c); ~ 

(5.2) fn' (x, r) = ~ 
(n !} z { 

xn F c-n,l,A(r-1,c+n); 
r+-1 r·+l n+l, t:i,. (r, c); 

Y-1 ]} (r-1) x , 

where A (r, c) stands for the set of r parameters 

c c·+l c+r-I 
7' -,-, ...... , r 'r>l. 

Jn particular, for c=a+ 1, r= I, we derive the following results from {5.1} 

and 5.2) ; 

{5.3) 

(5.4) 

and 

(5.5) £(:) (.t) = (l(!)al,. ~: { :tn2F2 [~~:, ~+l; X ]} 
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Again, for a=O, (5.5) reduces to 

(5.6) 1 Jn { } L (x)=--:.1::- x0
1F 1 (-n; n+I; x) • 

n n! UAn 

6. SOME RELATIONS WITH WELL KNOWN POLYNOMIALS. 

In this section, we obtain some relations of Ac (x, r) with well known n 
polynomials. In our previous paper (I, (3.5)], we have 

(6.1) 
k 

A~ (x, r) = E 
j=O 

,i rrj ( (r-I)j-c) 
j ! k-J 

Also for Laguerre polynomials, we have the relation (1a, p. 207] 

n x 
nT 

n 
= E 

k=O 

From the above results, we establish 

(6.2) Ac ( ) n F [-n+k, D. (r, c-(r-1) n); 
n x, r = {=O r+ l r -a-n, !.:::. (r-1, c-{r-1 )n); 

-(r-t)r-i Jx 
,ro (-I)k(l+a)0 Lia)(x) 
x~~~~~~~-~ 

\l+a)k {rt-k) ! 

Now using ( 6.1) and the relation £4a, p. 1941 

x0 _ [i] Hn-2k(x) 

n! -· f =O 2°/d(n-2k)! ' 

for Hermite polynomials, we derive · 

(6.3) A~ (x, r) = 

-=; 
2
rp

2
, [-;, -mt 1 , L1{2r-2, -c+ l + (r-1) {n-m)); (r-1)2r-2] 

m=O 6(2r, -c+I-m+ (r-1) (n-m)); 4 
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( 
) 

r(o-.n) 
, (r-1 )(n-m)-c-m+ l m r 

)( 2° m (n-m)! ml . Hn-~(x). 

ft ·• 

·I 

Similarly, we can also express Ac(x,r) in terms of Zn(x), c[) (x) ' Ho (s, p, x) , n n 
Pn(x) Sister Celine's polynomials and Bernoulli polynomials etc. Simililr results 

for J: (x,r) can also be obtained. n 
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1. INTRODUCTION AND DEFINITIONS ; 
REGIONS OF CONVERGENCE. 

In some recent investigations of quadruple hypergeometric functions, 
I encountered certain imtances which are special cases of the two functions 
under consideration in this paper. These new functions are defined as follows: 

(k) E(n) ( (3 A • '· )-(l) D a, 1' .,, t'o> r;r ,xl, ... ,Xn -

and 

(k) E(n) ( , /3 R • .,,. x· )-(2) D "• <l' 1'" •t'u> ''XI>""' o -

and it is evident that they are closely related to Lauricella's function 

Ff} ([4], p. I 13), defined by 



Fj;) (a, ~1''"' /Ja; Y; X1,··•t xJ= 

We note the following special cases* : 

~Be'£) (a, /31, /32; 1, 1'; Xi, X2)=F2 (a, ~1' {J!; 7, r'; X1, x2) 

~B e2) (a, f3v~2.f33; 7, 1'; X1,x2,xa) = Fa (a,a.,a,.Bvf32,.Ba;1,'Y',1';x1..x2.x3)[6] 

(3) E(4) I fJ f3 R fJ ' (1) D ~a, l• 2w-a• 4;'Y,'Y :X1,x2,x3,x4)= 

K11 (a.,a,a,a, ~1',82 ,~3 ,{34; Y,Y,1,1'; xux2,x3,x4 ) [2J 

(2) (4) ' 
(1) ED (oc, ~v~.1,~a,.84; 'Y,'Y; XvX2,x3,x4)= 

K12 (a,a,a,a, {31 ,~2 ,~3 ,,84 ; Y ,7, 'Y 1 
,1

1
; x1 ,x2 ,xa,x4 ) (2) 

(3) (4) , . 
(2) ED (a,a f31,~2,f3all4;1; X1,.l':uX3,.¥4) = 

K15 (a,a,a,a.', ~1 ,p2 ,{13 ,~4 ; 1,1,1,1; XpX2,X3,X4)[2} 

• Note that F G and F S are only alternative notations for Laurice/la's triple hy/ergeom1tric functio"' 

F8 and F1 relatively Crf. [4], p. JH). 

00 J 



g~ E)j) (a.,a.', fJ11fJz,fJs,/34;Y; X1iX2,x3,X4}= 

K 20 (a,a, {13,{34,{31,fJz, 11',m'; Y,7,7,'l'j x1,x2,X3,X4)[2J •. 

The regions of convergence of~~~ E};) and ~~~ eJJ> are investigated 

us:n~ the technique employed by Horn [5] and Srivastava ([7], [8]). 

Let r1 , i= 1,2,3, ... , be called the associated radii of convergence o( the 
multiple power series 

co 
I: ... 

if it converges absolutely when I x1 I <r1 and diverges when I x1 I > r1 • 

It is found that for the convergence of ~f j El;) , 

r = r = ... =r 
l:.+l H2 . II 

rk+rn=l, 

and in the case of (k) E{n) 
(2) D 

'k+rn=rkrn • 
I omit the details of the-working out • 

2. INrnGRALS OF EULER TYPE. 
• 

From (I.1)1 (~~ Ef}(u., fJ1'"">'1n; 1',Y'; X1•··•~11} -

co (a)1111 + ... +ml:.Ui1)m1 ••• C.81Jml:.,.1 m1 xkmt.., 
;: -----,. ••• --, i\ 

mk=O (Y)m1+ .•• +m1: m1. m.,. 
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F (n-k) ( + Q f1 . .,,,, ) D 0t-f-m1 +... mk, 1-'k+p · • o• ' 'X'k+i• ··.Xa 

La.ricella's formula, ( [4], p. 147) 

FD(n) (a, /31, .. ,fln; 1; X1, ... ,xn)= r[Q fly "-/J - _r.i. ]x 
/'-' l J. •. :tfJD> I l • 0 

• tJ n 

f S /31-l /3,,-l (l- - - )1-/31- ... -/30-l ... (n)... "1. • .. Ug U1 . • • Un 

. "" 

Re(Y) >0, Re({J1 )> 0, ,Re(~o)> O,Re(Y-{31 - ... -fJ0 ) >O 

is now applied to the inner F_t1-k) series of the right-hand member of (2.1 ), 
4 

which becomes 

if l x1 I ~~i. l~i~k, then 

~I 
~ ' J -~k+l -. • .-f n 

which is less than unity if 

' 
~i+~k+1+···+~n<l. 

In this domain of x1 , ... .,.tn. the above series converges uniformly ov~r 

the region of integration, so that the order of integration and summation may 
be reversed. Hence, (2.3) becomes 



FCk)( Q f3 . • X1 Xk ) D a, ,.,1,. .. , k, 'Y, , .• ., 
. · J- .. k+1Xk+1-···-UnXn •-'-'k11Xk+l- ... -UnX.i 

duk+i ···du0 (2.4) 

(·2.2) is now applied to the_ inner Fg) series of (2.4), when we have the result 

r [ 'Y, 1' J 
~u···{3n• Y-/31-···-~k, 1''-/3k+1-···-~n X 

S f f31-l ~u-1 1-1'
1

- .•• -fJk-1 
.. (n)... u1 .•. Un (l-u1 - ... :--uk) 

(l-uk+i - .. ..,...un) Y'-~k+l - ··· -.Bu-l X (l -u
1
x

1 
- ... -ubxJ-sdu

1 
... dun· (2.5) 

u1 ;:;;i:o, ... ,u0 ;:;;i:o, u1 + ... +uk~l, Uk+1 + ... +u0~l 

Re(1)>0, Re(Y')>O, Re(f31 )>0,., Re(,80 )>0, 

Re(r-{31 - ... -fJ,)>0, Re(Y' -f3k+i - ... -(30)>0. 

~1+~k+1+···+~n<l l~i!!i;;k 

The above technique was used by Srivastava [7] . 
• 

The inner F~) series of (2.4) may al&o be replaced by Lauricella'~ 

single integral. representation of Ff} ([4], p. 146) 

(2.6) 
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This gives the following result: 

(/.) E( n) ( ,.. a , ) (I) D a, t"U· .. , t'11; 'Y, 'Y; Xu .. ,Xu== 

o~ o ~1. 

Re(1)>0, Re(1')>0, Re(a)>O, Re(11-a.)>O 

Re (~u1 )>o, .•.• Re (~n)>O, Re ( 7'-P'k+i- .... -fJ8 )>0 

The following integral representations of t~j ej;)(a.,o.'f?lJ ... .,r,n;1;x1, .. ,x,,.) 

may be obtained by dmilar methods : 

64 l 

{ }Y-u'-1 { U } }-f31 1-v l -x1 (1-o ... 

Re('Y) > O, Re( a}> O, Re(o.')>0, Re(a.-o.-a.')>0, 

I Xi I < 1, i=t,2, ... , n 



I 
-a 

(l-uk+lxk+1 - •••.• -XnUn} X 

{1-(u 1x1 + ... +ukx1<) (l-uk+1 - ••• -uu)}-a' dn 1 ... duu 

R1(Y) >0, Re(~ 1)>0, ... ,Re(~n)>0, 

Re(1-~1 - ••• -f3n) >0 

I x1 l <l, i=I,2, ... ,n. 

Re(t) >0, Re( a) >0, Re(f3k+i) >0,. . . ,Re(f10 ) > 0 

O~v~l, 

Ukf-1 ':>0, •. ,un'.::;O, uk+I + ... +un~l. 

{2.9) 

Various int,.gral representation of similar type may also be obtained by 
the same methods. • 

3. POCHHAMMER INTEGRALS. 

Consider the integral 

-P -P' (k)( Xi Xk) I= s (-t) (t-1) FD a,{3 1 , •• ., /3k; "Y; -
1 

, ••• , -
1 

x 

F(n-k)( , f3 f.I. • '· Xt.:+1 Xn )dt 
C D a, k+1•··11"'0,Y, l-t ''"'/ (3.1) 

where C is a pochhammer doubk-loop slung around the points 0 and 1. 
If the integrand is expanded, supposing that integration and summation may 
be interchanged, we have 
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I=£ ... · X («)m, + ... +mk(a')mlc+ 1,+ ... +mJ8,)m 1 ..... (~n)m~ 

,, m1 =0 mn=O: (r),n,. T···-t-11.:lt (r')mk+i + ... +mn 

(-l)ml + ... +mos (-t)'".:._P-m1 - ... -mk (t-l) -P'-mc+1- ... -m0 dt ... (3.2) 

c 
The inner1ntegral on the right-hand side of (3.2) may be evaluated by 

means of the formula · · 

r < )a-1 c ~-1 . c21Ti) 2 

J -t t-l) dt= f(l-a)f{l-,8)f(u+,8) (3.3) 

c 
((1), p. 378). 

H I_ (2ni)2 
ence, - r(P)f(P1)I'(2....:.P-P') X 

E ... X. (P+P'-l)m 1 + ... +mn(4 )m 1 + ... +m1/a')m1c+1 +·'· +mn 
· (r) (1') x 

m1 =0 mn=O m1 + ... +m11: 'mk+i+ ... +mn 

({J)m1 •. -. (fJu)mn x, ml ... xnmn 

(P)m1+ ... +mi.(P')m1<.+1+ ••. +m:'m::-? mn ! 

10 that if a=P, a'=P', we have the result 

(k) E(n) ( + , 1 r:i. R • '· ' (1) D p p - '1"'1'•">/"'11' 1,1. Xi,···· XO} = 

r (P) r (P') r (2-P-P'). x 
(2iri)~ 

(-t) (t-1) FD P,~1 , ... ,~k; S 
-P -P' (k)( .,, -1.. ~) v 

11 t I ... ' I ... 

c 

Q.! ·1 l (k) E(n) ( , tJ f3 + , ) .. mi ar y, (2) D a,a ,,., 1 ,. .. , 0 ; P P; x1, .• .,x,. """ 

f(l-P)f(J-P')r(P+PJ X 
(2'1Tip 
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J P- l p' - l F(k) ( D P. . {- t) (t- l) D a,,., 1 , ... ,t' .. ;P; x1t, ... , XJr.t) X 

a ·,i;· · · 
'i 

Fj;-k) (a' •~Ht , ... , f3u;P'; Xk+i (_1-t~ , .•. , x0 (1-t)) dt (3.6) 

~ ..... 

t. SIMPLE TRANSFORMATIONS AND REDUCTIONS. 

The following transformations are obtained by the elementary manipu
lation of series. 

Lauricella's tra11sformations ([4], p. 149) 

F~) (a, ,8 1 ,. •. ,~oj 1; X1 0 ... ,.\'n) 

·i.,' 

: ... ..... 
:, 

may be applied to the inner F~-k) series of (2.1) to give the transformationll 

(k) E(n) ( A A .'II.,,,. ) 
(l) D a,1"1•. •t'P.•' •' ,xi,···• Xn 

= (1-x~+l) _a~f~ E$) (a,~1' ... ,plt, i''- ~k+1-·"-; /3n, ~k+2•""' ~ni 1, 1'; 
)'!, J; "-

~k·H XJi:+ t -X11:+2 

XJr.+1...;_ l ' XJi:+l - J 
, ... , 

';j. 

. ••• · ?·, •• 

; . ,;j 

(I 0 )-a (k) E(n) ( Q P. , {3 . P. ·'. , · 
- --x (1) D a, t'l,. .. , t'D-1• 1 - k+1-···-t'n;_ 1, 'Y; 
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Similarly, we also have 

(k) E(n) ( a . , . ) (l) D a., /31, ... ,,.,m 1, 'I 'Xi, •· 1Xn 

=( 1-x, )-Ot ~fj E};l( a, 7-/31 - ··-~r .. /3 2 , ... , /3n; 'I, 1'; 

Xi Xi -Xz X1 -xk X1t+1 Xn ) 
--1- ' --1 , ... , -- ' -- , .... , -i --
Xi - X 1 - X 1 -} }-x1 -x1 

(I ) -a (k) E(n) ( 11. , = -x.k (l) D a, ~11···1 l'k-111-f31-···-f31t; '1, Y; 
• 

X1t-X1 X1t-Xk-1 Xk XJi:+i Xn ) 

X1t-1 '···· X1t-l 'xk-1 'f-x;;''"''l-Xk 

=(l-x1-Xk+1)-ag~ Ei;')(a, 'Y-f31-···-()k, /J2, •. , fJk, 'l'-fJk+1-···-ffn, 

Xi -Xz Xx -XJc 
' l -x1 -Xk+i , ... , 1-x

1 
-Xk+i 

.t), +2 -XJc+2 
1-Xl -Xk+1 

, ... ' 

=(l-x2-X1t+1)-(a)[f~ El;')( a, /31, 'Y-/31-··· -/3k, (33, ... , fk ;r'-{A + i - ... -

Q. /3 (J , Xz-X1 Xz X2 -x~ 
"" , 11:+2 , ... ' ,.,,. ; 'Y, 'Y ; 1 ' 1 ' -x2 -x1t + 1 -.i2 -.\t +1 l -x11 -Xt+1 

X2 - Xk XJi:+1 Xk+J -XJt+2 Xk+1-Xn 
l-x2 -XJc+1 ' l-x2 -XJc+1 ' l-x2 -Xk+1 ' ... , l-x2 -%'k+i 
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r'-~k+i - ... -fln;Y;Y'; 

Xk -XJi:-1 Xk 
1-XJi:-Xn ' l-XJi:-Xn' 

Xk-X1 
1-Xk-Xn , ... , 

Xn-Xk+1 Xn-Xn-1 Xn ) , ... ' ' 
1-Xk-·Xn 1-XJi:-Xn 1-XJi:-Xn 

( 4.3). 

Simple transformations of the above type do not appear to exist for 

the function (k) E (n) 
(2) D 

lfLauricella's reduction formula ((4] p. 150) 

F~) (a,~ 1 , ... ,p0 ;Y;x, ... ,x) = 
(4.4) 

where all the variables are made equal, is employed, it may readily be 
established that 

(k)E(n)( f3 a. '· ) (1) D a, io···,,.,n,'Y,Y ,XvXi.X1, ... ,x1,xk+1, ... ,xl,xl, ... ,xl 

= NJ E y-k+i) (a,f3v ... ,f31- I,/31+ ... +f3k,/3k+1•···•/31- l,f31+ ... +f3n;Y,Y'; 

xl' ... ,x11xk+1, ... ,x1) (4.5) 

i~k,j>k, 

giving finally 

(k)E(n) , 
(1) D (a.,f3v ... ,f3n;Y,Y ;x1,x1, ... ,Xl'Xk+11Xk+10· .. •Xk+1)=-

F 2 (a /3,+ · .. +f31c./3k+1 + ··· + /3n;Y,Y' ;xl •Xlrt1) 

together with a similar reduction for l~~ Et> 
This section is concluded with an interesting reduction of ~~~ E ~~ 

From the definition of F~), it is evident that 

F~)(a,f3v .. ·•/3n;Y;xl' ... ,x11 )""' 

~ ..• ~ (a)m1 + ... +mk(/31)m1···(Bk)mk x,ml. XJcmk 

(Y) m1 ! ··· mk! m1 =0m1c=O m1 + ... +mk 

(4.6) 
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Xk-X1 
}-XJ.c-Xn , •.• , 

Simple transformations of the above type do not appear to exist for 

the function (k) E (n) 
(2) D 

IfLauricella's reduction formula ([4] p. 150) 

F~) (a,~ 1 , ... ,,80 ;Y;x,. .. ,x) = 

(4.4) 

where all the variables are made equal, is employed, it may readily be 
established that 

(i)E(j-k+i)( 0 a Ir.> a a a 10+ +a· 'II" =(I) D u,l-'11"'''µ1- 11-'1+ ... +,._.k,µk+l•"'',._.I- ,,._.l ... µn,Y,1 , 

x1 , ... ,x1,xk+1 , ... ,x1) ( 4.5) 

i~k,j>k, 

giving finally 

(k) E(n) , 
(I) D (a.,f311"">/3o;Y,'Y ;x1,X1, ... ,XpXJi:+irXk+1•"'•XJc+1)=-

F 2(a. {3,+ ... +f311:,f3k+i + ···+.Bn;Y,'Y';x1•Xkt1) 

together with a similar reduction for ~~~Et' 

This section is concluded with an interesting reduction of ~~~ E ~~ 

From the definition of F~), it is evident that 

F)g)(a,(31 , ... ,{30 ;Y;x1 , .•. ,xra) = 

~ ~ (a)m1 + ... +mk(f31)m
1
···(Bk)mk x,m,_ Xkmlt 

0... 0(Y) ln1! "'mk! 
m1= mk= m1+ ... +mk 

(4.6) 
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The transfonnation due to Laurieella ([4], p. 148}, 
;. /j 

F(n)( . )' . . . .•. ,. '-··1·. D a,f31,. .. ,f3nJ'Y,X11"·•Xn - .. 

is now applied to the ;nner E$-k) series on the right pf ,(4.7), which yielda 

after slight re-arrangement, the result 

"··r 

(l )E (n) ( Q . {3 • • ' 
(~) D a, 'Y--a, JJl•· .. '" 'Y, "it'"' XDJ= 

F .. (n)( a fl . 'Y. .. ...._ "k.~1 . "n ) a, 1-'l,.'' Dt ',.lJ"'t~a.~ . 1 ,,.., --} 
/).. Xk+1 - Xo -

which generalises the well-known result 

F8 (a, 'Y-a, {3, {3 1
; 'Y;x,y)= 

. '· 

(t-:})-13' F1( a,{3,{3'; 'Y;x, ~.1 l) • 

5. TRANSFORMATION ARISING FROM THE POCHHAMMER 
INTEGltALS. 

In the integral fo'"lllula (3.5), let P="I, P1r:::Y 1 when we have 

~n E£') ('Y+'Y'-1, (311 ... , f3o; Y, '>''; x', ... , ·".J

ri'Y)Y('Y')r(2'-'Y-'Y') x 
{21T1) 2 

70 l 

.! 

! '\ 
\ ' 

(4.9) 



. {(-t)-i (1-1)->' (1- ': )-~, .. .( 1-~ rflk(1-:-f: )-ilk+. 

... (I- x~ )-f3n dt (5.1) 
l -t 

The factors in the integrand may now be expanded using the formulae 

( 1- -"'-)-,8=(1-x) -,8 E {$)m(_!_-. 1-t }m 
1-t . m=O m I l -x I 

(5.2) 

and 

··( l- _x_ )-/3={1-x) -(3 X f$)m {-x- • -'-)m . 
1-t ·

0
mt 1-x l-t 

m= 

'whereby, various transformations : involving genneralised functions 'of Horn 
type may be obtained by the application of (3.3). The most interesting is a. 
follows: 

where .. 

o:I CQ z z 
~1 =0 mn=O 

(a1) .. (an) (/31) ·. (/3e.z). · . 
m1 mn mk+1 + ... +m~-m1 -: ... -mJc m1 + •... +m1i:-:-mk+1 - •.• -m. 

m1 L.m9 I 

(5.4) 

[3] p.86. 

If the formulae (4.l} and (4.8) are applied to theB.nseties· in, the 

integrand of (6.5) and (6 6). variotis transformations 'involving new types of 
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multiple hypergeometric series of more variables and of higher order are 

obtainable. For example, if (4.8) is applied to the F~) series in the integrand 

of (6.6), we have 

(A:) E(n)( 1 tJ • P+P'· ) f(l-P)f(l-P')f(P+P') X 
(2) D a, a' "'l' 'X1, ••. , Xn = (27T1)2 

f <-t)P-l (t-l)P'-l (l-x1 t)-.B1 .•••• {l-xkt)-.Bkx 

c 

(5.!5) 

After considerable reducdon, it may be shown that the right-hand 
member of (5.5) may be written 

co co 
]; ]; 

m1 =0 mD.;k=O 

(P-a) m
1 

+ ..... + fflk (a') mk+J + .... +mn (~i) m1 + .. +mn+ 1 " ... (~k)mk+··· +mn+k 

.(P+P')m1 + ... +mn+k 

x 

m m + m k Xn n X1 n 1 Xk n+ ···--, x--, ... --, (5.6) 
mn · mn+1 · mn+k · 
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1. Introduction. The nonlinear differential equations with periodic 
coefficients arise in certain physical problems like Melde's experiment on the 
vibrations of a thread [l, p.120] or the simple pendulum [I, p.132] with 
oscillating support. In each case we have a nonlinear differential equation 
with periodic coefficients. First and second order approximations of these are 
obtained in [I) and analysis though not difikult is somewhat involved. We 
in this note shall show that similar results, at times even better, can be obtained 
employing an equivalent linear differential equation to the above. We shall 
be employing certain ultraspherical polynomials here to obtain the linearisation. 
This technique of using ultraspherical polynomials has been first used by 
Denman and Liu [2 ], and Garde l 3] and other quite successfully on the non· 
linear differential equations with constant coefficients. The application of thi! 
technique to the nonlinear differential equation with periodic coefficients turns 
out equally successful since the equivaknt linear equation obtained is very 
close to the original differential equation. The study of the stability conditions 
leads to amplitude dependent criteria. 

2. GEGENBAUER POLYNOMIALS AND APPROXIMATION : 

The Gegenbauer polynomials CA (x) on the interval (-1, I) are the n 
sets of polynomials orthogonal on this interval with respect to the weight factor 

(l-x2) A-i, each set corresponding to a value of A>-l, [4, p.276] 

( l) 



These polynomials on interval (-A, A) are defined as the sets of 
polynomials orthogonal on this interval with respect to the weight factor 

(l-x 2 ) / A 2 ))\-i. This gives rise to the polynomials CA (x/A) . 
n 

Now for a function f (x) expandable in these polynomials one gets, 

co .\ ,\ 
f(x)=}; a P (x/A) 

n=O .,,n n 
(2) 

where 

(3) 

The series in (2) may be terminated to get a linear or a cubic approxl· 
mation according to the degree of accuracy desired and approximation for f (~) 
takes the form, 

(4) 

3. APPLICATION OF POLYNOMIAL LINEARISATION TO NONLJ. 
NEAR DIFFERENTIAL EQ.UATION WITH DERIODIC COEFFI· 
CIENTS: 

The differential equation, 

y"+(a-2q cos 2z)y+by8 =0, (b>O, z=wt) (5) 

arises in Melde's experiment [l, p. 120]. It is noted there that (i) the motion 
is periodic, the main component having half the frequency of the driving reed, 
(ii) the displacement was symmetrical about the equilibrium position of the 
thread. Due to the existence of the subharmonic of the order 2, the solution 
is taken as 

(6) 

This implies that a be unity or nearly unity. This ignores the effect of the 
nonlinearity on the frequency which should be taken into account. If we 
employ the polynomial linearisation _ to get an equiv_alent differential equation 
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the effect of the nonlinearity on the frequency becomes- distinct. The results 
obta;ned are closer to the actual solution since these reduce to the results in r 1] 
on neglecting higher powers of q involved in them. If A be the amplitude for 
the oscillations produced by (5) the linear ultraspherical polynomial approxi
matin to ay+by3 is on the interval (-A, A) 

- [ 3bA2 ]-- - ·----· 
[ ay+by3 ] · = a+ y=n2y * 2(X+2) 

(7) 

and (5) reduces to the Mathieu equatiorr, 

y" +(n2-2q cos 2-e;)y=O (8) 

> To fulfill the experimental observations we must have n2 nearly unity. 
This would mean that if a is nearly one, b should be very small. We observe 
that if b and A are suitably taken a need not be nearly one. It is enough that 
n2 be so. Now substituting (6) into (7) we get, 

-[A1 cos z+9 A3 cos 3z]+n2 [A1 cos z+A 3 cos 3z] 

-q[A1 cos 3z+A1 cos z+Aa cos 5 z+A 3 cos .c]=O 

Now we must have coefficients of cos z, cos 3z, separately equal to zero. 

(n2-I-q) A 1 -q A3=0 

-q A 1 +(n2-9) A3=0 

If A 1 and A3 are non-zero, we get, 

which gives, 

• 
n2=a+ 3bA 2 _ IO+q± V5q2- I6q+64 

2(A+2)- 2 

A binomial expansion of (12) upto q3 yields, 

n2 =( 9+ q;) or (1+q- ~
2 

- ~:) 

(9) 

(10) 

(11) 

(12) 

(13) 

the former being impossible sible since n2 is neMly unity we accept the later. 
Now we get, 
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(14) 

Taking A=O, and neglecting q2 we get, (7) in [I, p. 124] which is obtained 
for Aa=O. Equation (10) gives the ratio 

which gives, A1 =( I+_!!-)A;A 3 =-qA/(8-q) 
8-l 

• 

(15) 

Equation (15) gives same ratio for A3/A 1 as in art. 2.17 in [5, p.20-21]. When 
b<O, tl:ie solution is taken as 

Proceeding as before, pair (IO) is reqlaced by 

(n1
2-l+q)-qBa=O} 

-qB1 +(n2-9)B3 =0 

'!ibB2 
where n1 2=a- --

4
, and we have 

211.+ 

(16) 

(17} 

(18) 

Roots for which are 9-q2 /8, l -q+q2/8. We accept the later being 
consistent with the experiment. The amplitude B is now given by 

(19) 

We may compare with [l, p. 124], from where we have 

A1 =±2 (q/b)i. Now ifwe neglect qa and q' in (14) and let a=l-2q, 

t.f=2 (q/b)l and fer a=1+2q, B=2 (q/b)i as in [l]. 

As shown in [l) art. 7. 231,. the parametric point of (5) lies on the 
characteristic curve a 1 for Mathieu's equation (8). Since 

a1 =n 2 = 
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and parametric point (nz, q) satisfies it. This is in agreement with a more 
accurate analysis made by taking larger number of terms of the Fourier series 
in (6) as a solution of (5). The second order approximation taken in [I, p.123j 
fails to bring out this property. 

Since n1 is nearly unity and the point (n2, q) lies on the characteristic 
curve a, for (8) the solution becomes, in terms of Mathien functions, 

y = C Ce1 (z, q) or C Se1 (z, q) 

Constant C is determined from the initial values. It is clear that the initial 
value of the amplitude is to Satisfy (14) or (19) as the case be for the steady 
oscillations. Hence the initial values of y at z=O are obtained from ( 14) or 
(19). For a more accurate value of the amplitudes one may use the property 
that n2 =a11 hence 

.{2 = 2 (>.+2) (a -a) 
'j/J I 

a1 being given from tables for values of q. A similar manipulation in case of 
8 2 also will hold. For small oscillations A=O and for large oscillations A=O I 

yield good results. 

4. PENDULUM WITH OSCILLATING SUPPORT: 

Next we consider the pendulum with movable support. As shown in [l, 
p. I 33], such a pendulum of length l, with a bob of mass m at the free end is 
suspended from a point on a long flexible cantilever with a large load m1 at 
the free end. If the periodic time of the pendulum is twice that of the bar, the 
amplitude builds up and remains constant, apart from a slow decay due to 
damping. Introducing a damping term motion is given by 

• 
(2 l) 

McLachlan (I] solves this by approximating sin 8 as 

sin () = ()-{)3 /6. (22) 

We shall see that a cublic approximation employing ultraspherical polynomial 
leads to a better i.pproximation. Now on the interval (-A, A} where A is 
amplitude [2] 
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(23) 

We expect to get better results from this approximation since (24) is closer 
to sin (J than (22). We put .. (23) as 

(sin e) * =a0-(3(}3 (24) 

The equation (21) now becomes, 

e" +2ke' +(a-2q cos 2z) (aB-{383 )=0 (25) 

Now seeking 
approximation, 

a subharmonic of the order 2, we develop a :first 

(26) 

Substituting into (25) and equating to zero coefficients of sin~ and cos~. 
one obtains 

(27) 

Droping the cubic terms in A1 and 8 1 , the pair becomes 

(28) 

which gives, 

[ 
· 3a {3 A 2] [ 3a r.i A 2] a(a+q)-I-

4 
a(a-q)-l- '4, +4k2=0 (29) 

that is 
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3a f3 A 2 
aa-1- --==-\/ a.2q2-4k2 

4 

which finally leads to, 

A =-- v q2 ___ + a-2 3 a [·' 4k2 ( 
3a f3 a 

{30) 

~)] {31) 

For A to be real, we must have aq2>4k2 • . This becomes (8), [p. 134 
in I] for a= 1, and /3=!· Getting A 2 from {31) is a matter of some difficulty 
since a and f3 both are functions of A 2 • Their approximate forms being, 
for A=O, 

a=( 1- ~)and f3=! (1- ~) 
384 16 

(32) 

First we get A2 from (31) with a=l. f3=i and find a and f3 from (32}. 
Then use them at {31) to find A2 more accurately. Now letting k=O, with 
O=A sin~. (25) gives, 

o"+[aa-P
2
A

2
(q+a)-2{aq- .8:2 

( q+: )} cos 2~Je=o (33) 

with a= 1, 

(34) 

So the parametric point, for (25) when k=O, becomes 

(35) 

Fora=l, thisis( 1-~ ·~)asin[l,p.135] 

which lies on the characteristic curve b1 for (8). But the point (a, q) will now 
be in the stable region between curves .a0 , b1 in diagram 36 in [I, p. 114] 
since the curve b1 is given by . 

and 

bi= 1 + q 

b-1-q < 0 

This removes the ambiguity in [ J, p. 135, art. 7•413]. 

{36) 

(37) 
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5. STABILITY ASPECTS OF THE EQUIVALENT EQUATION z. 

The stability behaviour of a close equivalent equation forecasts the 
stability behaviour of the original nonlinear differential equation. First we 
consider the nonlinear differential equation . 
. .._\. 

8"+(a__:_2qcos2z) 8+/(0)=0 

The polynomial linearisation off ( 6) will give .. 
[f (8)]* = Po. 

and equivalent linearisation of (38) becomes, 

",., ... , 

Now letting, 

·.·y:'.' O=A(z) cos z+B(z) sin z 

assuming A and B to be slow variables in z =wt, 
t 

(38) 

(39) 

(40) 

(41!) 

such that A" and B" may be negligible. We: get on substituting .(41) A and 
B as variables into ( 40), 

··· ,, (2B'-A) cos z-(2A' +B) sin z+ (a+P) (A cos z+~ sin.t;') 

-q (A cos z-B sin z+A cos 3z+B sin 3z) =0 (42) 

Equating to zero coefficients of cos z and sin z, 

whicq give 

j ' •. 

2 B'-A+A (a+P)-qA = o} 
-2A'-B+(a+P)B+qB =0 

I 

ii4 _ B (a+q-l+P) 
.iB - -A (a+P-1-q) 

Since ( 44) is an equation of the type 
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dy = au + fJ.1 
'• All + a_, 

(43) 

(44) 

j •.. 

(45) 



We apply cntena of stability at the singular points in 9.20 from [1, p. 189], 

. Now a=.a+P+q-1, /3=Y=0, 5'=-[a+P-1-:-q] 

We get a8-/3Y = - (a+P-1)2-q2] 

and 

"Thus we observe, 

(46) 

(47) 

( i) D>O, for q>(a+P-1) or q> 1-a-P, which also makes a8-WY 
+ve. This gives that the sing<llar point is a Col. Hence motion once 
started will be unstable. We may say that (40) will be unstable if 

or P>l-a--q. (48) 

(ii) D<O. q< (a+P-l) and q<-(a+P-1) 

which shows that for stable oscillations, 

P>q+l-a or (49) 

In this case the motion dies out. 

(iii) D=O, since ,B+Y=O, we have a neutral case, ·Oscillations have a 
period 21T in z, This happens when P=q+ 1-a or 1-q-a. 

(50) 
Eqm~tions (43) yield the values of A and B as 

(51) 

B = B
1 

e11.z +B2 e.,.-ILZ • 
where µ = t [q2-(a+P-1)2jf 

Application of (iii) above shows that the amplitude becomes a constant 

and steady state is obtained. 

These conditions arc amplitude dependent and explain Melde's 

experiment where if amplitude is less than a certain A0 the oscillation dies out 
or if greater than A0 the string breaks. While first order analysis and appli
cation of Poincare's criteria leads only to amplitude independent results 

{I, Chap. 9] 
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Exam.pie: 

The determination of the stability of the subharmonic solution 

[ 4f Jl/3 Y= T cos wt, of the forced Duffing's equation, [1] 

y +a.y+f3y3 J cos 3 wt (52) 

where a, ,f3, .. f> o and w2 =a.+3 (f:1.
4

/3 )113 Ieadsto 

Mathieu's equation (8) [1]. As a matter of fact it is of the type (38), but 
neglecting small qu~ntities it reduces to (8). Instead of neglecting small terms 
Completely we construct an equivalent linear equation as before. We substitute 
y+v for yin (52), v being a small change in y. This leads to, 

(53) 

Applying Chebyshev polynomials to approximate f3v3 +3f3yv2 we get, 
A being the amplitude of v; 

·~c w2+3 (13·~
2 )113 

+6 (.8{ 2 )113 
cos 2 (l)t] v+ 

3 ! A!: v=O 

now letting (l)t=z we have, (54) 

rl'+[ l+ 2..(f-f2)I/3 + 3,BA2 + ~(,Bf2)1/3 cos 2z ]v=O 
w2 4 4w2 w2\ 4 (55} 

with q = ~2(!3{
2 )!. Comparing with (40) 

(56) 

that is, a+P> 1 +q which fulfills (49) for stability. 

6. Having compared the polynomially approximated equation analy· 
tically with the Fourier series approximations we proceed to apply the procc· 
dure to any given case. The most general form being 

y"+2ky'+(a-2q cos 2z)y+f (y)=O (57) 
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becomes on approximation, 

y"+29>'+(a+P-2q cos 2z)y=0 (58) 

and letting . =e-kzu (z) this becomes, 

u" +(a+1>-k2 -2q cos 2z)u=0 (59) 

We take (41) as a solution for this where A and B are giuen by their 

values in (51) and µ=i[q2-(a+P-k2-I2)]i. 

This leads to 

(60) 

For the system to acquire a steady state µ.=k and coefficients of A,, 
and B2 ~0 as z-+oo. If µ=k, we have 

(61) 

This gives the initial amplitude to start the system with. For the reality of 
this q>4k2 : 

Example: 

Now if we have a=·9314, b=O·I, q=·l6, k=·OB and f (y)=by3 , we 
shall have, for A=O, 

0·3 P=-(1)2 = ·075 
4 

If we expect that the initial amplitude, A= 1, remains constant since k=q/2 
we take the interval as ( -1, 1). 

a+P-k2 =·9314+·075-·0064=1 

and (59) becomes, 

u"+(l-·32 cos 2z)u=0 (62) 

The parametric point (I, 0·16) lies in the unstable region of Fig. 38, p~ 114 
in (1]. From [5, p. 122], the unstable solution of (62) is 

u=C e·OBz(cos .c-0·021 cos 3z+0·94 sin z-·0175 sin 3z) (63) 
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-kz · . 
and y=e u(z) tS, 

y=C(cos z- ·021 cos 3 z+0·94 sin z-·0175 sin 3z) (6-4-) 

\,\'ith y=A= 1 at t=O and dy =0, C is known = _!___ 
dz 0.97~ 

Discussion : 
• 

Ultraspherical polynomial approximations linearise the nonlinear f(x) 
into a function of the amplitude A, giving equivalent linearised equation so thit 
'a' of the Mathieu's linearised equation is now replaced by a+P. This causes 
two· things {i) it makes the period amplitude dependent which is verified by 
employing the perturbation method, (ii) it makes the parametric point ampli
tude dependent, so that the stability now depends on the amplitude also, as is 
clear from the stability behaviour of Melde's experiment [I. P. 120], If the 
amJ?litude of the prong is less than a certain value say A 0 , the oscillations die 
away or when it is greater than A0 , the amplitude increases till the strmg 
breaks. In the discussions made above the amplitude was small and we have 
used A.=0 for linearising polynomial. We made comparisons of our results 
with those of [l] at various points and have shown that the later are only first 
approximations obtainable on dropping higher power terms involved. Since 
the analytical comparisons are good enough direct numerical applications are 
likely to be quite accurate. We feel it can be safely assumed that even if (l 

3hA 2 .. 
were negative, we may choose b and A, so that n2 =a+ may be pos1t1ve 

2(A+2) 
so as to yield oscillatory motion. 
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I. INTRODUCTION : 

It is generally considered that the genetic information ·in most of the 
complete cells of a complex metazoan organism is identical with that of every 
vther cell. Thus the tremendous diversity of cell phenotypes found in an 
organism must be derived from; ta) cells expressing only a limited amount 
of its full genetic potential and (b) cells expressing different portions of their 
genome. Cell differentiation is based almost certainly on the regulation of 
gene activity, so that for each state of differentiation a certain set of genes is 
active in transcription ( transfer of genetic information from DNA to RNA) 
while other genes remain inactive ·(Britten and Davidson, 1969). It has been 
established in bacteria and viruse~ that DNA is the primary genetic mat_erial 
and that genetic information is expressed through an intermediate messanger 
RNA, which acts as direct template for protein synthesis (Watson, 1969 ). 
A bacterial gene is "active" only when its corresponding messenger RNA is 
produced. Therefore, regulation of gene function depends on controlling the 
synthesis of specific messenger RNA's. Important r;gulatory processes occur 
at all levels of biological organisation. The genes controlling lactose metabolism 

in bacteriophage and Escherichia coli are activated by a specific "Inducer" that 
combines with the repressor, causing the latter to detach from the DNA and 
permitting the messenger RNA to be synthesized (Jacob and Monod, 1961; 
Ptashne, 1967). The formation of messenger RNA for the group of genes 
controlling lactose metabolism is further subjected to inhibition by the 

attachment of specific protein repressors to specific regulatory genes on the 
chromosome. 



The elegance of these ideas and the clarity with which they have 

subsequently been verified in prokaryotes have led their widespread acceptance 

as an explanation for gene reguld.tion in higher organisms. This acceptance 
has been bolstered by the demonstration that the fundamental mechanism of 

information flow (DNA--------+ RNA --------+Protein) in 

higher organism is virtually identical with that in micro-organism. Thus, in 

both cases, DNA is the primary genetic material, genetic information is 
expressed by transcription into RNA, and the codes assigning specific RNA 
triplets to specific amino acids of proteins are essentially indentical ( Marshall 

et al., 1967 ). However, certain features of the structure and function of 

the gfDetic apparatus of eukaryotic cells are very different from 
their bacterial counterparts. These differences raise the possibility that the 

mechanism which regulate gene expression in the two cases may also be 
significantly different. Some of the expremental evidences relating to these 

features are : 

I. Change in state of differentiation in higher organism is often 

mediated by simple, external signal~, as, for rxample, in the action of hormones 
or embryonic induction agents (Tomkins et al 1969; Tomkins and Marlin, 1970). 

2. A given state of differentiation tends to require 

activation of a very large number of noncontiguous genes 
Beckwith, 1968 ). 

the integrated 

( Epstein and 

S. There exists a significant class of genomic sequences which are 

transcribed into RNA in the nuclei of higher organisms but appear to be absent 

from cytoplasmic RNA's or only a small fraction of these ever reaches the 
cytoplasm. 

4. The genome present in higher organism is extremely large, compared 

to that in prokaryotes. 

5. This genome differs strikingly from the bacterial genome due to the 
presence of a large fraction of repetitive nuclotide sequences which are scattered 

throughout the genome (Britten and Davidson, 197 l). 

6. Furthermore, these repetitive sequences are- transcribed in differen

tiated cells according to cell type~specific patterns. 

7. The cells of higher organisms also appear to use more complex 
mechanisms for processing nascent polypeptides than bacteria do. For example, 
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the initial product of translation of the poliovirus RNA seems to be a single, long 
polypeptide chain that is cleaved into the smaller viral components (Jacobson 

and Baltimore, 1968). 

The extent of current interest in regulatory process is documented by 
the many articles and reviews on this su~ject. Recent work on protein synthesis 
and the genetic code has demonstrated the main outline of the pathway by 

which geneic information is transl'l.ted in to the amino acid sequences of 
proteins .. In contrast, the mechanisms which regulate gene expression and 

function are much less understood in higher organisms. It is, therefore, 
proposed to discuss current aspects of gene regulation in eukaryotes with 
particular regard to the operon. The reader's attention is also directed to 

other recent articles on regulation (Epstein and Beckwith 1968), Clever, 1968, 
Martin, 1969, Lewin, 1970). 

II. THE OPERON CONCEPT : 

One of the useful concepts in the study of biological regulation has been 

the concept of the operon, which was formulated in bacteria in three different 
kinds; 1). The clustering on the chromosome of genes that determine the 
enzymes of a biochemical pathway 2). Coordinate repres~ion and depression 
of the enzymes controlled by these clusters 3). Specific regulatory mutations 
which affect the expression of the cluster of genes The crystalization and clear 

exposition of the operon theory were presented by Jacob and Monod ( 1961). 
The operon has also been reviewed by Ames and Martin (1964). Generally 
aceepted characteristics of the bacterial operon are :-

A. CONTROL OF A GENE CLUSTER 

An operon consists of a cluster of genes that are activated or inactiva
ted as a unit 

8. INDUCTION AND REPRESSION 

Certain specific small molecules (inducers or Co-repress0rs) that are 
substrates or products of the metabolic pathway-the enzymes of which are coded 
by the genes of the operon-can cause a rapid increase (induction) or decrease 
(repression) in the rate of synthesis of all the enzymes of the operon. 

Jacob an Monod both of the Pasteur Institute in Paris proposed in 
1961 an ingenious model to explain induction and repression. According to 
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them there are, in general, two types of genes, the structural genes (SG) which 
determine the amino acid sequence in enzyme proteins and the regulator 
gene (RG) which produces a cytoplasmic protein called repressor (R). Opera
tor (o) is considered to be the initiation point at a certain part of DNA adja

cent to structural genes. The operator and structural gene unit is called an 
operon. The RG functions by forming a protein molecule called as repres
sors. Repressors by themselves are assumed to be nonfunctional. However, 
when a' repressor attaches it~elf to an inducer usually a substrate molecule, the 
repressor is assumed to become inactivated and thus connot attach itself to the 
operator and hence does not block the messenger-RNA transcription. In a 
repressible system. the repressor attaches itself to a specific corepressor, usually 
a specific metabolits;, and is assumed to become activated and attaches itself to 
its specific operator gene, thereby blocking the transcription of specific mes
senger RNA. 

C. COORDINATE CONTROL 

The ratio of the amount of an enzyme to that of any other enzyme of the 
same operon is constant for given growth conditions, regardless of the extent of 
repression or induction (Ames and Garry, 1959). 

D. POLYGENIC MESSAGE 

The operon is the chromosomal unit of transcription for the formation 
of a melecule of messenger RNA of the same length as the operon. Experi
ments have shown that transcription of DNA into RNA begins at the operator 
end of an operon (Alpers and Tomkins, l 966) and that translation of messenger 
RNA into protein als.; begins at the operator end of the message (Berberich, 
1966). Since it is known that polypeptide cha'ns are assembled sequentially 
from amino-to carboxyl terminal ends (Maughton and Zintzis, 1962), it 
appears that genes are oriented in sequential order so that the operon end of a 
cistron codes from the aminoterminal end of the corresponding protein 
molecule. 

E. POLARITY 

The polygenic message is translated unidirectionally by ribosomes that 
starts at the operator end. Certain mutations in the genes of an operon, be
sides, causing a loss of function of the affected gene, also cause polarity, a 

relative decrease in the amount of all enzymes specified by the genes located 
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on the side of the mutation distal to the operator (Jacob and Monod, 1961 ). 
Polarity results from the occurrence of either "nonsense" mutations-the poly· 
peptide-terminating triplets UAG or UAA (Yanofsky and Ito, 1966) or frame 
shift mutations (Banks, 1971) which give rise to nonsense triplets as a result 
of the shift in the reading frame during the translation of messenger RNA. 

F. REGULATOR MUTATIONS 

For most operons so far examined, several classes of mutations have been 
discovered which activate the operon in the absence of the low molecular 
weight inducer or co-repressor, usually required. These mutations are of two 
types: (i) The operator constitutive types (0), which maps at the starting end 

of the operon and affects only contiguous genes on the same chromDsome; and 
(ii) the regulator gene type ( e.g.i. in the lac operon) which lies on a different 
part of the chromosome and is recessive to the wild type. Because of these 
dominance relation-ships, it is generally concluded that the regulator genes 
produce a substance, the repressor, which inhibits operon function. The oper
ator is to be the site of action of the repressor. 

G. THE APO-REPRESSOR 

The apo-repressor is a protein since it is able to exist in active or 
inactive forms as the results of its interaction with a small molecule co-inducer. 
This is most readily explaine~ as an allosteric effect, the protein possessing a 

binding site for the operat0r Jhich is affected by the binding of the co-inducer 
at a second, allosteric site. This can also most easily account for the altered 
behaviour of i gene regulatory mutants-is mutants for instance, are those which 
have lost this second, Co-inducer, bindiu~ site. Constitutive regulator mutants 
of both the alkaline phosphatase and lac systems of E. Coli. can be suppressed 
by an external nonsense condon suppressor; this phenomenon is known to be 
exerted at the level of translation into protein. If the apo-repressor protein 
interacts with DNA to prevent transcript10n, rather than with RNA to prevent 
translation, it should bind in vitro to DNA containing its operator, but not to 

DNA lacking the recognition site. 

H. THE PROMOTOR 

When Jacob and Monod proposed their theory of the operon in 1961, 
they suggested that a small segment of DNA, called the operator, located at one 
end of a series of genes, might control their function. This mca.1s that the 
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oprator may possess the distinct properties of both comprising the recognition 
site of the apo-repressor and of initiating the transcription (or possibly transla
tion) of the RNA. This would be the site where RNA polymerase might start 
transcribing the genes of the operon into a polygenic messanger RNA and 
where the repressor protein which controls the structural genes might act to stop 
transcription. However, recent experiments have revealed that the operator 
is not the site for the ;nitiation of transcription, but that some separate locus 
must bear responsibility for this (Lewin, 1970). Later, more mutants of the 

lactose operon of E. coli were identified to divide this region into two parts; 
the operator at which repressor protein binds and the promotor at which RNA 
polymerase apparently binds and starts transcription. A third site has recently 
been added, for the 'f3romotor itself may comprise an RNA polymerase 
binding site and a region "here the cycle AMP system acts to switch on indu
cible operons. All these sites are adjacent, however, in an order which suggest 
simple model for the control of gene expression. The binding of apo-repressor 
to the operator at a site located between the promotor and th"O: structurr\ genes 
suggests that it blocks the progress of RNA polymerase into the operon, and 
thus prevents it from transcribing the structural genes (Arditti et al, 1968). It 
is difficult to investiga£e in vivo the interactions which take place between apo
repressor and operator, and between RNA polymerase and prorr.otor, and 
this system should assist determination of 1he precise mode of action of the 
apo-repressor. Since this segment of DNA contains only a single promotor. it 
should also make possible further investigations in10 the action of the sigma 
factor and the initiation of transcription by RNA polymerase. 

I. SIGMA FACTOR 

Sigma factor is known to be a positive control element in the develop

ment of bacteriophase T 4 , promoting transcript ion of a specific class of T 4 

genes. The ability of E. coli RNA polymerase to tramcribe native DNA depend~ 
on the presence of a protein factor (sigma factor) which is normally found in 
association with the enzyme. The sigma factor acts at the very first step in 

initation, namely the specific binding of the enzyme to the promotor site to 

form a "preinitiation complex" (Bantz and Bantz, 1970). 

The operon concept as developed in bacteria is not easily adapted to 
higher organisms. In higher organisms, however, the uuits of transcription 
and translation are not always of the same length. It is not clear as to which 
aspects of the complex regulatory mechanisms the term "operon" should refer. 
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Transcriptional regulation in animal cells occurs at the level of the activation 

or inactivation of entire chromosomes, large chromosomal segments, and 
possibly smaller units. Besides, translational control at the level of messenger 
RNA, transfer RNA, ribosomal function, and protein synthesis also occurs. 
Selection of messengers, perhaps by their stabilization, could be regularf'd 
because more of the genome is transcribed than actually functions as messenger 

RNA. Biochemir:a! arguments for the existence of operons in animal cells have 
been based on co-ordinate rises and falls in enzyme levels but this type of 
evidence in not very ~ignificant. Despite the difficulty of transferring the idea 
of an operon, it is important to evaluate the role of gene clusters in higher 

organisms. In the operon, genetic linkage doviously allows functionally related 
genes to be activated by a common mechanism. Several examples of operon· 

like behaviour have been discovered in eukaryotes. The 3 genes governing the 

enzy~es of the galactme pathway in yeast are clustered and controlled together 
by several unlike regulatory elements ( Douglas and Hawthorne, l 966 ). 
Three genes of the histidine biosynthetic pathway in yeast are clustered, as are 

5 genes of the aromatic pathway~ in Neurospora (Giles, 1965). 

III. REPETITIVE DNA SEQUENCES AND GENETIC COMPLEXITY;-

Experiments in recent years have demonstrated that the genome of 
higher organisms conta;ns a large amount of order which is manifested as 

repeated nuclectide sequences in the DNA. The possible implications of 
repetitive DNA sequence~ for the mechanism of control of genetic activity in 
higher organism have been considered (Britten and Davidson, 1969). Repetitive 
DNA sequences involv1 d in regulation have also been invoked by Georgiev 
(1969), who has suggested that messenger RNA is transcribed together with 
adjacent repetitive sequences. Large populations of repeated DNA sequences appear 
to be present universally in the genomes of eukaryotes sequences above the fungi. 
Evidence indicates that new families of repeated DNA requences have been inc01-

porated throughout evolution (Rice, 1971). repeated sequence relationship have 
been detected between organisms whose ancestors diverged hundreds of millions 
of year~ ago. For example, 5 percent sequence homology exists between the 
repetitive DNA's of fish and primates, and 10 percet~t between the repetitive 
DNA's of birds and primates. Other lines of evidence also indicate that the 

incorporation of new families of repetitive sequences can occur suddenly on n 
evolutionary time scale. Such sudden replicative events are termed "Saltatory 

replications" (Britten and Kohne, l 968). Although the precise mechanism of 
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saltatory replications is not known, the following processes seem necessary 
(Britten and Davidson, 1971). (I) Many copies are made of DNA sequences 
and appear in the germ cells of certain individuals. (2). The copies are some 
how integrated into the genome so that they are duplicated. (3) Over a 
sufficient period of time they are disseminated throughout the population and 
its evolutionary descendants. Dissemination could result from their association 
with a favourable generic element or simply bfcause of their multiplicity. (4) 
Individual sequences become scattered among many chromosomes and is 
transcribed intimately along the length of the DNA of the genome. (5) The 
growth of the family of repeated DNA is eventually terminated or controlled. 
Subsequently, individual members of the sequence families would diverge from 
each other through base mb~titutions. Also, the length of the recognisable 
related regions is presumably reduced by the events of rearrangement which led 
to their interspersion throughout the genome . 

• 
While this may be an adequate summary of the broad outlines of the 

history of repeated DNA families, there is subtle or no information on func
tion and the resulting selection pressures of repeated DNA sequences in higher 
organisms. Britten and Davidson ( 1971) also commented on possible mechan
ism of saltatory replication, although there is again no useful experimental 
evidence. Four classes of events present themselves as possibilities: 

(i) Erratic behaviour of a DNA polymerase perhaps caught in a closed 
short loop without adequate termination controls; (2) Geometric growth of a 
series of short duplicated sequence due to unequal crossing over; (3) the exces
sive replication of some nuclear element analogous to the episomes of bacteria 
(not yet observed in higher organisms); (4) the integration into the genome 
of many copies of a viral genome or viral-borne sequence. 

IV. THE MODEL OF GENEREGULATION: 

An elegant model of gene regulation in ukaryotes was first advanced 
by Britten and Davidson (1969). Five elements are used in the model. Genes 
which specify cellular products such as enzymes (i.e., are regulated rather 
than regulatory in nature) are termed "Producer" genes. A set of producer 
genes whose products carry out a closely related set of functions is termed a 
"battery". An example of a battery would be the producer genes coding for 
the group of liver enzymes required for purine synthesis, which might well be 
activated simultaneously. The activity of the producer genes of a battery is 
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controlled through the interaction of particular diffusible regulatory molecules 
with a DNA sequence termed the "receptor" gene contigous to each producer 
gene of the battery. Therefore, the genes of a battery may be located at a 

distance from each other, or even occur on different chromosome~. The 
diffusible regulatory molecules of the model are derived from "integrator" 
genes. These regulatory molecules may ba the RNA transcribed from the 

integrator sequences or they may be proteins derived by translation of such 
RNA molecules. In either case the RNA transcribed from the integrator 
genes is reffered as "activator" RNA, since it bears information to be used for 

gene activation. 

There are integrator genes which are transcribed in response to sub

stances arising elsewhere. such as those hormones which affect gene activity. 

These substances are postulated to interact with a "sensor" structure adjacent 
to the integrator genes and thereby initiate transcription. Since such sub
stances in goneral do not have an affinity for particular DNA sequence, the 
sensor structures must include macromolecules serving as specific binding 

sites. 

GENE 

The gene is the basic unit of life, capable of self reproduction which 
is the prime criterion. The word "gene'' remains into use since long time 
though most geneticists do not like using this word any more, but its concept 
has entirely been changing during the last two or three decades. The classi

cal concept of a gene assumed it to be a anitany particle by criteria involving 

each of the three kinds of observations: (i) a gene is a unit of chromosomal 

structure not•subdivisible by chromOSQmal breakage or crossing over, (ii) A 
gene is a unit of physiological function or expression, and (iii) a gene is a 
unit of mutation. The smallest gene element that is interchangeable (but not 
divi~able) by genetic recombination is termed as "Recon". The ·'mution" is 
defined as the smallest' gene element that, when altered, can give rise to a 
mutant form of the organism. The "cistron" is considered to be a genetic unit 
of func6on sub-divisable into ultimate units of recombination or recon. How
ever, the more recent difinition of the gene considers it to be a region of the 
genome with a narrowly definable or elementary function. It need not contain 
information for specifying the primary structure of a protein. 
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. PRODUCER GENE 

A region of the genome transcribed to yield a template RNA mole
cule or other species of RNA molecules (except those engaged directly in 
genomic regulation) is known as producer gene. This term is used in a manner 
analogous to that in which the term "structural gene" had been used in the 
context of certain bacterial regulation systems. Products of the producer gene 
include all RNA's other than those exclusively performing genomic regulation 
by recognition of a specific sequence. Among producer genes, for example 
are the genes on which the messenger RNA template for a hemoglobin subunit 

is synthesized, and also the genes on which transfer RNA molecules are syn
thesized. 

RECEPTOR GENE 
• 

A DNA sequence linked to a producer gene which causes transcription 
of the producer gene to occur when a sequence spicific complex is formed bet· 
ween the receptor sequence and an RNA molecule (called an activator RNA). 
A receptor complex may include the DNA, histones, polymerases, and so forth. 
This model is concerned primarily with interrelations among the DNA sequen
ces present in the genome. 

ACTIVATOR RNA 

The RNA molecules which form a sequtnce-specific complex with the 
receptor genes linked to producer genes. The complex suggested here is bet
ween native double stranded DNA and a single-stranded RNA molecule. The 
role proposed for activator RNA could well be carried out by protein molecules 
coded by these RNA's without charging the formal structure of the 
model. 

INTBGRATOR GENES 

The function of this gene is to synthesize an activator-RNA. The term 
integrator is intended to emphasize the role of these genes in leading, by way 
of their activator KNA' s, to the co-ordinated activity of a number of producer 
genes. A set of linked integrator genes is activated together in response to a 
specific initiating event, resulting in the concerted activity of a number 
of producer genes not sharing a given receptor gene sequence. 
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SENSOR GENE 

A gene sequence serving as a binding site for agents which induce the 

occurrence of specific patterns of activity in the genome is called sensor gene. 
Binding of these inducing agents is a sequence specific phenomenon dependent 
on the sensor gene sequence, and it results in the activation of the integrator 

gene or genes linked to the sensor gene. Such agents include, for example, 

hormones and other molecules active in intercellular relations as well as in 
intracellular control. Most of them will not bind to sensor gene DNA, and 
an intermediary structure such as a specific protein molecule will be required. 
This structure must complex with the inducing agent and must bind to the 

sensor gene DNA in a sequence specific way. 

BATTERY OF GENES 

These are the set of producer genes whose products carry out a closely 
related set of functions. A particular cell state will usually require the operation 
of many batter.es. Batteries are vital to gene function and gene regulation. 

An important function for repeated DNA sequences in higher organisms 
has been emphsized by this model. It appears that the existence of gene control 
functions in the cell ( which can hardly be denied ) logically requires the 

existence of repeated DNA sequence in the genome. The only way in which 

this implication could be totally avoided would be, to propose that all gene 
regulation operates through a kind of "falling domino" process in which each 
gene activates or represses a single other gene (Britten and Davidson, 1969). 

If, on the other hand, one regulatory gene is assumed to affect more than one 
regulated gene, then regions of sequence similarity which provide the molecular 

basis for the recognition process are implied among the regulated genes. This 
argument in itself suggests that souie posts of the tramcription from unrepeted 

sequences which is experimentally observed is likely to be involved in cellular 
control process. 

NON-REPETITIVE DNA AND GENETIC COMPLEXITY :-

The term "complexity" is useful to express the amount of diverse DNA 
sequence in a given preparation and it is defined as the number of nuclotide 
pairs present in a single set of all the diverse sequenceJ. In other words, the 

complexity is equal to the genome size as long as repeated sequences are absent. 
If repeated sequences are present an abvious extension is to count all of the 
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nucleotide pairs in a single copy of each of the repeated sequences. This is an 
apparently simple definition. However, the repeated sequences are rarely 
identical to each other.• A very wide range of degrees of similarity or difference 
occurs among the members of most sets of related sequences. No direct evidence 
is available to show that the relationships~ among the members of the set of 
sequences are actually used be the organism, although there are theoritical 
reasons (Hood et al., 1970; Britten and Davidson, 1969) for believing that they 
may be. In the cases of salmon (Britten and Kohne, 1968), \iVheat (Bendich 
and McCarthy, 1970) and the urodele Necturus (Strauss, 1971), more then 80 
percent of the genome appears to be repetitive at the custom1ry experimental 
criteria. However, other conditions part:cularly less stringent criteria, may 
supply unexpected insight into the history and patterns of occurrence of repeated 
DNA (Britten and Davidson. 1971). 

The most direct approach to wards an assessment of the function of 
non-repeated DNA is through measurements of transcription of RNA from these 
sequence fractions. It is known that repeated sequences are transcribed into 
RNA, although it is not known how many of the individual member sequences 
of a set are transcribed. The complexity of the DNA which is obser,,ed to be 
transcribed yields a lower limit for the functional complexity of the genes 
expressed in any given circumstances. For newborn mice (Gelderman and Rake, 
197 l) it appears that more than 12 percent of the none-repetitive sequences in 
the genomes are transcribed, and thus the functional complexity of the mouse 
genome at this stage is at least 4 x 108 nucleotide pairs. This very large 
number is not yet interpretable, since if all of this RNA were messenger it would 
code for nearly a million different hemoglobin-sized proteins. Other measure
ments (Devidson and Hough, 1971) indicate that the RN A Ho red in the occytes 
of Xenopus represents at least 1.2 percent of the non-repetitive DNA. The 
complexity of this RNA is such that it could code for 40,000 different 
hemoglobin:sized proteins. Thus, it appears that a significant portion of the 
potential information content of these genomes is actually expressed. It is 
important to note that in the Xenopus occyte, many more copies are present of 
repetitive sequence transcripts than of non-repetitive sequence transcripts. 
This observation suggests a functional distinction between the repetitive and 
non-repetitive sequences and of course for the RNA transcribed for them. 

HORMONES AND GENE EXPRESSION 

Cell differentiation involves drastic changes in cell metabolism. The 
synthesis of many proteins is stopped and that of new ones is begun. This 

100 ] 



type of regulation could be called ".Macroregulation" in c<l!ntrast to "Microregu
lation", where the synthesis of a particular protein, or set of genes in an 
operon, is specifically regulated by induction (or derepression) and repression, 
accordjng to Jacob and Mo nod (1961). There is no doubt that the principle 
of microregulation operates in cellular differentiation. A hormone is an 
effector molecule produced in low concentration by one cell which evokes a 
physiological response in another. Thus, hormones are extracellular compounds 
and they act at a different site other than the site of their production. In 

multicellular organisms a "second messenger" or adenosine 3'-5'- cyclic 
phosphate ( cyclic AMP ) is responsible for action of those hormones that 
stimulate its synthesis. 

Cyclic AMP 

Cyclic AMP acts as a positive allesteric effector for the synthesis 

of various proteins involved in phosphorylation (Tomkins and Martin. 1970). 
The hormones which influences cyclic AMP is called first messenger as it is 

transcribed by the genes. In vertebrates, numerous classes of chemically 

unrelated compounds such as polypeptides, amino acids, amines, fatty acid 
derivatives, and steroides have hormonal activity. Certain of these substances 
probablya re themselves the primary intracellular effectors wherea sothers clearly 

function at the cell surface where they activate the membrane-bound enzyme, 

adenyl cyclase, and thereby stimulate the production of cyclic AMP from ATP. 

(Sutherland et al. 1968 ; Robinson ct al. 1968). A cyclic AMP-dependent kinase 
has been found in muscle, brain, and a number of vertebrate and inver

tebrate tissues (Miyamoto et al. l 969; Kuo and Greengard, 1969). The macro
molecular substrates for the kinase reactions are either enzymes or structural 

proteins such as histones.Histone phosphorylation permits increased transcription 
specific genes, which accounts for the cyclic AMP-and glucagon-mediated induc
tion of liver enzymes (Wicks et al., 196~). In addition to affecting gene transcrip
tion,cyclic AMP can also promote messenger RNA tramlation since its timulates 
the fromation of tryptophanase in E.coli (Pastan and perlman; 1969). Several 
lines of evidence using inhibitors of RNA synthesis or mutants in the promotor 

region suggest that cyclic A1v1P specifically stimulates the initiation of trans
cription of the operon. Cyclic· AMP may also regulate the translation of 
messenger RNA's perhaps by stimulating the phosphorylation of certain 
components for example, ribosomes initiation factors etc , involved in protein 
synthesis. The regulatory role of cyclic AMP in prokaryotes, however, suggests 
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that the cyclic AMP could have been the evolutionary precursor of hormonal 
control in higher organisms. 

TRANSCRIPTIONAL CONTROL 

It is generally agreed that the fundamental cellular action of the 
hormones is the stimulation of certain proteins, and it appears that a specific 
hormone-receptor protein complex is involved in this effect. Receptor proteins 

are found in each target tissue, associated both with the cytoplasm and the 
nucleus. They appear to be heat labile proteins with sedimentation coefficients 
of 8 to l 0 s at low ionic strength and 3 to 5 s at ionic strength greater than 
that of 0.3 M Kcl, (Fang et al, 1969). Little is known about the mechanism 

of interaction of hormone with receptors. "Two step" mechanisms for hor
mone interaction with a target tissue has been proposed (Tomkins and Martin, 
1970). The first step involves the interaction of hormone with its specific cyto

plasmic receptor. The second step is the transfer of the hormone receptor 
complex to the nucleus. The hormones are supposed to act as inducers by 

antagonizing specific gene repressors (frequently identified as hist:mes or other 

chromosomal proteins) thereby increasing the rates of synthesis of specific 
messenger RNA's. The arguments in favour of this view, aside from the ana
logy with prokaryotes are : ,(a) Steroid hormones administered in vivo cause 
iucreased rate of labelled precursor incorporation into RNA (Hamilton, 1968) 
(b) chromatin isolated from hormone treated tissues shows increased template 
::ictivity when used to direct RNA synthesis in cell-free preparation. (c) Hor
monal induction is inhibited by inhibitors of RNA synthesis. (cl) New species, 

or increased concentrations of pre-existing species, of RNA appear in hormone
treated tissue (Church and MeCarthy, 1970). (e) Nuclear localisation ofsome 
steroid hormones and their binding to chromatin (Haussler and Norman, 1969) 
are frequently observed (f) Chromosomal "puffing" of specific loci occurs 

in polytene chromosomes from ecdysone-treated insect larvae. Taken together 

these results constitute a strong argument in favour of a primary action of the 
hormones in facilitating gene transcription. At present, most of the evidence 
suggests that the accumulation of specific RNA's accounts for enzyme 
induction. 

POST-TRANSCRIPTIONAL CONTROL 

In addition to the arguments that steroid hormones control DNA 
transcription directly, the possibility has also been considered that they may 
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function by regurnting post-transcriptional events m gene expression. Hor

monal control ofpost-transcriptional processes was first suspected because of· 
the "Paradoxical" stimulation of induced enzyme synthesis produced when 
inhibitors of RNA synthesis were adminstered to rats previously injected with 

cortisol (Garren et al., l 964). A model proposing that gene expression is con
trolled both at transcriptional and post-transcriptional levels has recently been 

advanced (Tomkins and Martin, 1970 ). This model involves two genes, a 

structural gene (G•) and a regulatory gene (Gr) which in dividing cells have 
two possible states of activity (Fig. l). During the inducible periods of the cell 
cycle both genes are transcribed actively whether or not the inducer is present. 
In the non-inducible periods, both genes are inactive and connot be activated 

by the hormone inducers. During the inducible periods (when both genes are 

active) transcription of the structural gene messenger RNA is inhibited by a 

labile post-transcriptional repressor (R), a product of the regulatory gene. The 
hormones are known to induce enzyme synthesis by antagonizing the post-trans 
criptional repressor, therby stabilizing active mssenger RNA and promoting 
its accumulation. The evidence for a harmone-insensitive control over gene 
expression comes from the fact that the steroids connot stimulate enzyme syn
thesis during the noninducible periods. The exact mechanism of this inducer

insensitive regulation is unknown, although it is presumed to be at the level 

of gene transcription and to be specific rather than general. 

INDUCIBLE PHASES 
of Cell Cycle 

NON-INDUCIBLE PHASES 
of Cell Cycle 

GS GR. 
xxxx xxxx 
llllllllll lllllllll 

Fig. 1. Theory of homonal enzyme induction in higher organisms. 
The configuration shown on the left is assumed to exist during the inducible 

phases of the cell cycle (late G1 and S), while that on the right, during the 
non-inducible phases. The G• refers to the structural gene for the inducible 
enzyme, while Qr refers to the regulatory gene. During the inducible periods, 
G• is transcribed and the resulting messenger RN A, M, can be translated to 
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form the enzyme. The Gr is likewise transcribed and its product is the labile 
post-transcriptional repressor, R. R combines with M to produce the inactive 
complex MR which leads to M degradation. R itself is labile, a~ shown by 
the arrow leading way from it. The figure shows that inducer some-how in
activates R. During the noninducible phases of the cycle, neither G• nor Gr is 
transcribed, but pre-existing M can be translated. (after Tomkins et al., 1969). 

VII. CONCLUSION : 

In this article several questions on the nature of the mechanisms respon
sible for gene regulation in higher organisms have been discussed. The operon, 
defined in prokaryotes, is a group of contiguous genes which, on derepression, 
are transcribed into a single strand of messenger RNA. Both translation and 
transcription "proceed from the operator end of the operon. Recent results 
indicate lhat the operator is not the site for the initation of transcription, but 
a separate locus called the "promotor" must bear the responsibility for this. 

This locus could be the site where RNA polymerase is recognized and comme
nces transcription. Furthermore, a protein factor more recently termed as 
"sigma" factor acts at the very first step in initiation of transcription. It helps 
in the binding of RNA polymerase to the promotor site to form a "preinitiation 
Complex" for transcription. Mutations to the triplets for chain termination 

in any of the genes of the operon cause polarity, a reduction in the activity of 
genes distal to the operator, as a consequence of the translation of the polygenic 
messenger RNA as a unit. Operon function is controlled hy two sorts of genes, 
operator genes and regulator genes. In higher orgnisms however, the units 
of transcription and of translation are not always of the same length as in micro
organisms. Since the chromosomal DNA is confineci to the nucleus and pro

tein synthesis occurs largely in the cytoplasm, the process of transcription and 
translation are physically separated. Recent experimental information claims 
that the genetic material in higher organisms contain repetitive and non

repetitive DNA sequences. The significance of both repectitive and non
repetitlve sequence with regard to their specific function has been considered. 
A new model of gene regulation consisting of five elements; producer gene, 
receptor gene, activator RNA, integrator gene, sensor gene, and battery of 
genes, in eukaryotic organisms has been described. The Major events in evol

ution may have required changes in patterns of gene regulation.These changes 

most likely consist of additions of novel patterns of regulation of the reorgani
sation of pre-existing patterns in prokaryotes. The appearance of new struc-
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tural (producer) genes may represent a minor part of the changes involved. 
The model supports the motion of the theory of gene regulation, that gene 
activities may be co-ordinated in higher cell genomes, and provide a frame
work for considerations of the nature of change in the regulatory programmes 
The elements of the model taken together appear to have the potentiality of 
establishing a pattern of gene regulation which determine a particular cell 
state, and probably are sufficient to establish an orderly process of development 
leading to the full set of cell types and states of an orgnisms. 

It is recognised that differential control of gene action accompanies 
the orderly sequence of events in the development of eukaryotic organisms. 
This control is accomplished throuth 1various cellular mechanisms. Basic to 
all of them, however, are those genetic systems that serve to initiate or progra
mme the gene sequences. The manner in which hormones help in gene expre
ssion during the course of the development of an organism is discussed. The 
facts that hormones localize in specific organs and are concentrated and retained 
by these organs suggest the existence of specific "receptor" substances in target 
cells capable of recognizing a particular hormone. Certain of the hormones 
probably are themselves the primary intracellular offectors, whereas others 
f ,inction at the cell surface. The major question about the mechanism of action 
of these hormones has now become that of the intracellular action of cyclic 
AMP itself. In multicellular organisms cyclic AMP is a positive allosteric 
effector for the phosphorylation of various proteins by ATP. 

VIII SUMMARY 

Pertinent problem<> concerning the nature of the mechanisms responsible 
for gene regulation in higher oranisms have been discussed. The operon concept 
as applied to both prokaryotic and eukaryotic organisms for functioning of the 

• gene has been elaborated The significance of both repetitive and non-repetitive 
DNA sequences is enumerated. A new model of gene regulation consisting of 
five elements; producer gene, receptor gene, activator RNA, integrator gene, 
sensor gene, and battery of genes has been described. The element of this 
model possesses the potentiality of establishing a pattern of gene ragulation 
which de•ermine a particular cell state and types. Some aspects of the mecha
nism of action of hormones through transcription or post-transcriptional regula
tion of gene expression have also been discussed. 
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The flowers of Bombax-malabaricum are highly reputed for curing 
various ailments1 • No work seems to have been done on this plant, except the 
recent report of a rhamno-arabinogalactan from the stamens of its flowers 2 • 

To the present. commun.ication we record the isolation and characteris· 
ation of two flavones and a phytosterolin from the flowers of Bombax
malabaricnm. 

The l % hydrochloric acid and cold methanolic extracts of petals of the 
flowers· on concentration deposited a solid mass which was defatted with petrol 
and then extracted with ethyl acetate yielding two flavones, Cfhey were separa
ted by thin layer chromatography and finally crystallised from acetone having 
m.p. 280° and 294° respectively. The structural studies of these flavones were 
performed by various colour reactions. 3-10, degradative and spectral studies 
11-1 7 • Finally the structure of these two ftavones were confirmed by the pre
paration of their acety lated derivatives, m. p. 118° and 216° respectively, superim
position of IR and cochromatography with authentic samples as 3,5, 7 ,4' tetra 
hydroxy flavone (Kaempferol) and 3,5,3',4' tetra hydroxy quercetin 7-methyl 
other (rhamnetin). 

Similarly the ethanolic extract of the stamens of Bombax-malabaricum 
flowers on concentration deposited a solid substance which was defatted with 
light petrol and then extracted with Ethylacetate yielding a white compound. 
It was crystallised from methanol-pyridine as shinning needles, m.p. 286-288°. 
The structure of the compound was established on the basis of colour reactions 
and degradative studies as ,8-D-glucopyranoside of ,8-sitosterol. 



Experimental 

ISOLATION AND PURIFICATION OF COMPOUNDS 

The 1 % hydrochloric acid and cold methanolic extracts of fresh petals 
of the flowers on concentration deposited a solid mass which was defatted with 
petroleum ether (40-60°) and then extracted with ethylacetate yielding to flav• 
ones designated as A & B. They were separated by thin layer chromatography 
using silicagel-G and ethyl-acetate saturated with water as a solvent system 
system and !finally crystallised from dry acetone having, m.p. 280° and 294° 
respectively. 

Similarly the ethanolic extract of the stamens of Bombax-malabaricum 
flowers on concentration deposited a solid mass which was defatted with petro
leum ether ( 40-60°) and then extracted with ethyl acetate yielding a white 
mass. It was found to be single entity which was crystallised from methanol-

pyridine as shinning needles, m.p. 286-88°, [ a. J D30
-128° in pyridine. 

STUDY OF COMPOUND A : 

C 15H 100 6 , m.p. 280°, crystallised from acetone as yellow crystalline 
substance, was found to belong to flavone group of colouring matters as it gave 
positive Shinoda test 3 and other colour reactions 4-1 o. It yielded a tetra 
acetyl derivative, m.p. 118° and tetra methyl derivative, m.p. 216°. On oxid~
tion it gave p-hydroxy benzoic acid, m.p. 21°, w~ich showed that side phenyl 
ring contains only one h~droxyl group. The >.. max (shift 11-1 7 and Rf 
values given in table 1 established the structure as 3,5,7,4' tetra-hydroxy fta
vone (Kaempferol). Finally, it was confirmed by superimposition of IR and 
cochromatography with authentic sample. 

STUDY OF COMPOUND B : 

C 16H 12P 7 , m.p. 294°, crystallised from dry acetone as golden yellow 
substance, was, also found to belong flavone group of colouring matters, it 
yielded a tetracetyl derivative, m.p. 182°. On demethylation it gave a com
pound which was found to be identical with quercetin, m.p. 315° on the basis 
of m.m.p. and co-chromatography with authentic sample. On oxidation it gave 

protocatechuic acid, m.p. 190° which showed that the phenyl ring contains two 
hydroxyl groups. The >.. max (shift) 11-1 7 and Rf values given in table l 
established the structure as 3,5,3', 4' tetrahydroxy flavone 7-methyl ether 
(Rhamnetin). Finally, it was confirmed by IR and cochromatography with 
authentic sample. 
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'l'A8LE 1 

Rf in Solvent >..max in 

Et-OHi Et-OH/ Et-OH/ Et-OH/ I Et-OH/ Et-OH/ 

S.N. COM- AICI 3 NaOEt NaOAc H 3 B03/ Mg+Hcl 
POUND (a) (b) 

A=i Shift A m»I Shift A ma~ Shift 

NaOAc 

A. maxi Shift 
A. max Sh~ft 

1. A 0.81 0.61 267, 428 59 343 16 332 13 385 16 520 140 
369 

2. B 0.71 0.38 257, 430 50 - - 380 No 395 15 540 160 
380 

3. Demethy-
lated 

{B) 0.75 0.41 372 432 60 - - 386 14 393 21 536 156 
• 

(a) Butanol t Acetic acid : water (4:1:5 v/v) system. 

(b) Acetic acid : Hydrochloric acid : water (30:3:10 v/v) system. 

--~ 



Table 1 

STUDY OF PHYTOSTEROLIN : 

C35H 600 6 ' m.p. 286-288°, [ a ] J0-in pyridine. It was crystallised 

from Me-OH-Pyridine as shinning needles. It formed a tetra-acetate, m.p. 

138-140° (Me-OH-CHcl 3 ), [ a J J0-120° (CHcl 3 ) Hydrolysis of the phytoste

rolin with boiling 8% hydrochloric acid in methanol for IO hr. give glucose 
(I mole) which was characterised by PC in BAW (4:1:5 v/v) with an authentic 
sample and through osazone formation m.p. 202-204°. The• aglycone was crys-

tallised as shinning flakes m.p~ 124-125°, [ a J D30_37° (CHcl 3 ). It was fin

ally identified as ,8-sitosterol by direct comparision (m.m.p.,T.L.C.,TR.) with 
an tuthentic sample. Hydrolysis of the methyl ether of phytosterolin yielded 
,B-sitosterol and 2,3,4,6 tetra-0-methyl-D-glucose (1 mole). Periodate oxida
tion studies also indicated the presence of I mole of glucose in the phytoste
rolin. The glycoside was hydrolysed with emulsin, thereby indicating a 
,B-glucosidic linkage between glucose and sterol which is further supported by 
negative optical rotations or the phytosterolin and its derivatives. 
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ABSTRACT 

The thermoelastic equilibrium of an infinite solid containing a q lind
rical cavity and two strip cracks situated symmetrically on a diametral plane 
of the cavity, is investigated. It is shown that the problem is equivalent to one 
finding distribution of thermal stress in an infinite two dimensional n1edium 
containing a circular hole and two Griffith cracks. By making suitable repres
entations for the complex potentials occuring in the equatiuns of thermoelastic 
equilibrium, the problem is reduced to a set ohriple integral equations with 
trigonometrical kernels. They are solved by using the technique of Finite 
Hilbert transform. Finally, the analytical expressions for quantities of physical 
interest are also found. 

1. INTRODUCTION : 

Recently the authors [I] have studied the Problem of determining the 
distribution of thermal stresses inside an infinite cylinder containing two strip 
cracks. It has been noticed that there is concentration of stresses and tempera
ture at origin. The damages in the elastic material due to this phenomena 
can be avoided by creating a hole at the origin. The problem of a hole and 
two coplanar Griffith cracks is studied here. It is equivalent to the problem 
of determining the thermal stresses inside an infinite solid containing a cylind
rical cavity and two strip cracks. The method of solution is a direct extension 
of the corresponding elastic problem [2). 



2. FORMULATION OF PROBLEM : 

We shall consider the temperature and displacement fields in an infi
nite elastic solid containing a cylindrical cavity and two strip cracks lying 
symmetrically on a diametral plane of cavity. The material of the solid is 
supposed to be homogeneous and isotropic with regard to both thermal & 
mechanical properties. The modulus of rigidity of the solid is denoted by µ. 

and Poisson's ratio by 11: The two dimensional problem is considered within 
the limits of the classical sheory of infinitesimal elasticity. If we use cylindrical 
polar coordinates, the cylindrical cavity ls supposed to occupy she region 
r=P <a < b, 0 ~ () !S;.,211", - oc < z < oc with the axis of the cylinder 
being z - axis. The two strips cracks occupy the region a < r < b, () = O, 11' 

and - o:: < z < ex::. The state of stress in the solid is created by same tem
perature along the whole length of cracks so that the thermal stress field is the 
same in all the planes perpendicular to the axis of the cylinder. The above 
said problem is thus f!quivalent to one of finding the distribution of stress 
in an infinite two-dimensional medium containing a circular hole and two 
Griffith cracks situated symmetrically on a diameter of the hole. The displace
ment vector U, for symmetrical deformation, is taken to have components 

( ur , u
8

, 0 ) and stress tensor (u rr, u 
88

, u r(}) The boundary condi-

tions to be satisfied on () = 0 are 

u ()() (r,8) =0 ,a<r<b (2.1) 

er ,
0

(r,O) 0 ,P<r< co (2.2) 

u
8 

(r,8) =0 , r > b, P < r < a. (2.3) 

Since temperature on the surface of the crack is prescribed we have 
on 8=0, 

T (r,11) - T (r) 

oT (r,O) = 0 
r '()(} 

(2.4) 

, P < r < a, r > b. (2.5) 

Further, the lateral surface of cylindrical cavity is supposed to be free of 
traction and is kept at zero temperature. Hence 

CT (P,O) = CT (} (P,O) = T (P,0)=0, 0 ~ () ~ 11"/2. rr r (2.6) 
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In addition, we have on (} = 7r/2 

err() (r;rrf2) = u () (r,'11'/2) = T (r,'11'/2) = 0, for all r. (2. 7) 

3. THE EQ.UATIONS OF EQ.UILIBRIUM FOR THE THERMOELAS
TIC FIELD. 

We quote from [ I J the basic equations for two dimensional isotropic 

elasticity in presence of temperature field. If r,() are polar coord;nates and 

i(J - -i(} z= re , z = re , then 

P.(u, + iu()) = [k<t>(z)-<t>(z) - (z- z) q,• (z)----;;;--rz)]e-i()+ (v,,+! v,8) 
(3.1) 

crrr + cr80 = 4[ cf>' (z) +"1' (z) J - 2KT (3.2) 

er,, t icr,0= 2[i1>' (z) +cf>' (z) ]- 2 [ (z-z) cf>• (z) + w' (z) ]-e-2
i8-KT + 

+[cv, - J_ v, --rr r r ,2 - 2i ( _!_ 
. ,i v, - ..!. v, IJ ) J (3.3) () r r 

,,. 80 - iu r() = 2 [ <P' (z) + cf>' (z) ] + 2 [ (z - z) cf," (z) + w' (z) ]e-2 i() -KT-

where µ. is the modulus of rigidity, k = ( 3 - 411 ) for plane strain and 
k = ( 3-'l ) / ( I +ll ) for generalized plane stress; ~ being Poisson's ratio. 

E 
K = ~ for plane strain and K = E t for plane stress; E being Young's 

l~ a 

modulus and at the coefficient of linear expansion of the solid. T (r,(I) is the 

prescribed temperature field and v (r,8) is a potential function satisfying the 

equation 

\./ 2 v =KT (3.5) 
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2 _ a 2 1 a I a2 

where \l = ar2 + r a-r+ r2 (](}:&. 

The temperature field in the solid is determined by the Laplace equation 

\7 2 T=0 (3.6) 

in the steady state and in the absence of heat source. The appropriate exprcs· 
sion for T satisfying (3.6) in the region under consideration, i.e. an infinite 
medium with a circular hole, is given by 

co co 
T (r,(}) = f A (~) .-~r sin(} cos (~r cos(}) dS + ;=o an ,-n cosn8. (3.7) 

0 ~ 

With this choice for T.(r,O), the appropriate expressien for v satisfying (3.5) 
can be written a~ 

K f co A (~' -~, sin 8 
v (r,(}) = - ~ •

0 
7 (l +~ r sin 8) e cos (~r cos O) d~ -

-n+ 2 cos n(}. 
r 

(3.8) 

The expressions for complex potentials cb (z) and w (z) occuring in (3.1) to 
(3.4), we quote from the corresponding eleastic problems already solved 
by the first two authors [2]. These are 

co co c 
cb (z) = f i B W ei S z d ~ + }; _n_ x -n-l 

o n=o n+l 
(3.9) 

co 
w (z) - 1: (3.10) 

n=o 

The expressions for components of nisplacement vector and stress tensor 
can be found by substituting the values T (r,8), v (r,O), cb (z), w (z), and their 
corresponding derivatives in (3.1) to (3.4) and, then separating the real and 
imaginary parts. 
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THE TEMPERATURE FIELD : 

The temperature field satisfies conditions (2.4) and (2.5) on 8=0. These 
give rise to the following set of triple integral equations to desermine the 
unknown.function A (~) occuring in T (r,B). The intt"gral equations are : 

Jco Am cos ~rd~= 0 , P < r <a 

0 

Jco ..4_ if) cos ~rd~ - ; P (r), a < r < b 

0 

00 f A m cos ~r d~ = 0 , r > b 

0 

where 

2 co 
P (r} = --; [ T (r) - ;=o -n l a r n . 

l 

f 
(4.1) 

J 

The solution for such a set of triple integral equations was found by 
Srivastava and Lowengrub [3] by utilizing the Finite Hilbert transform tech· 
nique. Hence, quoting the result from [3] we obtain 

f b h ( t2 ) 
A a) = -,- ( I-cos ~t) dt 

a 

where the unknown function h (t 2 ) is determined from the condition .. 

Here C' is an arbitrary constant to be found from the condition 

{4.2) 

(4.3) 

(4.4) 
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' .. 

To complete the solution, we satisfy the boundary condition 
T (P,O) = 0, 0 ~ I} ~ rr/2. This gives us a relationship between the un
known function h (t 2 ) and the coefficient a • n 

Thus, T ( P ,&) = 0 yields 

co 

Jog (P/t) + ;= 1 - 2-;;-
(P/t) 

10 
cos 2n(} J h ~t 2 ) dt + 

a 

a p-:n 
20 cos 2n(} = 0. 

The above equ~tion tells us that all odd coefficients a20+1 are zero 

and even coefficients are given by 

and 

J b h (t2) 
0 9 ::m -, log (P/t) dt 

a 

f h l { p2 Zo 

aSD == 2n t } 
a 

h (t2 ) 

t dt, n > I. 

(4.5) 

(4 6) 

Substituting the value of the coefficient in the expression for P (r), 
we find that 

2 [ · Jb h (x2) ] P (r) ==- --;- T (r) + }{ (x,r) N (~·,r} '---;-- dx {4.7) 

a 

where 

~ 1 ~~)lo 
J( (x,r) =- - log (P/x) - ~ ( -n=l 2ii . rx 

or 

J( (.i,r} - r ~ (1-Pfx)• + ~ y 2n J - l n=l n •=l 2n] · 
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M (x2 , t 2 ) = I . [ !!:... log ( P/x) +( B+ 
2 ~ b) P.

4 
+0 (pa)] 

rr s ( t~ ) x t2 x·" 

4 a b - l [ 2 ( 2 h2 ) J 
a = log l-~ } ' (3 = 2 a b a+ a + . 

b+a 

The equation (4.10) is a Fredholm integral equation of the second kind. 
If we observe the kernel M (x 2, t2) carefully, we find that it has got weak 
sigularities at the end points. Inspite of this, all fundamental Fredholm 
theort'ms are applicable if they are stated in a suitable manner. This will be 
shown by the reduction of (4.10) to a Fredholm integral equation with a 
bo11nded L2 (a, h) kerrtel. Writing (4.10) as 

{4. 1 I) 

where 

Thefirst termontheright hand side of(4.ll) is easily showntobe 
bounded. Further R (x 2 , ! 2 ) is also bounded with respect to the variable t. 

The variable x will now be replaced by e. by writing x~2 sin2 O+h 2 cos:i e. 
With this transformation ( 4.11) reduces to 

(4.12) 

This is a Fredholm intehral equation with bounded L2 (0, tr/2) kernel 
Thus a solution of (4.10) is equivalent to the solution of (4.12) in ordinary sense. 
Consequently we conclude that the Fredholm theorems are valid for (4.10). 

We now solve the Fredholm integral equation ( 4.10) by the method of' 
successive approximations. Let the first approvimation be 

( 4.13) 

The second approximation is obtained by substitutng ( 4· 13) on the 
right sibe of ( 4· 10) and so on. We shall now comider the physically impor• 
tant case when the crackes are opened by constant temperature i.e. T(r)=T. 
[n this case, we obtain 
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where 

P a T 
-~~• P-=-
S (t~) 7T (4.14) 

a.log (P/x)+( f3 + 2ab/t 2 ) p4fx2 +0(pB)dx 
x { (x2-a2; (b2-x~) H 

{4.15) 

+ a log P (a+b) , 
'Iib 2ab a 2 

The third approximation is 

The higher approximations can be obtained by continuing the process. 
In deriving (4•15) and (4•16) we have used results (12) and (13) of the 
appendix. 

The expressions for the temperature field can be easily derived, they • 
are 

co 
T (r, 0) = f A U ) 

.J ~ 
0 

c:> 
cos ~r. df + E an r-0 

n=o 

j .b 
log I l -t t2 /r2 I ~ _2a 
~~-~__, k (t 2 ) dt +.:. a 2n r 

ii=O (l 

(4.17) 
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using results (14) and (15) of the appendix, we obtain 

I
r a T[ 2 {!31+ (/32+a1a2f3)P4} log a Y(b2 -r2)+b v(a2-r'!)+ 
I 2 ab r (a+b) 

I
I +(2 + 2 (R-:a b) + a2+b2{ lo (h-a) + 

r2 ab g h+a 
I 

II loga2(b2-r2)+b2(a2-r2)+2 abR})a a p4+0 (P8)+Q.(r) J 
,2 (b2-a2) l 2 , 

• 
P<r~a 

T (r, 0) = T (r)=T, (4.18) 

I 
_a T[ 2 { /31 +(.B2+a1a2f3)p4} log a v(r2-b2)+hv'(r2-b2)+ 
2 ab r (a+b) 

I+( 2_ 2 (R 1 +ab+(a2+b2)+{ lo (b-a)+ 
I r 2 ab g b+a 

II 1 a2(r2-b2)+(r2-a2)+2abR1 \' p!l+ 
og r2 (b2-a2) J /·1 a2 

I 
l+O(P)+Q(r),] r>b 

where 

and 

(a-b) 2} 
4 ab • 

5. The Thermoelastic field : 

We divide the solution of the problem into two parts. 

12~ l 



Condition on cracks Face : In this part we consider the relations 
which exist between arbitrary functions and the unknown coefficients C,,, and dll, 
if boundary conditions on the line &=0 and (}=17/2 are to be satisfied. The 
boundary conditions (2·7) on 0=17/2 are statisfied if and only if the coefficients 

C2 n+1 and d2 n+i are all zero. With this choice of C211+i and d~n+i• we see 
that (2.2) is also satisfied. The conditions (2.1) and (2.3) lead to the triple 
integral equations 

co l J B (~) cos Er dE = o 0 < r <a 
Q) I 

'° I .f $ B ($) 
7T 

cos Er tlE = 2 G (r) ' a<r<b 
0 I 

co I f B (~) cos Er d~ == 0 r > b 
0 J 

wher,. 

cos Er. d$ J. (!U) 

• 
Also we have used the following definitions 

B (~) = 2 B {~} and A (¢) = 2 A (~). in deriving (5.1) 

The solution of the above set of triple integral equations as g~ven by 
Srivastava and Lowengrub [3] is 

1 Sb B m =- g (i 2 ) sin Et. dt 
~ a 

(3.!} 

where : (t 2 ) is determined by 

~ (t 2 )=-H [G (r)]+C/{(t2-a2) (b2+t11)p12 (5.4) 
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b 
satisfying the condition f g (t 2 ) dt=O and C is an arbitrary constant. 

a 

Thus, (5.4) gives the relation connecting g (t 2 ) and C2 n and d2 n. 

Conditions on the free boundary: We now complete the solution by satis
fying the boundary conditions (2.6). 

i(} Replacing /3 (~)"in (3.9) by (5.3) and noting that for .e = Pe , 

0 ~ (} ~ r., P < t, we obtain after some calculations. 

, ~ [ 2n -n-2 
cP (.e) = - n=O A 2D z + en z ] 'ii>" (z) = 

where 

dt. 

Also we denote B zn by 

f b h (t2) 
B2n = a t 2n+I dt. 

Now, the boundary conditions (2.6) lead to the expressions. 

~ ~ 

:=O { 2 (n+I) C20 + d20 } P-2n-2 cos 2n (} - ;_2 2 (n+ l) 

-2n 
P cos 2n(} = 2 A0 + 

c::o 
2: { 2n-3 + n= I (2n-2) Aan-2 P 

2n } - A20 P cos 2n(} + 

KBo{ i - log (P/t) }-
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co 
KE { 

2in=I 

20-2 
p - (n-1) Bn lo J • P cos 2n fJ + n D 

co 

co 
+KE (n+l) a20 P_zo cos 2n (}, 

n=O 

co 
E { 2 ( n +I) C zo + d2o } P -211-2 
n=l 

E -zo 
sin 2n(} - 2n C20_ 2 P sin 2n (} = 

n=2 

co 
E 
n=l 

{ (2n-2) A20_ 2 
2n-z 2o } 

P - 2n Azn P sin 2n(} -

-2n 
a20 P ' sin 2n (} , 

for thl" determination of the coefficients Can and d20 • In deriving these rela· 

tions we have used the results (5-8) of the appendix. From these expressions, 
we observe thas 

( 2 CO + do ) P -~ = 2Ao + K [ 00 + BO { !-log (Pft) } J (5.6) 

and for n ~ 1, we get 

-20 20 21n-2 
P = 2 (2n-l) A20 P - 2 (2n-2) A10_ 2 P + 

zn-2 
• p 

l(n-1) 2n 
---BP n :zo (5.6) 
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....... 

(5.7) 

Substituting these values of the coefficients in the expression (5.2) for G (r), 
we obtain that 

2 [ Jb g (x2) K Jh h (x2) ] G (r) = - -;; 2 -;- K1 (xa, r') dx + T -~x-K2 (x2 ,r")dx 

a a 
(~.8) 

• 
where 

and 

+ 2n
11

+6n+l ( 4/ 4)] 
2 (n+ I) P x .' 

Whenever P < < b, (he kernels K1 (x', r 2 ) and ll9 (x1 , r 2 ) can be apprmti 
mated to 

{5.9) 

• p2 3 p4 4 pfS 
K2 (x2, rl!) = - log (P/x) + f2 + ~ - r4x2 + 0 (P&) • (5.10) 

We now consider the equation (5.4). We evaluate the arbitrary cons

tant C from the condition f bg (t2) dt = 0. Its value is 

a 
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and 

(5.I I) 

where F=F ('11"12, q), the complete elliptic integral of the first kind and S (t2) = 

{ (t2-o2) (b2-t2) } t . Substituting the values of G (r) from (5.8) in (5• l l) 
and using the results (9, l O, l I) of the appendix, we get a Fredholm integral 
equation of the second kind. 

a a 

where 

M ( 2 12) a bB [ _l_ (t2 
Ix, =rrS(t2) a3f> 

b2E I E 2 
F ) log (P/x) + (7 - "azF )P 

_ ( 3 p4 _ ~) { ( 'Y + _I ___ I ) + 
x2 a2.t2 t4 

+ a ( I 72- a2 F 
E 

and 

[ t .3 l 



The first term on the right hand side of (5.12) is the free term of the 
integral equation since h (x 2 ) is a known function. The integral equation 
(5.12) can be easily seen to have weak singularities at the end points. What• 
ever has been said in section 4 regarding the solution of a similar Fredholm 
integral equation (4.10) will be valid for (5.12). To show M 2 (x2, t 2) is boun· 
ded. it will be sufficient if we show that K 1 (x2, t 2 ) is bounded. We express 
K 1 (x 2 , t2 ) as 

p4z2 (5-z2) z4 (3-z2) 
t4 (l-z2)s - (l-z2)2 (5.131 

where (P 2 /t x) =.:; < 1. The series on the right of (5.13) is easily seen to be 
convergent. Hence the solution of the Fredholm integral equation (5.12) can 
be found by the method of successive approximations. Let the first approxi· 
mation be 

go (t2) = K f b h (:2) M2 (x2, t2) dx 

a 

+ Ps p6) + ~1 ( Y + a2!2 - t~ ) (3a2 b2 p4 - 2 (a2+b2) pli)+O (PB)] 

' 

where 

+ a 1 ai~ {4 (l-a 1 )ab (a 2 +b2)+a (a-b)2} _ 
2 a2 a 

1 ~'2 l 

(5.14) 



The second approximation is obtained by putting (5.14) on the right fo 
(5.12). Hence 

Ci (t2) =go (t2) + Ib go ;xll) M1 (x2, t2) dx 

a 

KP [ ( 2 b
2
E ) 4 ( l E ) = 2a2 S (t2) t --F- (Pi+ P2 P )+ 7- a2F + 

where 

+ q
2 

/1 4 + _!2i_ {4a 4b4 y + 2b2 (a2 + b2 ) -
Pa 4a2b2 

-3 (a4 + b4) - a8 bS} - 2~~h 8 {2a2 - (a2 + b2) E/F}, 

q4 = 
2

P~ {(a2 + b2) E/F - 2a2} • 
a 

The higher successive approximations can be continued similarly. 

6- Q.UANTITmS OF PHYSICAL INTEREST : 

Stress intensity factors: 

The stress intensity factors at the two ends of a crack are given by 

(5.15) 
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Na.= ;:a - (a-r) l [ er 00' (r,O) ] 0 < r < a 

(6.1) 

Nb =Lt r-+b + (r-b)! [ er88 (r,O) J r > b. 

The equation (3.4) together with expressions for rf> (z), w (t), T (r,O) 
and V (r,O-) and their corresponding derivatives, yields on separating the real 
part 

er (r 0) = - 2 Jb tg (t2) dt-K sq log I l-t2/r2 f h (t2) dt + 
88 ' • t 2 -r2 t 

a a 

a a 

where K1 (t2, r2) is given by (5.9) and 

~ { rpt
2 

} 

21 K8 (t2, r2) = - log (P/t) + p2/r2 + "' 
n=l 

n+l 
2n 

+ (2n+l) t22 - 4n (P2/r2) + 2n2+5n+l 
r 2 (n+l) 

p4 J 
,2 t2 

For 0 < r ~ a, we have 

+ {
_I ( _I __ E_)- _I_} + 

R r 2 a2 F abr 2 
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+ _1_/ _I_ + (a
2
+b

2
) __ al" ) } + o (PS)] , (6.2) 

r 2 ab \ r2 2a2 b2 .. 

and 

- K f b log l l-t2t2 I h (t2) dt = -~!1T [ 2 {/31 + (/32 + a1a2/3)P4} X 

a 

X log a.; (b2-r2) + b.; (a2-r2) + (-R- _ _!!!!_ _ _ b_ + 2+ 
r (a+b) 1

2 
1

2 a 

2 log -==--{ ( 
b-a) 
b+a 

(6.3) 

where R = (a2-r2) (b2-r2) • In deriving (6.2) and (6.3), we have { } 
1/2 

used rermlts (14, 15) of the appendix. Again, for r > b, we have .. 
- 2 f b t g (t2) dt = - ~f (p +P2 p4) {I - ,2_b2 E/F } + 

t2-r2 2a2 L l R1 
{) 
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(6,4) 

and 

(6.5) 

It is easy to show with the help of results of the appendix that 

(6.6) 

where 

c0 = 1 - :~ ,c1 = a~ [ l -(l+b2/a2) E/F] 
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&2 = ~!sb l ( :: + 1 )- 2: ] ''3 = 8a~b5 [ + 

+ 8Ya 4 b4 + 2a 2 b2 + b4 
- 3a4 ] 

and 

~ r K, (t', '') h~') dt - K;• [ d0 + d, :: + (d, + 4 ,p,,-• + 

where 

Hence the stress intensity factors as estimated from (6.1) are 

+ ( ~ - I) a -
2

- 'Y { 3 ~1 a 2 b2 p4 + 

+ (2b 2 q4-2 (all+b2)~1 P 6 } + 0 (PB) J 

(6.7) 

(6.8) 
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JVb = 2 2yKPrr [ b2 (Pi+ P2 p4)( 1- FE_ ) + 
a 2b (b 2 -a2 ) 

• 
+ (2b2 q4-2 (a4 + b4) f31) p6 } + 0 (PB) J 

The normal displacement along the crack is given by 

µ u() (r, 0) = l ~k Jco B W cos (~r) d~, 
0 

a~ r ~ b. 

(6.9) 

(6.10) 

Substituting the value of B (~) from (5.3) and performing the change of order 
of integration, we obtain 

/J.U() (r, 0) - 1r (l:k) Jb g (t2) dt. (6. l l) 

r 

Hence 

+ 
3

a!b2 { (b2-2a2) E (cf,, q) +a2(3a2b2r+l) F (4', q)+ 

{{r2-a2),~b2-r2)}l}{ 3f31a2b2p4+2(b2q4-(a2+b2)/31)P6} +o (PB) J (6.12) 

where 
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APPENDIX 

It is simple to derive the following results. 

r 00 
( P ) :.incos 2n0 

-log (P/t) - J; T 2n 

l cos (~ P cos BJ I n= I I-cos gt 
g ) }- d~=-< 

J sin (~ P cos 8) j ( 12 _ (} + E (.!.. )2" sin2n8 
I 7l', t 2n 
l n=l (1) 

S -~P sin{) d~ = J; P 
20 

co }cos (~ P cos 8) co :.in-1 

0 
6 (l-cos ~t) sin(~ P cos 8) n=O t }

sin(2.n-l) 8 

cos (2n- I) () 
(2) 

• 
...,, 1 cos (i; p cos o> _ cz /ll 
f -~P sin{) . ct }- d ~ - <>n+i 

0 ' sm !;" J sin (g P cos 8) n=O t ~ }

cos 2ne 

sin 2n() 

Seo . }cos (~ P cos 8) _ CZ 2(n+ l).P
2

n+i 
,-~PsmBgsingt . dg-± . 2n+a 

0 sm (~ P cos 8) n=O t 

(3) 

}

sin(2n+ 1.)fJ 

cos (2n+l)8 
(4) 
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. From these results we can easily show that 

co 

f -~ P sin () (l I'. ) • • e -cos\;" t P sm 6 sm (26+~ P cos 6) d~ = 
0 

f 2n 

t :E p 
-2=11+7'1,..--

n= l L t 

2D-l 
p 

2u-1 
t ' }sin 2n () (5) 

J 

fco • (I -cos ~t ) [ J 
1 
-~P sm8 e ~ P sin 8 cos (2B+~ P cos 0)-cos (~ p cos 0) d~ = 

0 • 

-1 z n-l /n 
t {log (P/t)-!}- i[ 2n -2.,,...n+,...,,1-

n= t 

2D-2 

l -:-211~ _ __,,.1- J cos 2ne, 

co 

- f ~ Pe -E P sin 6 sin o sin (2 o+~ P cos e) sin ~t d~ = 
0 

():) 2D-2 

= };I[ (2n-2)-p-:-2-U--,.l-
n= t 

co 

20 

2n P l!n+i J sin 2n(J 
t 

- f ;~ P sin 6 [ (I-e P sin() cos 2fl).cos (~ P cos e)+g P sin 28 sin 0 
0 

2n-2 2n 

(6) 

(7) 

J I co [ p sin (EP cos 8) X sin Et dE = -- - 1: (2n-2) 2 n-i 

t n=l t 
-..P,___,,_ ]·cos 2n 0 

,2n+l 

(8) 

Following results are well known and can be found in Gardshteyn 
and Ryzhik [4]. 

J b { (f'-al) (bl-f') }-i dt = -}--F (1r/2, q) = 
a 

HO ] 

F 
-b- (9) 

(10) 



r 
I 7r/2 { (a 2 -r2 ) (b2-r2)J-l > 0 <r~ a 

t dt I 
tb2-t2)} (t2-r2) i 0 ' a< r < b (ll) 

l '"/2 { (r2-a2) (r2-b2) }-l, r > b 

J7r/2 log (a2 sin 28 + b2 cos 28) dB Let In = 
2 (a2 sin 2() + b2 cos 8)" 

0 

Then 

sin 29 dB 
+ 

0 

(a+b)f 'Iris cos 29 do +--na (a 2 sin 2() + b2 cos 2()·) 0 +1 
0 

- ~ - (a+b) ( ~ + oln ) 
ab 2nab aa ob ' 

(12) 

and 

7r 2ab de= -log--. 
ab a+b 

(13) 

Following results can be easily derived from (12) and (13) 
• 

a 
i 2:b log :+: , a<r<b (14) 

'l~ lo ay(r2-b2)+bv'(r'-a2) 'r";,b 
ab g r (a+b) 
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m-SUBPARACOMPACT SPACES 
BY 
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A space X is said to be subparacompact [3] if every open covering of X 
admits a u -discrete closed refinement. Subparacompact spaces have been 

v 
studied by Arhangel'skii [l], McAuley [17], Cohan [7], Burke ( [3), [4], [5]), 
Burke and Stoltenberg [o], Singal and Jain ( (23], [24)) and others. Burke 
[3] proved that subparacompactness of Xis equivalent to each of the following 
three properties of X : 

(i) Every open covering of X has a u -locally finite closed refinement. 

(ii) Every open covering of X has a <r -closure preserving closed 
refinment. 

. 
(iii) If C is an open covering of X, then there exists a sequence 

00 
{Vn} n:::i of open coverings ofX such that for each point x of X there is a 
positive integer m (x) and a U EC such that st (x, V (x)) CC. (St(x, V (x) m m 
denotes the union of all those members of V m (x) which contain the point x.) 

In [13] and [23], countably subparacompact spaces are also studied. 
X is said to be countably subparacompact if every countable open covering of X 
admits au -discrete closed refinement. This definition is due to Hodel [13]. 
Further, it has been proved in [23] that countable subparacompactness of X 
is equivalent to each of the following properties of X : 

(a) Every. countable open covering of X has a tj -locally finite closed 
refinement. 

(b) Every countable open covering of X has a IT - closure preserving 
closed refinement. 



In the present paper, we generalize the concept of subp.uacompact
ness to m-subparacompactness, where m is an infinite cardinal. A space X wil 1 

be ~alled m-subparacompact if every open covering of X of cardinality ~ m 

has a <T·discrele closed refinement. l f m = X0 , then m-subparacompact spaces 
are precibely tht: countably 8Ubparacompact spaces. For a ~pace X, having an 
open base of cardinalit1 ~ m, m subparacompactness is equivalent to subpara
compac1ness. In section l of the present pape1, some characterizations and 
1elationship of m-subpar acompactn.-ss with other covering properties are obtai
ned. Section 2 deah with subsets of m-subparacompact spaces. In section 3, 
direct and inverse pr~ervalion of m-subparacompact spaces under certain types 
of mappings are studied, and in section .. , srime sum theorems have been pro
ved. lnvertibtl1ty, simple extention arid adjunction of m-~ubparacornpa-:t 

spices are discussed m section ti. 

I. Characterizations 

Lemma I.I Let every open cc.vering of X of cardinality ~ m have a 
u ·closure preserving closed refinement. For each nEN let U ( n) = { U a ( n): aE fl} 

be an optn covermg of X with I fl I_~ m and Va (n+ l) < Va (n) for all a E fl. 
CP 

Then there is a sequence { v11 } n= 1 of closed coverings of X such that, for each 
co 

nEN, v11=U v n) and the followmg conditions are satisfied: 
m=l m 

(1). Vm (n)={Va,m (n): a E fl} and is closure preserving for each mEN. 

(2) v (n) C Va (n) for each a E fl, m EN. 
a,m 

(3) v (n) C Va,m+ I (n) for each a E fl, m e N. a,m 

(4) v (n+l)CV (n) for each a E n, m E N. 
a,m a,m 

Proof. Proof is on the same lines as the proof of Lemma 3.1 in [23 
and is therefore omitted. 

Using the above lemma, the following theorem can be proved in the 
same way as Theorem 3.1 in [23]. 

Theorem I.I The following properties of X are equivalent : 

(a) Every open covering of X of cardinality ~ m has a u -discrete 

c losed refinement. 
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(b) Every open covering of X of cardinality ~ m has a u-locally finite 
closed refinement. 

(c) Every open covering of X of cardinality ~ m has a u -closure 
preserving closed refinement. 

From the above theorem and Theorem 1.1 in [ 19) it follows that every 
m-paracompact normal space is m-subparacompact. Below we give an 
example (Example I. I) to show that the converse is not true. 

In the next theorem we obtain a condition which together with m
subparacompactness implies m-paracompactness. But before that, we give 
definitions of some of the concepts which have been recently introduced by 
Krajewski [15) and Smith and Krajewski [15]. 

A Space X is said to be expandable if corresponding to each locally 
finite family {Fa : a E n} of subsets of x there is a locally finite open family 
{Ga: a E 11} of subsets of Xsuch that Fa c Ga for each a En. xis said to be 

almost expandable if for each locally finite family {Fa : a E 11} of subsets of X 
there exists a point-finite open family { Gix : a e 11} of subsets of X such that 
Fa C GJ.. for each a E 11. Xis discretely expandable if for every discrete family 
{Fa: a E 11} of subsets of Xthere exists a locally finite family {Ga: a E !2} of 
open subsets of X such that FaC Ga for each a e 11. Xis called almost
discretely expandable if for every discrete family {Fa: a e 11} of subsets of X 
there exists a point-finite open family {Ga : a e n} of subsets X such that 
Fae Ga for each a E n. 

For any cardinal number m, the cardinality dependent concepts of 
m-expandability, almost m-expandability, discrete m-expandability, almost 
discrete m-expandability can be difined in a naturaJ.manner. 

Theorem 1.2 A space X is m-paracompact if Xis m-expandable 
and m - subparacompact. 

Proof. Le1 X be an m-expandable m-subparacompact space and let 
u= {Ua : a e f.!} be an open covering of X of cardinality ~ m. Since X is 

co 
m-s.lbparacompact, there exists a <T-locally finite closed refinement v= U P'. 

i= I ' 

of u. Without any loss of generality, we ican take v.= {V· : a E fl}. Since x 
t t, a 
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ism-expandable, therefore for each i e N there is a locally finite open family 
w1 ={WI> a : ae P.} of subsets of X such that Vi,a C WI> a· Also for each Vi, a 

there exists a Us. a e u such that Vi, a C U1, a. Let GI> a = U1> a n WI> a, 
co 

and let C1={Gi,a: aef.!}. Then C =U G1 is a a--locally finite open refine· 
i=l 

ment ofu. For each ieN, put C1=U {G: GeG1} Then {G1:ieN}is a 
countable -0pen covering of X. X is countably paracompact, since X0 expand
ability is equivalent to countable paracompactness [ 15, Theorem 2. ')]. Let 
{ H/3: ~ e l:J. } be a los_ally finite open refinement of {Gi: i e N.} For f3 e b,, 

let i (fJ) EN such that H~ c Gi(fJ). Then {H/3 n G: GE G1(/3), f3 E 6} i ~ 

a locally finite open refinement of u. Hence X is m-paracompact. 

Corollary 11 A normal space X is m-paI acompact if and only if X is 
m-expandable and m·subparacompact. 

Example 1.1 An X 1 -subparacompact normal space which is not 
X1 -paracompact, 

Let F denote the normal but not collectionwise normal space cunstruc
ted by Bing [2, Example G] where the underlying space P has cardinality X1 • 

In Ll5] Krajewski proved that Fis a normal metacompact Hausd01ff space 
which is the countable union of closed paracompact sub~paces (and hence sub
paracompact) but is not X1-expandable. Since every X-paiacompact space is 
x1 -expandable [15, Theorem 2.4], therefore Fis not even X 1 -paracompact. 

We now give two theorems which exhibit relationship of m-subpara· 
compact spaces with m-metacomeact spaces. A space X is called m-metacom· 
pact if every open covering of X of cardinality ~ m admits a point-finite open 
refinement. 

Theorem 1.3 Every m-metacompact space in which every closed set 
is a G - set is m·subparacompact. 

0 

Proof. Follows easily from Theorem I in [ 13]. 

Theorem 1.4 Every almost discretely m-expandable m-subparacom· 
pact space is m-metacompact. 

Proof. Let u={u : a e SJ} be an open covering of X of cardinality 
a 

~ m. Since Xis m-subparacompact, there is a a- -discrete closed refinement 
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c:o 
V= u Vt • Without any loss of generality we can take V1 = { v (i, a) : a E n},. 

i=l 
Since Xis almost discretely m-expandable there exists for each i, a point-finite 
open Collection k1={k (i, a): a E fl} SUCh that V (i,a) C k (i, a) for all a E fl, 
For each t EN and for each a e n there exists a member Ua1 of u such that 

co 
V (i, ex)< Ua 1• Take G i, a) = k (i,a) n Ua1• Then C=U C1t where C1 = 

i=l 
{ G i, a) : a e n } is a u-point-finite open refinement of u. For each i e N let 
Gi=U {G (i,a): a e fl}. Then {G1 : i e N} is a countable open covering of X. 
Since for every infinite cardin<1.l m, an m-subparacompact space is countably 
metacompact [ 13] the covering { Gi : i e N} admits a point finite open refine

ment H= {H ~: ~ e A}. For f3 e A, let i ({3) e N such that H~ C G1(f3). 

Then { H f3 nG: Ge Ci(~) ; f3 e ~ } is a point finite open refinement of u. 

Hence X is m-metacompact. 

Since every discrete family of subsc ts of a countably compact space is 
finite, the following result is immediate. 

Theorem 1.5 Every m-mbparacomp<ict countably compact space is 
m-compact. (A space Xis said to be m-compacc if every open covering of X of 
cardinality ~ m has a. finite subcovering). 

2. Subsets and m-subparacompactness 

It can be easily verified that every closed subset of an m-subparacom
pact space is m-subparacompact. But, as with some other classes of topological 
spaces such as paracompact and collectionwise normality, a more general 
result holds. • 

Definition 2.1 A subset A of a space is said to be an F - subset if it 
O' 

is a union of countable number of closed sets, 

Definition 2.2 A subset A of X is said to be a generalized F 
O' 

-subset if for each open set U containing A there is an Fu -subset B such 

that A C BC U. 

Theorem 2.1 Every Fu -subset of an m-subparacompact space is 

m-subparacompact. 

Proof. Let A be an Fu subset of an m-subparacompact space X. 

Let U = { u a. : a e n}, where I n I ~ m be a relatively open covering of A. There 
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* * * exists a collection U ofopensubsetsofXsuchthat U={Ua=UanA:Ua EU} 
00 

Also there is a countable family {A1} of closed subsets of X such that A= U A1• 

i=I 

"' For each i, let w1 = U U {X-A1}. Then w1 is an open covering of X of cardinality 
co 

~ m. Let Vi= u u,,l be a (T -locally finite closed refinement of w,. Let Vi,1 be 
j=I 

the collection of all those members of U1,J which intersect Ai. Each V"I is locally 
co 

finite with respect to X. U Vi,1 is as dosed covering of Ai such that each 
j=i 

* member of Vi~ is contaimd in some Ua. Let w1,i= {B n A : BE U1,1} and let 
co co 

w= U U <ai,1. Then w is a u -locally finite (in A) clost-d (in A refinement 
i= I j=l 

ofU. Hence A is m-subpara<wmpact. 

Theerem 2.2 If A is a subset of X such that every open subset of X 

which contains an m-subparacompact set that contains A, thrn A is 

m-subparacompact. 

Proof. Let U = { Ua : a e n} be an open ( in A ) covering of A of 
cardinality ~ m. For each a e n, let Va be an open iubset of X mch that 

Ua.=A n Va.. Then u,. Vais an open set containing A. Thus, by hypothesis 
ae<L 

u Va. 
there exists an m-subparacompact subset B of X such that AC BC 

a. E Q 

Now {Va n B: ae !2} is an open tin B) covuing of B of cardinality ~ m. Let 
co 

w=U w1 beau -locally finite (in B) closed (in B) refinement of {VanB: 
i=l 

a EH}. Ifwe let W1={Wij :j E /),. 1} and W11=Vi1 n B where Vii is closed in 
x. then each Vii n A is closed in A and the family v,= {Vii n A : j E A 1} is 

= locally finite in A for each i. Also U v1 covers A. Hence A is m-
i= l 

subparacompact. 

Corollary 2.1 Every generalized Fu ·subset of a11 m-subparacompact 

space is m·subparacompact. 

Proof. Follows directly from the definition of generalized F -subset 
(T 

and the above theorem. 
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Theorem 2.3 If every open subset of a space Xis m-subparacompact 
then every subset of Xis m-subparacompact. 

Proof. Let A be any subset of X. Let U = {Ua : a e n} be an open 

(in A) covering of A sueh that l l1l ~ m. For each a .: ll,let U * be an open subset 
a 

* * of Xsuch that Ua=AnUa. Then U*={Ua: a e il} is an open coveiing of 

G= U" U * of cardinality ~ m. Since G is m-subparacompact, there exists 
a E "' a 

co 
arr -locally finite closed (in G) refinemet v*= U vn* of U*. For each n e .N 

n=l 
o:> 

let Vn={VnA: V.: vn*}. Then v=U Vn is a <T -locally finite (in A) closed 
n=l 

(in A) refinement of U. Hence A is m-subparacompact. 

3. Mappings and m-subparacompactness 

Theorem 3.1 Every closed continuous image of an m-subparacompact 
space is m-subparacompact. 

Proof. Letf: X-+ r be a closed continuous mapping of an m·subpara
compact spaceXonto r. Let U={Ua: a EH} be an open.covering ofTof 
cardinality ~ m Then/-1 (U) = {j- 1 (Ua) : Va e U} is an open covering of X 
of cardinality ~ m. Thus thrre is a <r-clomre pre~erving dosed refinement .. 

00 
ti= U Vn ofj- 1 (U ). Since/ is a closed and continuous mapping, each /(vn) 

n=I 
co 

is a closure preserving closed collecttion. Hcnce/(v)= U f v0 ) is a er-closure 
n=l 

preserving closed refinement of V. Hence r is m subparacompict. 

Definition 3.1 A mapping f: X-+ r is said to be a perfect mapping 
if/ is closed, continuous and J-1 (y) is compact for eachy er. 

Theorem 3.2 If Xis a normal space and/ is a perfect mapping from 
x onto r, then xis m-subparacompact if r is so. 

Proof. Let U= {Va : a. e Q} be an open covering of X of cardinality 
~ m. For each y e r we can find a finite ~ubcollection U ( y) of U such that 

J-l(y)Cu(y)=U{u: uEU(y)}. Let V(y)=Y-f(X-u(y)). Then v={V(y) ;yE1'} 

is an open covering of r Clearly, vis of cardinality ~ m. Since 1' is m-subpa· 
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co 
racompact, therefore v has a <T-discrete closed refinement v*= U v0 *· Then 

n=l 

J-I(v *)= [J-I(V *): V* Ev*} is a CT-discrete refinement of {u(y) :y Er}. 

Given V* Ev*, lety(V*) be a fixed element of rsuch thatj-1(V*)Cu(y(V*)). 
Let u { y (V*)} = { u1, . , uk (V*)}, su that u(y(V*)) is a finite open. covering of the 

normal spacef-1 ( V* , Thus there• is an open covning { u1 *, u2 *, . u* k( V* ) } of 

f 1 ( V*) such that ui* C..u1 for all i=l,2, ...... ,k( V*) For each n EN, let 
w 0 * = {f-1 (V*)nur*: V* E V .. *, u1 e U (y(V*))}. We shall prove that 
each w0* is loc11lly finite in X. Let x e X. Since f- 1 (v 0 *) is a discrete 
collection in X, there exists a neighbourhood Nx of x which intersects at 
the most one member of J- 1 (v0 *). Since each element of J-1 (v0 *) inter
sects at the most finitely many members of w 0 * and each member of w0 * is 
contained in some element of j-1 (v0 *),it follews that Nx will intersect only 
finitely many members of w"*. Thus every open cover of Xof cardinality~ m 
has a <T-locally finite closed refinement. Hence Xis m-subparacompact. 

4. Sum Theorems : 

Sum theorems give conditions under which the union of topological 
spaces of given lype are of the same type. Various sum theorems have been 
given for the class of paracompact, regular, completely normal, metrizable, 
m-paracompact and normal, subparacompact and other classes of spaces. In 
this section we shall obtian some sum theorems for the class of m-subparacom
pact spaces. It is easy to note that a countable union of closed m-subpara· 
compact spaces is m-subparacompact. Throughout in the section, p will denote 
a topological property which is closed hereditary and which safofies the locally 
finite sum theorem, which states the following : 

'If {Fa : a E !2} is a locally fiinite closed covering of X such that each 
Fa possesses the property p, then X possesses p.' 

Hodel [131 proved that p satisfies the followi11g sum theorems. 

Theorem 4.1 Let X be a topological space and let Ube a CT-locally 
finite open covering of X such that the closure of each element of iJ possesses 
the property p. Then X ?ossesses p. 

'Ibeorem 4.2 Let X be a topological space and let v be a u-Iocally 
finite elementary covering (see Definition 4.1 below) of X. Then X posstsbes 
the property p if each V E v possesses p. 
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Theorem 4.3 Let X be a regular space and let v be a <T -locally finite 
open covering of X, each element of which possesses p and has the compact 
frontier. Then X ha~ the property p. 

Definition 4.1 A subset A of Xis said to be elementary if it is open 
and is the union of a countable family of open subsets, the closure of each 
member of which is contained in A. A covering of X consisting of elementary 
sets is called an elementary covering, 

Definition 4.2 (Y. Katuta, [ 14] ). A family {A : a. e n} is said a. 
to be order locally finite if there is a linear ordering '<' on n such that 
for each a. E n' the family { A,\ : x < a } is locally finite at each point 

of A a.. 

Every <T - locally finite family is order locally finite but not con
versely. 

In [22] Singal and Arya obtained the following sum theorems for p. 
These theorems generalise Theorems 4.1 and 4. 3. 

Theorem 4.4 Let v be an order locally finite open covering of a 
space X such that closure of each member of v possesses the property p. Then 
X possesses p. 

Theorem 4.5 If X is a regular space, v is an order Jocally finite 
open covering of x each member of which possesses the property p and if the 
frontier of each member of vis compact, then X possesses the property p. 

we shall prove that all these sum theorems hold for m-subparacompact 
spaces also. For that we have to first prove that the locally finite sum 
theorem holds for m-subparacompact spaces. 

Theorem 4.6 If {Fa : a E n } be a. locally finite closed covering 

of X such that F is m·subparacompact, then X is m-subparacompact. a. 

proof Let u { U f3 : f3 e .6. } be an open covering of X of cardinality 

$i m. For each a.En, {U~ n F(}. : (3 E .6} is then an open ( in Fa. ) covering 

of F of cardinality ~ m. 
a 

subsets (of F and hence 
a 

co 
Thus there exists a family Va. = U Vi a of closed 

i=I 
of X) such. that each Vi°' is a discrete (in Fa and 
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hence in X) family of subsets of F such that Va is a covering of F For 
a ~ 

o:l 
each i, let W: = U Via and let w = U wi. Then w is a closed covering of X 

a E Q i= l 
which is a refinement of U. Also it can be proved that each w1 is locally finite. 
Thus w i~ a er - locally finite closed refinement of U and hence X is m· 
subparacompact. 

Theorem 4. l Every disjoint topological sum of m-subparacompact 
spaces is m-subparacompact. 

In view of the Theorem 4.6 and the fact that m-subparacompactness 
is a closed hereditary property, we have the following results . . 

Theorem 4.7 If v is an order locally firiite open covering of a ~pace 
X such that the closure of each member of v is m-subparacompact, then Xis 
m-subparacompact. 

Theorem 4.8 If X is regular and Vis an order locally finite open 
covering of X such that each member of vis m-subparacompact and the fron· 
tier of each member of vis compact, then Xis m·subparacompact. 

Theorem 4 9 If v is a <T -locally finite elementary covering of X such 
that each element of vis m-subparacompact, then Xis m-subparacompact. 

We now obtain some other sum theorems as consequences of the 
locally finite sum theorem for m-subparacompact spaces. The proofs of all 
these theorems follow same arguments as the corresponding theorems for sub
paracompact spaces in [23] and [24 J• We, therefore, only state these theorems. 

Theorem 4.10 Let X be a regular space and let v be a locally finite 
open covering of X such that for each V e v, V is m-subparacompact and Fr V 
is Lindel~f. Then Xis m-subparacompact. 

Theorem 4.11 Let V= {Ua: a e Q} be a locally finite open covering 
of a normal space X such that each Ua is m-subparacompact space. Then 

Xis m-subparacompact. 

Theorem 4.12 If { Ua : a e f2} is a point finite open covering of a 
collectionwise normal space such that each Ua is m-subparacompact, then X 
is m-subparacompact. 
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An open covering U of Xis said to be noamai if there exists a sequence 
{Un: n= 1,2, ...•• }of open coverings or X such that each Un+I is a star refinement 
of Un (that is, the covering {St (x, Un+1 ) : x E X} refines U0) and U 1 is a 
refinement of U. 

Theorem 4.13 Let {Ua : a E .!2} be a normal open covering of a 
normal space X such that each U a. is m-subparacompact. Then X is m
subparacompact. 

Therem 4.14 Let { Ua. : a. E .l2} be a CT -locally finite open covering of a 
normal spaceX such that U a is an F CT -subset of X. Then X is m·subparacom-

pact if each Ua is m-subparacompact. 

Theorem 4.15 Let {Ua. : a. E .l2} be a. CT-locally finite open covering of a 
countably paracompact normal space X such that each Ua is m- subparacom
pact. Then X is m-subparacvmpact. 

Definition 4 3 [Frolik, 11]. A space Xis said to be weakly regular 
if every open subset of X contains a non-empty regularly closed set. 

Theorem 4.J6 Every space which contains a proper non-empty 
regularly closed set is m-subparacompact if and only if every regularly closed 
subset of X is m-rnbparacompact. 

Corollary 4.2 A weakly regular space Xis m-subparacompact if and 
only if every proper regularly closed subset of X is m-subparacompact. 

Corollary 4.3 A semi-regular space X is m·subparacompact if and 
only if every proper regularly closed subset of X.is m-subparacompact. 

5. Embedding of m-subparacompact spaces 

In [21] Mrowka proved that a locally m-paracompact completely 
regular space can be embedded in an m-paracompact space as an open sub
space. We wish to prove the same for m-subparacompact spaces. 

We need the following lemma. 

Lemma 5.1 Let X be a regular space and let 9, be an open basis of 

neighbourhoods of a point x E X such that X-G is m-subparacompact for each 
G e g,, then Xis m·subparacompact. 
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Proof. Let U = { U a : a e n } be an open covering of X of cardinality 
~ m. For x e X there is a a., e n such that x e U Let Gr. e 9, be such that 

ar.• 
x E Gx c Gr. c ua . Since x -Gx is m-subparacompact and { (X-G;i) 

x 
nua : a En } is an open tin X-Gr.) covering of X-Gz of cardinality~ m, 
therefore there exists a u -locally finite ( in X -Gx and hence in X) closed 

co 
(in X-Gx and hence in X) refinement v=U Vn of {(X-G1'J n ua : a Eil}. 

n=l 

Let V0 = {GiJ• 
co 

Then U Vn is au - locally finite closed refinement of U. 
n=o • 

Hence X is m-subparacompact. 

Let us call a space locally m-subparacompact if each point of X 
has a neighbourhood whose closme is m-subparacompact. 

Theorem 5.1 Every completely regular locally m-subparacompact 
space can.be embedded in an m-subparacompact space as an open subspace. 

Proof'. Since m-subparacompactness is a closed hereditary property 
and is finitely additive for closed subsets, therefore Lemma 5. l shows that 
m-imbparacompactness satisfies the condition (w) of Mrowka [21]. Hence the 
result follows as in [21 ]. 

Corollary 5.1 Every completely regular locally , subparacompact 
space can be embedded in a subparacompact space as an open subspace. 

6. lnvertibility, Simple Extensions and Adjunction of' m-subpara
compact Spaces. 

Definition 6.1 [Doyle and Hocking, 9 ]. A space X is said to be 
invertible if for each open subset U of X there exists a homeomorphism h: X-. 
X such that h ( X-U) CU. h is called an inverting homeomorphism 
for U. 

Theorem 6.1 Let X be an invertible space in one of its open sets U 
and let ;; be m-subparacompact. Then X is m-subparacompact. 

Proof. Leth: x~x be an inverting homeomorphism for U. Then 

h(X-U) C U, and therefore X = u U h ( u ) where ;; and h ( u) are both m-sub-
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paracompact. Hence Xis m-subparacompact, since a countable union of closed 
m-subparacompact subspaces is m-subparacompact. 

Definition 6.2 [Levine, 16]. Let (X, T) be any topological space 
and let A be a subset of X such that A ~ T. Then the topology T (A) = 

{U u (V n A) : u, v ET} is called a simple extension of T. 

It can easily be checked that (A, T n A ) = ( A, T ( A ) n A ) and 
(X-A, T n (X-A)) = (X-A, T (A) n (X-A)). 

Theorem 6.2 If (X, T) is an m-subparacompact space and A C X is 
such that X-A E T, then (X, T (A)) is m-subparacompact it and only if (X-A, 
T n (X-A)) is m-subparacompact. 

P.roof. The 'only if' part follows from the facts that (X-A, T n (X-A)) 
= (X-A, T (A) n (X·A)) and every closed subspace of an m-subparacompact 
space is m-subparacompact. We shall now prove the 'if' part. Since (X, T) 
is m-subparacompact and A is a closed subspace of (X, T), it follows that 
(A, T n A) is m-subparacompact. Thus if (X-A, T n (X-A)) is also m-subpara
compact, X is the union of two closed m-subparacompact subspaces of 
(X, T (A)). Hence (X, T (A)) is m-subparacompact. 

Theorem 6.3 If (X, T) is hereditarily m-subparacompact, and A is 
a subset of X such that X-A ET, then (X, T (A)) is also hereditarily m-sub
paracompact. 

Proof. Since ( X, T ) is hereditarily m-subparacompact, therefore 
(X-A, T n (X-A)) is also hereditarily m-subparacompact. The rest of the 
proof is on the same lines as the proof of Theorem 6.2 ... 

Let X and r be two topological spaces and let A be a closed subset of 
X. Letf: A-+Tbe a continuous mapping. Denote by x+rthe disjoint topolo
gical sum of X and r. Then an equivalence relation R mav be defin, d as 
(a, b) ER if a=b or a=f (b) or b=f (a). The quotient space (X +r)/R is called 
the ad junction space obtained by joining x to r by means of the mapping f. 
The adjunction space is denoted by XU r andf is called the attaching map. 

f 
Let p denote tho natural mapping (or projection) of x+r to XU r; that is p 

f 
maps a point of X+r to the equivalence class containing that point. We 
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paracompact. Hence Xis m·subparacompact, since a countable union of closed 
m-subparacompact subspaces is m·subparacompact. 

Definition 6.2 [Levine, 16]. Let (X, T) be any topological sriace 
and let A be a subset of X such that A f.t T. Then the topology T (A) = 

{U u (V n A) : u. v ET} is called a simple extension of T. 

It can easily be checked that (A, T n A ) = ( A, T ( A ) n A ) and 
(X·A, T n (X-A)) = (X-A, T (A) n (X-A)). 

Theorem 6.2 If (X, T) is an m-subparacompact space and A C X is 
such thatX-A e T, then (X, T (A)) is m-subparacompact it and only if (X-A, 
T n (X-A)) is m-subparacompact. 

Pl'oof. The 'only if' part follows from the facts that (X-A, T n (X-A)) 
= (X-A, T (A) n (X·A)) and every closed subspace of an m-subparacompact 
space is m·subparacompact. We shall now prove the 'if' part. Since (X, T) 
is m-subparacompact and A is a closed subspace of (X, T), it follows that 
(A, T n A) is m·subparacompact. Thus if (X-A, T n (X·A)) is also m-subpara· 
compact, X is the union of two closed m-subparacompact subspaces of 
(X, T (A)). Hence (X, T (A)) is m·subparacompact. 

Theorem 6.3 If (X, T) is hereditarily m-subparacompact, and A is 
a subset of X such that X-A e T, then (X, T (A)) is also hereditarily m-sub
paracompact. 

Proof. Since ( X, T ) is hereditarily m-subparacompact, therefore 
(X-A, T n (X-A)) is also hercditarily m-subparacompact. The rest of the 
proof is on the same lines as the prnof of Theorem 6.2. 

Let X and r be two topological spaces and let A be a closed subset of 
X. Letf: A-+r be a continuous mapping. Denote by x+r the disjoint topolo
gical sum of X and r. Then an equivalence relatioIP R mav be defin• d as 
(a, b) ER if a=b or a=f(b) or b-f (a). The quotient space (X+r)/R is called 
the adj unction space obtained by joining X to r by means of the mapping f. 
The adjunction space is denoted by XU r andf is called the attaching map. 

f 
Letp denote the natural mapping (or projection) of X+r to XU Y; that is p 

f 
maps a point of x+r to the equivalence class containing that point. We 
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shall now show that the adj unction 5pace x u r is m-subparacompact if x i3 
f 

m-subparacompact and r is m-suhparacompact and Hausdorff and A is a 
compact subspace of X. 

We need the following result due to Dugundji [IO; page 128] 

Le:mma 6.1 Let X U r be an adjunction space and let p : X + 1'-+ 
f 

X U r be the projection mapping. If F C X+r is such that F n Xis closed 
f 

in X, then p (F) is closed if and only if (F n r) U f (F n A) is closed in r. 

Theore:m 6.4 Let "x be an m·subparacompact space, and r be an 
m-subparacompact Hausdorff space. Then X U r is an m-subparacompact 

f 
space if the domain of the attaching map f is compact. 

Proof. If A C X is compact and Y is Hausdorff then for a closed 
subset F of X+Y, p (F) is closed since F n Y and f (F n A) are both closed. 
Thus the mapping p : x+r ~ X U r is a closed continuous mapping. Hence 

f 
the result follows in view of Corollary 4.1 and Theorem 3.1. 
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