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ABSTRACT 
Introducing a new class of mappings, sufficient conditions for the 

existance of coincidence and fixed point for hybrid contraction i.e. contraction 
involving single-valued and multivalued mappings are obtained. Our 
results extend, unify and generalize some results of Naidu [2] and Sastry, 
Naidu and Prasad [6]. 

Introduction. Hybrid contraction viz. cotractive conditon in
volving single-valued and multi valued mappings have recently been 
studied by Mukharjee [l], Naidu [2], Naimpally et. al. [3]. Rhoades et. 
al. [4]. Sastry et. al. [6] and Singh et. al. [7]. In this paper we consider 
a very general type of condition involving two pairs of mappings, where 
each pair consists of a single-valued and a multi-valued mapping (known 
as hybrid contraction) and proved some coincidence point theorems. 
Further we also give answer to the problem arose in [2]. Our results 
extend and generalize the results of Naidu [2] and Sastry et. al. [6]. 

Throughout this paper we adopt the following notations: (~d)is a metric 
space, CB(X) is the collection of all nonempty, bounded, closed subsets of~ h 

is the Hausdorff metric on X. i.e. for A, B in CB(X), h (A,B) = max 
{Sup d(x. B), Sup d(y,A)}. F.G are maps from Xinto CB(X), for an integer 
xeA yeB 
n ~ 2 and x EX, F'x = F(F'-1x), S, Tare self maps of X. R+ is the set of 



146 
all nonnegative real numbers and <I>: R+ -7 R+ is an increasing function 

with <I> (t+) < t for all tin (O,=). 

First we give following definitions : 

Definition 1. If for some x0 EX, there exists a sequence {xn} in X such 

that the sequence {y,J defined by y2n+2 = Sx2n+l' y2n+I = Tx2n+l E Fx2n' 
(n = 0,1,2, ... ), then 0 8,T (xr) = {Tx1, Sx2, Tx3' ... }is said to be orbit for 
(F,G: S,T) at Xo-

Definition 2 . (X,d) is said to be (F, G: S, T) orbitally complete with 
respect to x0 or simply (F, G : S. T, x0 )- orbitally complete, iff every 

Cauchy sequence of the form 0 8,T (xr) converges in X. 
If we substitute S = T in definitions 1 and 2 these definitions reduce 
respectively to definitions 1.1 and 1.2 of Singh et. al. [7] and if S = T and 
F = G then definitions 1 and 2 are the definitions 4 and 5 of Rhoades et. 
al. [4]. Following two simple Lemma will be used in proof of the main 
results of this paper. 
Lemma 1. Every (F, G : S, T, x,)-orbitally complete metric space is 
(F; S, xr)- orbitally complete as well as (G : T, xr) - orbitally complete, 
but not conversely. 
Lemma 2 . If Xis (F, G: S, T, x,)-orbitally complete then CB (X) is also 
(F,G:S,T, x,)-orbitally complete, i.e. every Cauchy sequence of the form 

{An} where 

Tx2n-I E Fx2n = Ax2n and Sx2n+l E Gx2n+1=Ax2n+l' (n = 0,1,2, ... ) Con
verges in CB(X). 

Example 

Let X = (0, l}, Sx = x2. 
Gx = [1/2, 1] \;/ x e (0,112], 

= (x-1/2, 1) \;/XE (1/2, 1) 

TX=x\;/ xeX. 

Fx = [112, 1} '>Ix e (0,11.../2] 

={x2-l/2, 1} \;/XE (1/.../2,1}. 

Let Xo = 1, xii,= 2n-112n for all n = 1,2,3 .... Then oS,T (xr) = 
{l, 112, 9/16, 5/6 ... ) clearly 0 8,T (xr) .....;. 1,X is (F,G,·S,T,xr) -orbitally 

complete. Obviously X is not complete. It is also clear that X is (G; 
S,x~rbitally complete as well as (F;T,x,)-orbitally complete. 

Main Results 

Theorem 1. Suppose that lim (t-<l>(t)) = + 00, there are sequences {xn}~=O 

and {y,J;=O in X such that Sxn+I e Fxn and Ty n+I E Gyn (n=O, 1,2, ... ), Xis 
(F;S)-orbitally complete and (G;T) orbitally complete at x0. Further sup
pose the inequality, 
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h (Fx, Gy)::;; <!>(max {d(Sx, Gy). d(Ty, Fx)}) ... 
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(1.1) 

holds. for all x,y in X. Then the sequences {Fx) and (Gy
1
j converge in 

CB(X) to the same limit A for some A in CB(X),{Sx Ix EX and Sx E Fx} 

= S (X) n A and {Ty I y E X and Ty E Gy} = T(X) n A. Futher Fx = A 

whenever SxEFx and Gy =A whenever Ty E Gy. 

Proof. For a positive integer n let 

~n =Sup {h (Fx;,GY) 11$ i, j::;; n}. 

Leto = max {h(Fx0 , Fx1), h (Gy 0, Gy 1)} • For positive integers i, j from 

inequality (1.1) we have 

h (Fx;, Gyj) ::;; <!> (max {d (Sxi! Gy ), d(Tyj, FxJ}) 

::;; <!>(max {d (Fxi-1' Gyj), h(Gyj-1' Fx;)}) (1.2) 

Hence ~"::;; <!> (~,, +o) for all n = .l,2 ... Hence (~,, +o) - <!> (~,, +o) ::;; o for all 

n = 1, 2, ... Since t- <!> (t) ~ + oo as t ~ +oo, it follows that{~,,} is bounded. 

Hence Sup {h(Fx;, Gy) I ij are positive integers} is finite. For a positive 

integer n, let 

Y,, =Sup {h(Fx;, Gyj) I ij;::: n}. 

From inequality (1.2) it is evident that y,,::;; <!> (y,,,_1) for all n = 1,2 

... Hence y,,$<J>" (y0 ) for all n = 1,2 ... Since<!> (t+) < t for all t E (0, 00) and 

<j>(O) = 0 it follows that<!>" (y 0 )~ 0 as n ~ 00• Hence {y ,,} converges to zero. 

We have h (Fx;, Fxj) ::;; h(Fxi, Gx;) + h (Gx;, Fx) for all positive 

integers i and j. Since {Y,) converges to zero, the R.H.S. of the above 

inequaFty tends to zero as i andj tend to+ oo. Hence {Fx,J is Cauchy. 

Since CB(X) is orbitally complete, {Fx,,} is convergent in CB(X). In a 

similar manner it can be shown that {Gy,,} is also convergent in CB (X). 

Since {h (Fx,,, Gy,,} converges to zero, it follows that sequences {Fx,,} 
and {Gy,,} converge in CB(X) to the same limit A for some A in CB(X). 

Let u EX be such that Su EA. Then from inequality (1.1) it 

follows that h (Fu;, Gy
1
j ::;; <!> (max {h (A, Gy

1
j, h(Gyn-1' Fu)}) for all n = 

1,2 ... Taking limit as n ~ oo in the above inequality we obtain h (Fu, A 

) ::;; <j> (h(Fu, A)+). Since<!> (t+) < t for all tin (O,oo), it follows that h(Fu, 

A) = 0. Hence Fu=A. Suppose now that u EA is such that S u E Fu . 
Then from inequality (1.1) we have 

h (Fu, Gy,j ::;; <!> (max {h (Fu, Gy
1
), h (Gy,,,_1 , Fu)}) 

for all n = 1,2 .... Taking limit on both sides of the above inequality as 
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n-'>oo we obtain h(Fu, A)::; <P (h (Fu, A)+). Hence h(Fu, A) = 0. Hence 

Fu =A Thus we have shown that {Sx Ix e X and Sx e Fx} = S(X) n A 

whenever Sx e Fx. Similarly it can be shown that {Tx Ix e X and Tx e 

Gx} = T(X) n A and Tx =A whenever Tx e Gx. 

Corollary 1. Suppose that lim [t -<P(t)] = + oo, S(X) and T(X) are closed 
t--?+oo 

subsets of X. Fx k Sx and Gx kTx for all x in X and inequality (1.1) 

holds for all x,y in X. 

Then {Sx 1xeXand SxeFx} =A ={Tx jxeXand Txe Gx} for some A in 
CB(X) and Fx =A = Gy for all x in ~1(A) and for ally in T"1(A). 

Remark 1. Example 10 of Sastry, Naidu and Prasad [6] shows that in 

Corollary 1(Theorem1) condition lim [t-<P(t)] =+=,cannot be dropped 
l--?+oo 

00 

even when I <Pn(t) < + oo for all t in R+, F = G and S, Tare identity maps 
n=l 

on X. It also shows that in Theorem 1 one cannot prove the convergence 

of the sequence {Fx,j in CB(X) in the absence of this condition on <1>. 

Theorem 2 . Suppose that 

h (Fx, Gy) ::;<!> (max{d (Sx, Fx), d(Ty, Gy), d(Sx, Gy), d (Ty, Fx)}) (2.1) 

for all x, y, in X. Suppose also that there is a sequence {XJ:=l in X such 

that Tx2n+1eFX.2n, SX2n+2 eGX2n+l (n =O, 1, 2, ... )such thatXis(F, G, S,T, 

xt) orbitally complete and the sequence {h(An, An+l} converges to zero, 
where A2n = Fx2n and A2n+l = Gx2n+l (n = 0, 1, 2, ... ) . Then {AJ converges 

in CB(X) to some A in CB(X), {Sx Ix e X and Sx e Fx} = S(X) n A and 

{Tx Ix e X and Tx e Gx} = T(X) n A. Further Fx =A whenever SxeFx, 

and Gy =A whenever Tye Gy. 

Proof. If possible suppose that {A,j is not Cauchy in CB(X). Then there 
exist a positive real number and strictly increasing sequences of positive 

integers {m(k)} and {n(k)} such that n(k)< m(k),h(A,t(k) , Am(k) ) ~ e and 

h(An(k), Am(k}-I) < e (k = 1,2, ... ). Such a selection is possible since {h (An, 

An+I )} converges to zero. It is clear that ~~"" h(An(k), Am(k)) = e = l~~ h 
(A,t(k), Am(k) _1 ). Thus we have strictly increasing sequences of positive 

integers {p(k)} and {q(k)} such that l~"" h(A2p(k)' A2q (k)+l) = e. For a positie 
integer k let. 

ak = max {d(Sx2p(k), Fx2p(k;)' d(Tx2q(k)+I' Gx2q(k)+I) 

d(Sx2p(k), Gx2p(k)+I ), d(Tx2q(k)+I' Fx2p(k;)} 

" 
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and 

13k = max {h(Fx2p(kJ, Gx2p(k)-J ), h(Fx2q(k)' Gx2q(kJ+l ), 

h(Fx2p(k), Gx2q(kJ+J ), h(Fx2q(k)' Gx2q(kJ+l )} 
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Then a.k$ 13k for all k = 1,2 ... and {j3k} converges to£. In view of inequal
ity (2.1) we have 

h (A2p(kJ' A2q(kJ+1) $ <!> ( a.k) $ a.k $ j3k 

for all k = 1,2 .... Since{h (A2p(kJ, A2q(k)+J )}k'=0 and {j3k}k=1 converge to £, it 

follows that both {<!> ( a.k )} and {a.k} converge to £. This is a contradiction 

since £is a positive real number and<!> (t+) < t for all tin (O,oo). Hence {A,J 

is Cauchy in CB(X). Since (X,d) is orbitally complete, CB(X) is also orbitally 

complete. Hence {An} converges in CB(X) to some A in CB(X). Let u EX be 

such that Tu EA Taking x = x2n and y = u in inequality (2.1) we see that 

h (A2n, Gu) $ <!> (max {h(A2n, A2n--1), h (A, Gu), h (A2n-1, Gu), h (A, A2,J }) 
for all n= 1,2, .... Taking limit n ~ oo in the above inequality we obtain 

h (A, Gu)$<!> (h(A,Gu;+): Since <!>(t+) < t for all tin (O,oo), it follows that 

h(A, Gu) = 0. Hence Gu =A. Hence Tu E Gu. 

Suppose now that u EX is such that Tu E Gu. Taking x = x2n and y = u 
in inequality (2.1) we see that 

h (A2n' Gu)$<!> (max {h(A2n, A 2n-.J, h (A2n-i• Gu), h (Gu, A2,J }) 
for all n = 1,2 .... Taking limit n ~ oo in the above inequality we obtain 

h (A, Gu) $ <!> (h(A,Gu)+). Hence h (A,Gu) = 0. Hence Gu =A. Hence 

TueA. 

Thus we have shown that {Tx Ix EX and Tx E Gx} = T(x) n A and 

Gx =A whenever Tx E Gx. In a similar manner it can be shown that 

{Sx Ix EX and Sx E Fx} = S(X) n A and Fx =A whenever Sx E Fx. 

Remark 2. Example 5 of Sastry and Naidu [5] shows that in Theorem 

2 the condition "{h (An' An+I} converges to zero" cannot be dropped even if 

<!>(t) = ti 2 for all t in R+, F and G are single valued maps, S and Tare 

identity maps on X and (X,d). is a finite metric space. Example 6 of 
Sastry and Naidu [5] shows that the condition cannot be dropped even 
if one of the expressions d(Sx,Fx), d(Ty, Gy) on the R.H.S. of inequality 

(2.1) is deleted <!>(t) = (314)t for all tin R+,F and Gare single valued, S 

and Tare identity maps on X and (X, d) is a finite metric space. 

Theorem 3. Suppose that lim [t-<!>(t)] = + oo and 
t-H-oo 
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h (Fx, Fy) :s; <!>(max {d(Sx, Fx), d(Sy, Fy), d(Sx, Fy), d(Sy, Fx) }) (3.1) 

for all x,y in X. Suppose also that there is a sequence {x;J in X such that 

Sxn E Fx,i--1 (n = 1,2 .. .) such that Xis (F; S,x0)-orbitally complete. Then 

{Fxn} converges in CB(X) to A for some A in CB(X), {Sx Ix EX and Sx E 

Fx} = S(X) ll A and Fx =A whenever Sx E Fx. If further Sand Fare 

weakly commutative (i.e., Sup d (Y, FSx) :s; d(Sx, Fx) for all x in X), 
yESFx 

then snz E Fz for all n= 0, 1, 2, ... and for all z in S(X) (\A. 

Proof. For a positive integer n let 

fln= Sup {h (Fxi, Fxj) I 1 :s; i S:j :s; n}. 

Clearly {[3,J is an increasing sequence of nonnegative real numbers. 

For JS: i, j :s; n from inequality (3.1) we have 

h (Fxi, Fx) :s; <!> (max {h(Fxi-l' Fx), h (Fxj-J• Fxj), 
h(Fxi-I' F~), h (Fxj_1, Fx), (3.2) 

Hence h (Fxi, Fx) :S: <!> ([3n+ h (Fx0 , Fx1 ) for all i, j E {1, ... , n). Hence [3n 

:S: <!> ([3n + h (Fx0 , Fx1 )) for all n = 1,2, .... Hence [[3,,+ h (Fx0 , Fx1 )]- <!> 

[[3n + h (Fx0 , Fx1 )] :S: h (Fx0 , Fx1 ) for all n = 1, 2, .... Since lim [t - <j>(t)] 
t->+~ 

= + oo, it follows that {[3,J is bounded. Hence Sup{h (Fxi, Fx) I i, j = 0, 

1,2, ... } < + oo For a non-negative integers n let 

y n = sup { h (Fxi, Fx) I i, j ~ n}. 

Then { Y,,} is a decreasing sequence of non-negative real numbers and 

hence converges to some non-negative real number y . From inequal

ity (3.2) it is evident that Yn :S: <!> (yn_1) 

for all n = 1,2, .... Taking limits on both sides of the above inequality as 

n~00 we obtain Yn :s; <!> (y+). Since <j>(t+) < t for all tin (0, 00), it follows 

that y = 0. Hence {Fx,J is a Cauchy sequence in CB(X). Since (X,d) is 

orbitally complete, CB(X) is also orbitally complete. Hence there exist 

A E CB(X) such that {Fx,,} converges in CB(X) to A. 

As in the proof of Theorem 2 it can be shown that {Sx Ix EX and Sx E 

Fx} = S(X) ll A and Fx =A whenever Sx E Fx .. 

Suppose now that F and Sare weakly commutative. Let z E S(X) "A. 

Then there exists x E X such that z = Sx and Sx E Fx. From the weakly 

commutativity of F and Sit follows that S 2x E FSx. i.e. Sz E Fz. Hence 

Fz =A = Fx. Hence z E Fz and s maps S(X) (\A into itself. Hence snz E \C 

(~-: 
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A =Fz for all n = 1,2, ... 

Remark 3. The last part of Theorem 3 is valid in the case of Theorem 
1 and 2 also. Following question is raised in [2]. Does F admit a fixed 
point if 

h(Fx, Fy):::; a (max{d(x,y), d(x, Fy), d(y, Fx)} (4.1) 

for all x, yin X and for some constant in [O,l)? 
We observe that without some additional condition, F does not admit a 
fixed point under (4.1). To give a sufficient condition for existance of a 
fixed point, we first define-

Defination 3. Let {xJ be a sequence in X such that xn e Fxn-1" Then 

{xJ is said to be asymptotically F-regular if d(xn, xn+I) -7 0 as n -7 oo. 

Theorem 4. Let X is T-orbitally complete [i.e. every sequence of the 

form {xn(i): xn(i) e Txn(i)-1}converges in X] and F be multi-value~ map
ping satisfying (4.1): Then Thas a fixed point if there exists a sequence 
{xJ which is asymptotically F-regular. 
Proof. It is nothing hard to prove, if {x,J is a sequence which is asymp
totically F-regular, then {x,J is a Cauchy sequence. Since X, is T-orbitally 

complete, xn -7 z now 

d(xn, Fz):::; h (Fxn-l' Fz)::::; a max {d (xn-1,z), d(xn-l' Fz), d(z, Fxn-1)} 

::::; a max {d (xn-1,z), d(xn-l' Fz), d(z, x,J} 

Letting n-7 =. we have d(z, Fz) :::; a d(z, Fz) < d(z,Fz) a contradiction. 

Hence z e Fz. This completes the proof. 

Following definition is known : 

Definition 4. A topological space is said to be Pseudo-compact if every 
real valued continuous function on it is bunded. 
Every real valued continuous function on Psedo-compact topological 
space attains its bounds. 

We have following corollaries to Theorem 2 and 3. 
Crollary 2. Suppose thatXxXis Pseudo-compact, the functions which 
map (x,y) to h(Fx, Fy), max {d(Sx,Gy), d(Ty,Fx)} are continuous on 
Xx X, and h(Fx, Gy) <max {d(Sx,Gy), d(Ty,Fx)} 

for all x,y in X for which Sx E Fx and Ty E Gy. Further suppose that 

there is a nonempty subset A of X such that S(A) and T(A) are closed 

and Fx ~ S(A) and Gx ~ T(A) for all x in A. Then either F and S or G 

and T have a coincidence point. 
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Corollary 3. Suppose thatXxXis Pseudo-compact, Fand Sare continuous 
on X and h (Fx, Fy) <max {d(Sx, Fx), d(Sy, Fy), d(Sx, Fy), d(Sy, Fx)} 

whenever x,y in X such that Sx E: Fx, Sy E Fy. Suppose also that there is a 

nonempty subset A of X such that SA is closed and 

Fx s;;;; SA for all x in A. Then F and Shave a coincidence point. " 

Proof. Suppose that F and S have no coincidence point. Define 

f:XxX~Ras 

f (x,y) = h (Fx, Fy) !max {d (Sx, Fx), ... , d (Sy, Fx)}. 
Then f is continuous on Xx X and f(x,y) < 1 for all x, yin X. Since XxX 

is Pseudo compact, f attains its supremum, say a over Xx X. Then a E 

[0,1) and 

h (Fx, Fy)::;; a max {d(Sx, Fx), .... , d(Sy, Fx)} 

for all x, y in X. The corollary is now evident from Theorem 3. 
Remark 4. Theorem 1, 2 and 3 are the theorem 2 , 3 and 4 of Naidu [2] 
in complete metric spaces. 
Remark 5. Theorem 4 is a suitable answer to the problem 1, raised in 
[2], under weaker assumptions. 
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