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ABSTRACT 
A common fixed point theorem is obtained which gives proper 

generalizations of recent results due to Rhoades, Park and Moon, 

Jachymski, Pant, Joshi and Pantle; and Pant. 

1. INTRODUCTION In recent years, several authors have 

obtained common fixed point theorems for compatible mappings 

satisfying various contractive conditions. The most general among these 
results being those due to Jachymski [4], Pant [10], Pant, Joshi and 
Pantle [11] and Rhoades, Park and Moon [15]. The theorems concerning 

sequences of mappings generally require each mapping to satisfy a 
compatibility condition, a condition on its range and a strong type of 
contractive condition . In the present paper, we obtain a common fixed 

point theorem involving a sequence of mappings under much weaker 
conditiins. 

Two selfmaps A and Sofa metric space (X,d) are called compat

ible if limnd (ASxn,SAx,J= 0 when {xn} is a sequence such that limnAxn 
= limnSxn = t for some tin X. This notion was introduced by Jungck [6]. 

It is well known that compatibility implies commutativity at coinci
dence points. 

Let A 1 , A2 , S and T be selfmappings of a set X such that 

A 1Xc TX and A;yc SX. For x0 in X, a sequence {y
1
J defined by 

Y2n =A1x2n= Tx2n+I andy2n+1=Ar2n+I= Sx2n+2 is called an S, T-iteration 
of x0 under A1 and A2. 

2. Main Results. If {Ai}, i=l,2,3, ... , Sand The selfmappings of a 

metric space (X,d), in the sequel we shall denote 

M 1; (x,y) =max {d (Sx,Ty), d(Aix, Sx), d (A;y, Ty), [d (A1x,Ty) + 
d(A. y,Sx)]/2}. 

/, ' 

Theorem. Let {A;}, i=l,2,3, ... , Sand T be selfmappings of a com-
plete metric space (X,d) such that 
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(i) A 1Xc TX and A~c SX 

(ii) d (A1x, Api)::; h M 12 (x,y), 0::; h <1, 

(iii) d (A1x, Aiy)::; M 1i (x,y), 

(iv) Al'S and A 2,T are compatible pairs of maps. 

If each convergent S, T-iteration under A1 and A2 converges to a point 

in SX uTX then all the Ai, S and T have a unique common fixed point. 

Proof. Let x0 be any point in X. Define sequences {x,J and {y,J in X 
given by the rule 

Y2n=A1 X2n=Txzn+l ' Y2n+1=AzX2n+1=Sx2n+2 · 
This can be done by virtue of (i). Then, by virtue of (ii), we get 

d(Y2n•Y2n+l) $ h d(Yzn-l'Y2J 

and d(Yzn-l'Y2J ::; h d(Yzn-2•Y2n-J· 

From these inequalities we infer that J~ d(yn,yn+1)=0 Also, for any 
integer p>O, we have 

d(y2n+1•Y2(n+p)+;) $ h d (Y2n,Y2(n+p)+l)+hd(y2n.Y2n+iJ. 
Then 

d(y 2n,Y 2(n+P)+l) $ d (y 2n,Y 2n+ l)+d(y 2n+ pY 2(n-+p)+;) + d(y 2(n+p)+2'Y 2(n+p)+ 1) 

< h d (y2n'Y2(n+p)+1)+(2+h) d(Y2n.Y2n+iJ. 

that is, (1- h) d(y2n,y2(n+p)+l) < (2+h) d(y2n,y211+/ Similarly, 

(1- h) d(y211_1,y2(n+p) < (2+h) d(y2n,y2n_iJ. Since, }f~ d(yn,Yn+I)=O, 

the above inequalities yield 

,t~~ d(y2n,Y2(n+p) +l)=O = J.h~ d(y2n-J•Y2(n+p)· 

Hence {y,J is a Cauchy sequence in the complete metric space X. There

fore, by our assumption, {y,J converges to a point in SX uTX. Let Yn-7Su 

for some u in X. Then y 2n=A1x2n=Tx2n+l -7 Su and y 2n+ 1=A2x2n+I 

=Sxzn+z -7 Su. 

Now, using (ii) we get d (A1u,A2x2n+l) $ h M 1z(u,x2n+i>· On letting 
n-700 this inequality yields d (Ap,Su)::; h d(Ap,Su). that is Ap=Su. 

Since the range of A1 is contained in the range of T, there exists a point 

w in X such that A1u = Tw. We show that Tw=Aiw for each i>l. If 
Aiw=tTw for some i > 1, using (iii) we get 

d(Ap,Aiw) < M 1i (u,w) = d(Ap,Aiw), 

a contradiction: Hence Su=A1u=Tw=Aiw where i>l . 

Since Al'S and A 2,T are compatible mappings and since compat

ible maps commute at coincidence points, we get A 1Su = SA 1u and 
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A 2Tw==TA2w. Also, A 1A 1u==A 1Su==SA 1u==SSu and 

A;l12w==A2Tw==TA2w==TTu. Then, by virtue of (ii), we get 

d(A1u,A1A 1u) == d (A1A 1u,A2w) :5: hd(AiA1u,A2w), 

and d(A;!12w,A2w) == d (A1u,A;!1~) 5; hd(Ap,A;!12w), 

This gives A 1u==A1Ap==SA1u and A 2w==A;!12w==TA2w. Thus Ap==A2w is 

a common fixed point of Ar A2, Sand T. Moreover, if A2w :;tAiA2w for 
some i>2, using (iii) we have 

d(Ap,AiA2w) < d (A1u,AiA~), 
a contradiction. Hence A p == A2w is a common fixed point of all the Ai, 

Sand T. The proof is similar when it is assumed that every convergent 

S,T-iteration under Al'A2 converges to a point Tu in SXu7X. This es

tablishes the theorem. 

3. illustrative Examples. We now give an example to illustrate 
our theorem. 

Example. Let X == [2,oo) with usual metric d. Define mappings Ai,S 

and T: x~x, i==l,2,3, ... , by 

Sx == x+8 when x>2, Sx == 2 when x ==2, 

Tx == 2x when x;.::: 3, Tx == 2 when x < 3, 

A 1X == Ar==2 for all x 
and for i > 2. 

Aix == 2(3+(1/i)) when x > 3+(1/i), Aix==2 when x :5: 3+(1/i). 

Then {AJ, Sand T satisfy all the conditions of our theorem and 
have a unique common fixed point x==2. 

In view of the above example, we now compare our theorem with 

some well known results. 

I. Our result is more general than Theorem 5.1 of Jachynski [4]. 

Jachynski's theorem that AiX c SX and Ai to be compatible with T for 
each i>2. These conditions are neither required in our theorem nor 

satisfied in the example. In the above example it is obvious that AiX is 

not contained in SX when i>2. To see that Ai and Tare noncompatible 

when i>2, let us consider a decreasing sequence {x,J in X==[2,=] such 

that Xn ~3+(1 Ii). Then AiXn~2(3+(1 Ii)) and Txn~2(3+(1/i)). But 

AiTxn~2(3+(11i)) while TAiXn~4(3+(1!i)).Thus Ai and Tare 
noncompatible when i>2. Moreover, Jachymski's theorem requiresA1,A.i, 

i>2, to satisfy the contractive condition d(A1x,Aiy) :5: cj>/m1/x,y)) where 

cj>i:R+~R+ is an upper semi continuous function such that <l>/t)<t for 
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each t>O. This condition is not satisfied in the above example since the 

required function <Pi would not be upper semicontinuous at t = 4+(2/i). 

More importantly, our assumption that every convergent S,T
iteration under A l'A2 converges to some point in SXuTX is strictly 

weaker than Jachymski's assumption that Sor T be continuous. This 

is obvious because continuity of S or T together with compatibility of 

Al'S and A2,T implies our condition. However, in the above example 

neither S nor Tis continuous. In this respect our threorem generalizes 

Jachynski's Theorem 3.3 also. 

II. Our result is more general than that due to Rhoades, Park 

and Moon [15] in following respects. The theorem of Rhoades et al re

quires AiXcSXnTX and Ai to be compatible with both Sand Tfor every 
value of i>2. These conditions are not required in our theorem and are 
not satisfied in the above example. Moreover, their result requires each 

Ai,Aj to satisfy an (E,o) type contractive condition (the necessary correc
tion in their (E,o) condition appeared in Jungck et al [7]). However, in 

the above example, Al'Ai, i>2, fail to satisfy (E,o) condition at c=4+(2/i). 

III. Likewise, the present theorem is more general than theorem 

2 of Pant, Joshi and Pantle [ll] in one respec. In Theorem 2 of Pant et 

al if we take {Pi}= {ApA1,Al' ... }and {Qi}= {A2,A3,A4, ••• }then A 1,A; are 
required to satisfy an (E,o) contractive condition for each i>2. However, 
as discussed above, this condition is not satisfied in the above example 
at c=:4+(2/i). 

It is clear form the above discussion that our theorem applies to 

a much wider class of mappings than covered by the above mentioned 

results in [4], [11] and [15]. Among the results which can either be 

obtained as special cases of our theorem or can be generalized in a 

straight forward manner in the light of our theorem we mention those 
due to Boyd and Wong [1], Das and Naik [2], Fisher [3], Joshi and Pant 

[5], Meir and Keeler [8], Pant [9,10], Park and Bae [12], Park and 
Rhoades [13], Rao and Rao [14], Sessa [16] and Tivari and Singh [17]. 
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