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ABSTRACT 
In this paper, we shall prove some fixed point theorems in 

Hausdorff spaces. Our result is an improvement of the results of many~ 
authors e.g. Popa [4], Thomas [5J and Chugh and Rani [2J. 

Introduction. Several authors such as Wong [6J, Chatterjee and 
Ghosal [l], Fisher and Khan [3], Popa [4], Thomas [5], Chug and Rani 
[2J etc. have obtained a number of intresting results on fixed point for 
different types of contractive mappings in Hausdorff spaces. The object 
of this paper is to establish some fixed point theorems in Hausdorff 
spaces which are generalizations of results due to [4], [5] and [2]. 

Preliminaries. Let R+ denote the set of non-negative reals and 

w : R+ ~ R+ is a continuous function and non decreasing in each 

coordinate variable such that 0 < w (t) < t for all t > 0. 

Main Results. 
Theorem 1. Let T be a continuous mapping of a Hausdorff space X 
into itself. Let f be a continuous mapping of XxX into R+ such that 

(1.1) f (x,y)-::!- 0 for all x -::F-y e X 

(1.2) f (x,y);;::: f(x,x) and f(x,y);;::: f(y,y) for all x-::!- ye X 

(1.3) f (Tx,Ty)::;; w (max {f(x,y), f(x, Tx), f (y, Ty), f(y, Tx), f(Ty,T2x)}) 

for all x -::!- y e X. 

If for same x0 e X the sequence {x,j = {TnxoJ has a convergent 
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subsequence, then T has a unique fixed point. 

Proof. By (1.3), we have 

f (xl'x;) = f(Tx0 ,Tx1) 

::;; w (max {f(xO'x), f(x0 ,Txr), f(x1, Tx1), f (xi' Txr), f(Tx1, '1'2xr)}) 

= w(max {f(x0,x1), f(xl' x;), f(xl' x1), f (x2 ,x;)}) 

= w(max {f(x0 ,x1), f(x1, x;)}). (By condition (1.2)). 

If f(x0 ,x1) < f(xl'x;), then f(xpx2J::;; ro(f(xl'x;)) < f(xpx;), 

a contradiction. Thus f(xl'x;)::;; f(x0 ,x1). 

Repeating the above argument, we have 

f(x0 ,x1J 2': f(xl'x;) 2': f(x2'x;) ;::=: ... 

This shows that {f(xn ,xn+J)} is the monotonic decreasing sequence of 

positive real numbers which must converge with all its subsequence to 

some u,u being real. Let {x,J has a convergent sub-sequence {xn} which 
k 

converges to some x E X. 

By the continuity of T, we have 

'Tx = T(lim xn,) = lim (Txn,) = lim xnk+l' 

T 2x = T(limxn +1) = lim (Txn +1) = lim xn +2 • k k k 
Now we prove that xis a fixed point of T.We have 

f(x,Tx) = f(lim x, , lim x +i> '"k nk 
= lim f(xn ,xn +1) 

k ll 

= u = lim f(xn +l'xn +:J = f (Tx, T 2x). 
k k 

If x t:.Tx ,then condition (1.3) gives 

f(Tx, T 2x)::;; w (max {f(x,Tx), f(x, Tx), f(Tx, T 2x), f (Tx, Tx), f(T 2x, T 2x)}), 

f(Tx, T 2x) = f(x,Tx)::;; w (f(x, Tx)) < f(x, Tx) (as above). 

This is a contradiction. Therefore x = Tx. 

To prove uniqueness, let y-:tx be another fixed point of T, then 

f (x, y) = f(Tx, Ty) 

::;; w (max {f(x,y), f(x, Tx), f(y, Ty), f (y, Tx), f(Ty, T 2x)}) 

= w (max {f(x,y), f(x, x), f(y, y), f(y,x), f (y, x)}) 

= w (max {f(x,y), f(x, x), f(y, y)}). 

By condition (1.2), we have 

max {f(x,y), f(x,x), f(y,y)} = f(x,y). Hence we have 

f(x,y)::;; w (fx,y))< f(x,y) 

giving a contradiction. Hence x =y. Thus the fixed point is unique. 
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This completes the proof of the theorem. 

Now we establish the following theorem for a pair of continuous 

mappings in a Hausdorff Space. 

Theorem 2. Let T1 and Tz be continuous mappings of a Hausdorff 

space X into itself. Let f be a symmetric continuous mapping of XxX 
into R+ satisfying (1.1) , (1.2) and . 

(2.1) f(T1x, T yi)::; w(max {f(x,y), f(x, T1x), f(y, T yi), f (y, T1x), 

f(T yi, T2T1x)}) 

for all :x::ty E X. 

If for some XoEX, the sequence {xn} where T1X2n = X2n+land T r2n+1= 

x2n+2 for n = 0,1,2,3, ... , has a convergent subsequence {x (2p+l)n}, 

where pEN is fixed and, nEN, then T1 and T2 have a unique common 

fixed point. 

Proof. By applying (2.1), for n=0,1,2,3 , .... , 

f (xl'x;) = f(T1x0,T r 1) 

::; w (max {f(x0 ,xi), f(x0 ,T1xr), f(xl' T riJ, f (x1, T 1xr), f(T rl'T2 T 1xr)}) 

= w (max {f(x0 ,x1), f(x0 ,x1), f(x1, x;), f (x1, x1) f (x2' x;)}), 

which implies (as in the proof of theoreml) 

f(x0 ,xl);::: f(x1 ,x;) 
and repeating the above argument, we have 

f(x0 ,x1);::: f(x1 ,x;);::: f(x2,x:);::: ... 

and thus the sequence {f(xn, xn+l)} converges to some u ER. Let {x,J has 

a convergent subsequence {x(2p+l)n} converges to some x EX. Let {x(2p+I)2n} 

be a subsequence of {x(2n+l)rJ. 
By continuity of T1 and T2, we get 

T 1x = T/limx(2p+IJ2) = lim T 1x(2p+l)2n = lim x(2p+l)2n+I, 

T2T1x = T2 (lim x(2p+I)2n+I) = lim (T r(2p+i)2n+1> = lim (x(2p+I)2n+2) ' 

f(T1x,T2T 1x) = f(lim x(2p+l)2n+l' lim x(2p+I)2n+2) 

= lim f(x(2p+J)2n+l'x(2p+1)2n+2) 

= u = lim f(x(2p+l)2n • X(2p+1)2n+l) 
= f(limx(2p+J)2n , limx(2p+1)2n+I) = f (x, T1x) 

If x;;:.T1x, 

f(x, T 1x) = f (T1x, T2T1x) 

::; w (max {f(x, T1x), f(x, T1x), f(T1x, T2T1x), f (T1x, T1x), f(T2T1x, T2T1x)}). 
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::; w (max {f(x,T1x), f(x, T1x), f(x, T1x), f(T1x, T 1x), f(T2T 1x, T2T 1x)}) 

By condition (1.2), we have 

max {f(x,T1y), f(T1x,T1x), f(T2T 1x,T2T 1x)} = f(x,T1x). 

then f(X,T1x) = f(T1x,T2T1x)::; w(f(x,T1x))< f(x,T1x). 

This is a contradiction. There for x T1x. 

Similarly, by taking {x(2p+l)2n+l} be the subsequence of {x(2p+l)2n}, 

We can show that x =Tr' therefore xis a fixed point of T 1 and T2, To 

show uniqueness, let y:tx be another fixed point of T1 and T2 then the 

condition (2.1) yields. 

f(x,y) = f(T1x,T ~) 

::; w (max {f(x,;r), f(x, T 1x), f(y, T ~), f (y, T1x), f(T ~' T2T 1x)}) 

= w (max {f(x,y), f(x,x), f(y,y), f(y, x), , f(y, x)}), Rest part of the proof 

follows from the proof of the theorem 1. . 

Theorem 3. Let T 1 ,T2 ,T3 , ... , Tk be continuous self mappings on 

Hausdorff space x and f be a continuous, symmetric mapping of XxX 
into R+ such that the conditions (I.I) , (1.2) hold and 

(3.1) f (Tix, Ti+1Y) :S: w(max {f (x,y), f(x,Tix), f(y,Ti+iY), f(y,Tix), 

f(Ti+1y, Ti+l Tix)}) 

for all :x:;;=yEX and Tk+l = T 1.. · 

If for some x0EX,the sequence {xn}, where 

X1 = TlxO' X2 =Tri ... ' xk =Tkxk-1' 

Xk+l = Tlxk, Xk+2 = T rk+l ' ... ' x2k = Tk x2k-1' 

xnk+l = Tixnk' xnk+2 = T rnk+l ' ... , x<n+lJk = Tk x(n+JJ k 
for n = 0, 1, 2, 3, 4 .... has convergent subsquence {x(mk+l)) where mEN 

is fixed ;:ind nEN, then Tl' T2, T 3 , ... , Tk have a unique common fixed 

point. 

Proof. By applying (3.1), we get 

f(xl'x;) =f(T1x0 ,Tr1) 

:S: w (max {f(x0 ,x1), f(x0 ,T1x,), f(x1, T r 1), f (x1, T 1x,), f(T rl'T2 T 1x,)}) 

= w(max {f(x0 ,x1), f(x0 ,x1), f(x1, x;), f (x1, x 1) f (x2, x;)}) 

which implies (as in the proof of theorem I) 

f(xl'x2)::; f(x0,xiJ. 

Similarly, we have 

f(x2 ,x3) :S: f(xl'x;) 



f(xk-l'xk):::; f(xk-2'xk-I) · 
Again, by applying (3.1), we have 

f (xk, xk+1) = f(Tk xk-l' T 1 x1J 
:::; w (max {f(xk-l'xJ, f(xk-l' Tkxk_1), f(xk, T 1xJ, f (xk, Tkxk_1) , 

f(T1xk,T1 Tkxk_1)}) 

= w(max {f(xk_1,xJ, f(xk-l' xJ, f(xk, xk+1), f (xk, xJ f (xk+l' xk+Jl) . 
This implies that 

f(xk,xk+1> :::; f(xk-l'xJ 

and hence 

f(xn,Xn+l):::; f(xn-l' x,), n = 0, 1, 2, ... 
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By proceeding as in theorem 2, we can show that T 1,T2,T3, ... ,Tk have 

a unique fixed point. 
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