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ABSTRACT
The aim of the present paper is to establish the stability of the
common solution of two differential equations in Banach spaces via
fixed point technique.
1. INTRODUCTION. At present there is an abundance of
literature available on the stability of differential equations with the
different notions and with the different approaches. See for example.
Hirsch and Smale [2], Lakshmikantham ahd Leela [3] and Lasalle [4].
The stability of differential equations via the fixed point technique is
well-known in the literature. Recently the present author proved a
common fixed point theorem for a pair of mappings in Banach spaces
and which has been applied to prove the common solution of two
differential equations in Banach spaces [l]. In this paper the
simultaneous stability of two differential equations in Banach spaces
is established. Before proving the m.ain resutls of this paper, we first
prove a fixed point theorem which will be used in the sequel. We need
the following preliminaries.
LetE denote a Banach space. AsubsetK of Eis said to be a cone
in E if (i) kr + k ::; K (ii) A.k k K, whenever A. <:: 0, and
(iii) K n-K= {O}. The relation x ::;y if and only if y-x E K, defines
a partial ordering in K
Definition 1.1 : 'l\vo mappings A and Bon a Banach space into
itself with a order relation ::; induced by the closed cone K in X, are
said to be isotone increasing if A(x) ::; B(A(x)) and B(x) ::; A(B(x)) for
all x E X. If the reverse inequalities are satisfied, then A and B are
called weakly isotone decreasing on X. Finally, A and B are called·
weakly isotone onX if they are either weakly isotone increasing
or decreasing on X.
Theorem 1.1 : Lets be anon-empty, closed, convex and bounded
subset of a Banach space X with an order relation$ induced by the
closed cone Kin X and let A, B : S -t S be two completely continuous
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and weakly isotone mappings. Then A and B have a common fixed
point.
Proof: Let S be arbitrary and consider the sequence {xn} in S
defined by
·
Xo

=x, X2n + 1 =Ax2n, X2n + 2 =BX2n + 1

... (1.1)

for n = 0, 1, 2, ....
Suppose thatA and B are weakly isotone increasing on S. Then
by nature of the sequence {xn}, we get
X1 s X2::;; ... Sxn s ...
...(1.2)
Since A and B are comple~) continuous A(S)" and B(S) are
and B(Sl are compact. As
relatively compact and hence
{xn} ~ fxo} u A(.S} u B{SJ and {xn} is monotone increasing, it has a
unique limit pointx * in S such that lim xn = x *, and every subsequence

n

-+oo

of {xnl converges to the same limit point. By continuity ofA and B, we
obtain
x* = lim x 2n + 1 = limA(x21i) =A ( lim x 2n> =Ax*
n-+oo
.n-+.
n-+oo
x*

=lim

n-+ oo

x 2n + 2

=lim B(x2n + 1) =B (
n-+•

lim x 2n + 1) =Bx*
n-+•

Thus x"' is a common fixed point of A and B. Similarly, if A and
Bare weakly isotone decreasing on S, then it can be shown that the
sequence {xnl in S defined by (1.1) is monotone decreasing and
converges to the unique limit point which is again a common fixed
point of A and B. This completes the proof.
Corollary 1.1 : Let S be a · non-empty, closed, convex and
bounded subset of a Banach space X with an order relation s induced
by the closed cone Kin X and let A, B : S ~ S be two weakly isotone
mappings. If A is continuous and B is a completely continuous
mapping on s,· then A and B have a common fixed point.
Proof: Let x e S be arbitrary and consider a sequence {xn} in
S.defined by (1.1).
Now suppose that A and B are weakly isotone increasing on S.
Then by nature of the sequence, we get .
X1

s X2 s .;. Sxn s ...

...(1.3)

Since A is continuous· and B is completely continuous, AoB is
completely continuous on S. Therefore it follows that AB(S) is
relatively compact and hence ~ and .H{S) are compact in X. As
lxn} ~ lxo, x1l U B(S) U AB(S), in view of (1.3) it follows that the

•.

49

sequence {xnl converges to a unique·limit point, 'I'he rest of the proof
is similar to Theorem 1.1. The proof is complete.
Corollary 1.2: Let S be a non-empty, closed, convex and ·
bounded subset of a Banach space X with an order relatfon ::;: :induced
by the closed cone Kon X and let A, B : S ~ S be two weakly isotone
mappings. Further, if A is a contraction and B is completely
continuous, then A and B have a unique common fixed point.
Proof : Since every contraction mapping is continuous, A is
continuous onS. By corollary 1.2, the mapping A andB have a common
fixed point. But by the Banach contraction mapping principle, it
follows that A has a unique fixed point. So A and B have a unique
common fixed point. This completes the proof.
In the following section, we prove the simultaneous stability of
two differential equations, particularly initial value problems in
Banach spaces, by an applications of the results proved in this section.
2. STABILITY OF DIFFERENTIAL EQUATIONS
Let R denote the real line and J [t 0 , t 0 +a]

=
c. R, for some t 0 ,
ae R, a > 0 a closed and bounded interval. Let E denote a Banach
space with norm II · II E and an order relation ::; induced by a closed
cone K in it. Now consider the nonlinear differential equations (in
short DEs) with the same initial condition (for convenience),
x' =f(t,x)
x(t )
0

=x 0 e

E

}

... (2.1)

and
x' =g(t, x)
x(t )
0

=x 0 e E

}

·.. (2.2)

forte J, where f, g e C(J x E, E).
We seek the simultaneous stability of the common solution of
the DEs (1.1) and (1.2) in the space X =C(J, E) of all continuous
E-valued functions on J. Define a norm II -II in X by
II X 11

=sup

11 x(t) II E

.•. (2.3)

te J

Clearly X is a Banach space with this supremum norm. We
introduce an order relation ::; in X as follows. Let K denotes a cone in
Xdefined by
K = {x e X I x(t) e K, for all t e J}
... (2.4)
Let x, y e X, then by x ::; y we mean y - x e K, or equivalently
y(t) - x(t) e K for all t e J, i.e. x(t) s; y(t) for all t e J. Obviously K is a
closed cone in X.
Definition 2.1: The differential equations (2.1) and (2.2) are
said to have a stable common solution P if for £ > 0, there exists an
n > 0 such that l~o II::; n implies II p(t) nE s; £for all t E J.
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We consider the following set of assun1ptions:
·(A 1)

For given£> 0 there exists a

II

o> 0, ao > 1, such that

II E ::;; oII x - Y ii E
and
II g(t,x)-g(t,y) llE :s;l 11 x-y llE
for all (t, x), (t,y) e JxE whenever II x llE : ; £, II y llE : ; £.
(A 2 ) f(t, 0) = 0 =g(t, 0) for all t e J, where 0 is the zero vector of E.
(A 3 )

and

f(t, x) - f(t, Y)

f(t, x(t)) ::;; g ( t,

~ f(s, x(s)) ds + x0 }

g(t,x(t)):s;f(t,

~

f(s,x(s))ds+x 0 }
0

..

for (t, x) e J x X and for a fixed element x 0 e E gien in (2.1) and (2.2).
(A 4 ) f(t, x) andg(t, x) are continuous int, uniformly for x e E with

II

(A 5 )

X

llE

<oo.

The function f(t, x) satisfies the Lipschitz condition in x,
uniformly for t e J, i.e. there exists a constant L > 0 such that
II f(t,x)-f(t,y)

llE

:s;L II x-y

llE

for all (t, x), (t, y) e J x E.
Theorem 2.1 : Assume (A 1) - (A 4 ). Then the DEs (2.1) and (2.2)
have a stable common solution on J, whenever II x 0 II E ::;; b £for some
b

E

(0, 1).
Proof :

b

E

Let e > 0 be given and take

(0, ·l), which is possible in view of

f(t,x)

llE

::;-a-£
1-b

1-b

l

d
II g(t,x) llE ::;;-£
an
a
;for all (t, x) E J x E.
Define a subset S(c) of the Banach space X by

.

for some

ao < 1. Then by (A1) and (A2),

we have

II

1-b
o=a

... (2.5)

S(c) .::_ {x e XI II x II s £}
... (2.6)
Clearly a subset S (£) is a closed, convex and bounded subset of
the Banach spaceX. Now the DEs (2,1) and (2.2) are equivalent to the
integral equations,
x(t) = x 0

+f

to

f(s, x(s)) ds, t e J

... (2.7)

-1

!) J_
.,f

and

x(t) = x 0

+J

g(s, .x(s)) ds , t

to

'C'

J

... (2.8)

.

respectively.
Define two operators A and B on S(t:) by right hand sides ;.1f the
equations (2. 7) and (2.8), respectively. Then tl-:::.::i problem of 8. coin.mon
solution. of the .DEs (2.1) and (2.2) is rndu~ed Ln finding the common
fixed points of_jhe operators A and B. We_ show that the operators A
and B map S(e) into itself. Let x E S(t:) b:e arbitrary then by
(A 1) - (A 2), we obtain

!
'1

Ax(t·)
,

II E

<
-

II ....

I! ""'0

II, E

,,/;

·t

I II
J .

rfl(s ,,,(.-.)') j!I .
' ·"'·" l

'<'
s b£ + --·- c:.a ::-~ 2
-

;

,-!,_

E "''''

1---b
a

fur all t E ,J and hence A. m.aps S(c.) into itelf. Sin1iJariy B also mapn
S(E}_into itself. Also the operators A and Bare c0111plutely continuous
on S(t.) in view of the hypotheses (A 1) -(.A;?,) a:nd (A 4 ). \\~ext 'Nf; show
that the operators A and Bare weakly isoton•3 i::icex-ea..ri.,oc.g on S(t), then
by (A 3)
Ax(t) ,,,;XO+

f {(s,

= x0 +

~
rt

J.

i:

X(s)) ds '.S.xo +

f g (s rftt,
~

1

~

X(''.)) dT +Xo

ds

g(s, Ax(s)) d,-:
0

=B(A~(t))
'l ···1--B··
''1 .. .~;-- ,_{;;ft,;,'
' A .. <BrAx)
" .. ,s·.
11>.n1a1
y x <
__ . /-fB·;
. .a.'- X.J ·f··
~(,f i:;,,_="
,.,1 •
fior a 11 t. E J , an d so~~-_
This shows that A and B are weakly isotone _increasing on S(e). Now
an application of'fheorem_l.1 yields thatthe operator;; A and B have
a common fixed point in Sf§). Consequently the DEs (2.l) and (2.2)
have a common solution in S(E). ·rhus there exists a common solution
p of the DEs (2.1) fu'l.d (2.2) such that II p(t) ll E ::;: £ fo~
t E J,
whenever II x 0 llE ::;: br. for some b E (0, 1). 'Tbfa, in view of defi:ntion
2.1, implies that the DEs (2.1) and (2.2) have a stabk; con1m0n so[ution
on J. This completes the proof.
·

an

Theorem 2.2 : Assume (A 1) - (A 5). Further if La < 1 then the
DEs (2.1) and (2.2) have a unique stable solutfon on .l whenver

II Xo

llE ·::.;be for some b E (0, 1).

Proof: By Theorem 2.1, the DEs (2.l) and (2.2) have a stable
solution on J. To prove the uniqueness, kt u and v be two distinct
stable common solutions of the DEs (2.1) and (2.2) on.!, Then u and v
satist:v the DEs (2.1) and (2.2) on J. Therefore, we have
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f

u(t) = x 0 +

and

V(t) = Xo

+

f(s, u(s)) ds, t E J

to

r

f(s, V(S)) ds , tE J

to

Then

II

u(t)-v(t)

II

llE ::;;f

f(s,u(s))-f(s,v(s))

llE ds

to

::;La

II

u(t)-v(t)

llE

or
11 u - v 11 ::;; La 11 u - v IL
which is not possible since La < 1. Hence u(t) = v(t) for all t
completes the proof.

E

J. This

Remark 2.1 : The assumption (A 3 ) in Theorems 2.1and2.2 can
be replaced by the following assumptions (A 3 )'.
(A 3 )' (i) f(t, x) andg(t, x) are non-decreasing in x EE uniformly
fort E J,
(t,x)

E

(ii)
f(t, x)::;; g(t,f(t, x))
JxE

(iii)

f(t, x(t)) ::;;xo

+

and

g(t, x) ::;; f(t, g(t, x))

for

all

r
r

f(s, x(s)) ds

to

and

g(t, x(t) $ Xo

+

g(s, X(s)) ds

to

for all (t, x)
(2.2).

E

J x X and for a fixed element x 0

E

E given in (2.1) and
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