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ABSTRA.CT 
In this paper we study the flows over moving walls which are 

of interests in a mimber of technical applications, specially in 
metallurgy and chemical process, industries such flows belong to 
separate class of problenis of boundary layer theory which is 
distinct from those ffier stationary bodies . 

.. 1. INTRODUCTION : No doubtedly we are living in the world of 
a high speed computer characterized by vast explosion of knowledge in 
science and technology. · The development of numerical . methods 
approximating differential equation having the non-linear terms has 
strongly influenced and motivated researches in the· area of fluid 
dynamics. Subsequently several investigations considered the 
behaviour of boundary layer on moving surfaces under different 
situation. All these studies pertain to study flows. The unsteady flow 
over a moving wall with forced flow has been studied by Yang (1958). 

Sakadis (1961) was probably first to study the flow over a 
moving boundary in a fluid at rest. Wnen the free stream velocity 
varies inversely as a linear function of time. Also the unsteady flow 
over a moving wall in a fluid at rest has been studied recently by 
Surma Devi and Nath (1986). 

The aim of present analysis is to study the unsteady laminar 
incompressible forced flow over a moving boundary with an applied 
magn_etic field when the free stream velocity and the wall velocity 
vary arbitrarily with time .. It has also been seen that the self 
similar solution is possible -when the free stream velocity, wall 
velocity and square root of magnetic field vary inversely as a linear 
function of time. It may be noted that here the wall is not fµoving 
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as a rigid boundary as considered_by Sakiades (1961), but it is 
stretched. 

The partial differential equations governing the self similar 
case and the ordinary differential equations governing the self 
similar case have been solved numerioally using a finite difference 
scheme in combination with quasilinearization process. The result 
have been compared with those available in the literature. 

2. FORMULATION OF THE PROBLEM : The present part denotes 
the study of unsteady MHD flow over a moving wall through porous 
media of permeability K. We consider a two di,mensional an 
axisymmetric body moving with time dependent velocity U w in a 

laminar incompressible fluid with free stream velocity Ve, which is also 

varies with time. The fluid is assumed to be electrically conducting and 
magnetic field B fixed relative to the fluid is applied in the direction 
perpendicular to the body. The magnetic Reynold's number is assumed 
to be small. Hence the induced magnetic field will be small compared 
to the applied magnetic field and can _be neglected. Since we are 
interested in the stagnation point region, the viscous dissipation and 
Joule heating term are neglected as they are small in the 
neigr bourhood of stagrwtic.ri point. The Hell effect is also neglected. 

3. GOVERNIN~ ~Q!JA150i',jS : We consider MHD flow of a 
viscous incompres:~ibk ~mi dectrically conducting fluid through 
porous medium boum:k~d by ;;ui infinite horizontal plate. When the wall 

·and free stream temp0r~h1rn iire taken to be constant. By assuming 
that Prandtl's iJ:(nH:H.iacy iayen• <l:S§ut:1ptions are valid in the present 
case. The goven1fr1rg equations tru~ be expressed as 

() / a : p 

Cix (r u).+ tp• V)"" 0 ... (A) 

dU dU J!;i. -+u -+ v .. ,---
Cit dX ;f<J 

(!Ve Jv'e Ci2u crB2Ve -[ . u ) v -
=-:;;t+Ve Cik-v-2+---· x 1-V- -y;,u ... (BJ 

Ciy P e 

CiT CiT 'dT -1 at + u 'dx + u dy =Pr Tyy .. .(C) 

with suitable initial and boundary conditions. 

These equations can also be written in the following from : 

(r'u)x + (r'u)y = 0 ... (1) 
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· CJ u~ u v B2 / ) 
ut + uux + vuy = (ue)t + ue(ue)x + v .uyy + ··-p-"-l l- -ue - J{_U ... (2) 

Tt+uTx+vTy=Pr- 1v. TYY ... (3) 

The initial and boundary conditions are given by initial 
condition: 

u (x,y, 0) = ut (x,y) 

v(x, y, 0) = ut (x, y) 

T(x, y, 0) = Tt (~, y) 

Boundary condition : 

... (la) 

... (lb) 

... (le) 

u(x, 0, t) = uw(x, t) 

v(x, 0, t) = 0 
T(x, 0, t) = T w 

u(x, oo, t) = ue (x, t) 

T(x, oo, t) = T 
00 

... (4) 

... (5) 

Semi Similar Equations : In order to reduce the number of 
independent variable in. eqn. (1) to (3), we· apply the following 
transformations : · 

ll = (1 + j)l/2 (a/v)l/2y 

u = ax<j>(t*) f (ll, t*) 
* t' =at 

u = - (1 - j) 112 (a - v) 112 <j>(t*) r'cri, t*) 

vw = a 1x<j>(t*) 

ue ~ a 1 x cp(t*), 

r=x, 

Ha2 = crB2L2 
µ ' 

T-T 
'rw - ioo = g(ri, t*) 

Ha 2 
M=----

ReL 

aL2 
ReL=-, b = Uw 

v u e 

... (6) 

.... (7) 

to eqn. (1) to (3) to find that equation (1) is satisfied identically and 
equation (2) to (3) reduce. Equation (1) and (2) can be written in the 
type of the form of eqn. (A) and (B), which have been shown in the 
beginning. Also from eqn. (6) and eqn. (7), we have 

du 2 ' 2 " 
~=a x<j>'f +a xf <1> 
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OU ' o; == a¢>f 

OU oy- = ax¢>f(l + J/12 (a/v)l/2 

oue 
· ox =a¢> 

oue Tt = d2 x qi'. 

Also we have Ha2 = crB
2
L

2
_ 

µ ' 

2 2 
_Ha, 2 ;.Ha µ but M - ReL crB == 2 

crB2 = ~Re__2L__g. ReL == al_!:__ 
L . v 

Hence 
2 

aB2 =M aL _ Mµa xµ-· -
vL2 v . 

aB2 =Map. 

L 

But H_ == p. 
\I 

Therefore 

Substituting these values in equation (2), we get the resulting 
equation as follows : 

/"+<Pr''+ (1 + Jt l[<jl(l -/2) +Qi- iq;t* (1-/) 

, I v I -f, +M(l -- )- ------ ] = 0 
t" ' Ka· 

Therefore 

Thus 

/"+<Pf/'+ (1+jf 1 [q>(l -/2) + tjl-
1<Pt* (1-/) 

--ft,, +M(I -/) + pvM~] == 0 
KaB -

1i.' u 1 9 I ' t + <Pf + c1 +Jr r<Pc1 - r) + <P- <Pt* c1 - n - ft* 

... (7a) 

... (7b) 

µ/M 
+M (l-f +-?)] == 0 ... (8) 

KcrB~ 

and Pr- 1g" + ¢fg' - (1+jf 1 g~=0 ... (9) 

The boundary conditions are given by 

f==O,f =b,g·=latri=O I fort":::::o 
/ ~ 1, g ~ 0 as ri ~ = 

... (10) 
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The flow is initially assumed to be steady (t" =. 0) and then change to. 
unsteady state (t* > 0). Therefore, the initial conditions are given by 
the steady state equations obtained by putting 

t* = 0, cl>= 1, ft* =gt*= <l>t* = 0 ... (11) 

In equation (8) and (9) and thus steady state equations can be written 
in the following type of the form : 

I"+ ti'+ (1+JT 1 [(l - / 2
) + M(l - I -~)] = 0 ... (12) 

KCJB 

and Pr- 1 g" + fg' = 0. ... (13) 

It is to be noted that .(8) and (9) containing two independent variables 
are known as semi-similar equations. 

Here x and y are distances along and perpendicular to the 
surface respectively. u and v are the components of velocity along x 

and y directions, respectively. t, t* are the dimensional and non
dimensional times respectively. T is temperature, µ and v are 
coefficients of viscosity, kinematic coefficient of viscosity, 
respecitVely. Tl be the similarity variable, f be the dimensionless 

stream ·runctions. I and g are the dimensionless velocity, 
temperature respectively. B is the magnetic field, a is the velocity 

gradient at t* = 0. r is the radius of axisymmetric body. y = 0 and 1 
for two dimensional and axisymmetric flows, respectively, M, Ha 
and ReL are the magnetic parameter, Hartmann number and 
Reynold's number, respectively. a 1 is the graident of wall velocity at 

:le .,,:.!J."l?::r.~ 
t · = 0, b is the ratio of velocity, 6f"the wall and. the free stream 
velocity (b >=< 0 according to whether the velocities of the wall and 
free stream are in the same direction or in opposite direction), a, Pr 
and L respectively, electrical conductivity, Prandtl number and 

characteristic length. cl> is an arbitrary function of t* having 

continuous first derivative for t* ~ 0. The subcripts i denotes the 
initial condition, the subscripts e, w and oo denote the conditions at 
the edge of the boundary layer, on the wall and in the free stream 

respectively. The subscripts t, t* x and y denote partial derivatives 
with respect to t, t* x and · y respectively and primes denote 
derivatives with respect to 11· 
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The skin friction and heat transfer coefficients can be 
expressed as 

where· 

2Tw 
Cf= =0 

( \2 p ue,t* 

Cf= 2(Rex)- 112 <j>(t")fi~ 

x( ()T) 
l () \ (y u 1/2 , 

}{u = ---- = - rRex)- g 
Tw-Too ' w 

Tw = µ ( ~u) 
y :u 

2 
Rex= ax 

u 
(ue)au* = 0 =ax 

... (14) 

... (15) 

Here Cf and Nu are surface skin frict;_8n and Nusselt number (heat 
transfer coefficient) respectively, Tw is the shear stress at the wall, 

f~ and -g; are the skin friction and heat transfer parameters at the 

wall, Rex is the local Reynold's number and p is the density. 

4. SELF SIMILAR EQUATIONS : 

The equations (1) to (3) are partial differential equations with 
three independent variabies. It c~n be shown that if the free stream 
velocity and the wall velocity vary inversely as a linear function of 
time and directly as a linear .function of x i.e. 

ue = ax(l - A.t*)- 1 

~ * -· l uw = a 1x (l - 11.t ) 

and the magnetic field as a square root of linear function of time then 
equations {1) to (3) admit self similar solutions that is they are reduced 
to a set of ordinary differential equations. 

We apply the following transformations as follows : 



11 = (1 + })112 (alv)112 (1 - IJ:*r 112Y 

t' =at, at* < 1 

u = ax(l - u*r 1 
/(n,) 

v = - (1 + j)l/2 (1 - 'At*)- 1/2 f(n,) 

T-T
00 

T -T =g(n,) 
w 00 

B =Bo c1- 'At*r 112 

2 
M=Ha 

ReL 

2 aB6L2 
Ha=-

µ 
* 1 ue = ax(l - 'AtT 

1 ~ * - 1 uw ='= a 1x( - l\,t ) . 

From what has been done it follows that 

du * -1 I 

ux = dx = a(l - 'At ) f (n,) 

31.z 
du ax ·* 3/2 112' 

Uy= dy = :~ (1 - At )- (1 + J) f (Tl,) 

2 2 
du ax *-2 /" · u = .- = - = (1 - 'At ) (1 + J) (n,) 

yy dy2 v 
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... (16) 

. 2 . 
u =du = ~ (1 -- 'At*)- 112 f'(n) + a2x f(n,) (1 - 'At*)-~ 

t dt 2 . v 

due * 1 
uex = dx = a(l - 'At T 

due 2 * -- 2 
uet = Tt =a x (l -- 'At ) 

... (16a) 

Also we have B =Bo c1-A,t*r i12 

R2 _.., R? f1 -- l.+*\-1 •• -...~- -- .,....,.-1U! ",.,., .... .,.. /! 

-~' ' ~ :. ) : : "·:, 

LL::d . .. ·:~. 

~ll ·![:: :!. . "I 
_,._,10,;;:, , •• ,,,.,.1!'.llm<~ 'l>@''•(' >. 
""""JC! "'' '1,J!ll.-1Jfjj~ _lA, = N..1 ;; 

rmt '!-!? 

!3~ dH~.~ -g,.,,.. . ~i :;.:"~..:. :::·!· ---"~ W""' - ·•~.r~~ .. 

Bl 
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.. crB2 =Ha
2
µ 

o . L2 

Hence crB2 = Ha
2
µ (l _ IJ*)- 1 

L2 

but 
· Ha2 
M=-

ReL 

.. Ha 2=M.ReL 

Therefore, crB2 = M R;Lµ (l - /J*f 1. 
L 

Since aL2 
ReL=-

v 
Thus, we get 

crB2 =M ( aL2 )__!:!_ (1-/J*f ~ 
v L2 

crB2 = Ma(µ/v) (1 - A,t*r r.· 
·2 . * 1 ...(16b) .. crB =Map . (1 - IJ r . 

Putting the values of equations (16a) and (16b) in equation (1) 
to equation (3). We get that equation (1) is satisfied identically. 
Equations (2) and (3) reduce to 

and 

II 

/" +ti'+ (1 + jf 
1 

((1 - 12> +(1 - /-11 ~) 

+ M (1 - / - ~)] = 0 
Kb2CJ 

(1 ')-1 A I 

pr- 1 gll + fg' - + 1 ~ . l)g = 0. 

The boundary conditions are 

... (17) 

... (18) 

f= 0, / = b, g = 1 at - Tl = O; I= - 1, g = 0 as fl ~ oo ... (19) 
Here is the parameter characterizing· the unsteadiness in the 

flow field and B0 is value of magnetic field at t* = 0, A, > < 0 accoding 
as the flow in accelerating or decelerating. Also the magnetic field B 
is assumed to vary as the square root of a linear function of time as 
given in equation (16) in order to certain self similar solution. 

'. 
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In actual practice, it may be possible to create a maintian 
such a magnetic field. Inspite of this weakness the result may be 
used to gain some insight into the characteristic of flow based on 
more realistic distribution of the magnetic field. 

The skin friction and heat transfer coefficinets are given by : 

2Tw 
Cf==-

(pu~) 
Cf== 2(1 + j)112 (Rexf 112 /~ 

uex 
Rex==

v 
__ x!i_ 

Nu - (T w - Too) 

J\T (l · 1/2 ·R )1/2 ' 1vu == + J) ( ex gw 

SOLUTION OFTHE GOVERNING EQUATIONS : 

ASYMPTOTIC SOLUTION 

... (20) 

In this section., we consider the asymptotic behaviour of the 
governing equations (17) and (18). 

This will enable us to find the range of value for which 
similarity solution is valid for large TJ. 

f(T]) == 11 + fi(T]), g(11) =g1(1l) . .. (21) 

From boundary condition (19), it is evident that 

fi ~ O,l1 ~O,g1 ~0 as TJ ~"" ... (22) 

where f 1 and g 1 are small. Now linearizing equations (17) and (18), 

using relation given in equation (21) and integrating resulting equation 
corresponding to eqn. (17) once and using the appropriate boundary 
conditions, we obtain : 

" ' 1 vM Q 
{1 + a11f1 -- (1 + j)- (2 +'A+ M - KB2 a +a) fi = 0 ... (23) 

Pr·- \g,N ·~ ~~~-i~!~ ~lb~~.¥"~ 1 -- 2- 1 (1 + j)- 1 .~ ... (24) 

~fhe ~;oh1ti;m rif Bqm~tkwra f:iJ'..:.fi €\at~\Ofyi~g th~j ;;·dti:vant b;:mndary 
tP.>m!Hfon·given i:n Pl)iiaation (;~2l is gh10n by 
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g =g1 =-A (exp (pr~~ }rri .. :' ,) 
where A is constant, we apply the following transformation to ,~qu& >,n 
(23) 

f1 =exp('- ari 3 I 4)H ... (25) 

Consequently equation (23) would be reduced to 

H" - [3/2 + (l +Jr 1 (2 + A/4 +M - Mv2 Q) + a 2r1 2/4]H:; 0 ... (26) 
l{B 0 

whereH ~ 0 as Tl ~ oo. Equation (26) is Weber's type of equatic,~ whose 
solution for T] large can be written in terms of parab011c ::ylinder 
functions as 

( 22] . [22] H =A1 exp - a 
4
Y\ (aY\)n P 1(n) +B 1 exp a ~l (O:Y\)n :•?(11) .. (27) 

where 

P1(Tl) = 1- 2- 1 n(n - l)(aTJ)- 2+ O(aqf 4 

P 2(T]) = 1 + 2- 1 n(n + l)(ari)- 2 + O(a11)- 4 

n = - 2 - (1 +Jr 1 ( 2 + ~ + M - vM Q ', 
4 KB2 a 

... (28) 

Since H ~ 0 as T] ~ oo, the divergent part of solution H ,-,,Lt be omitted. 
Hence 

2 

f1 =A1 exp [-a (a+ 1) ~ l (ari/1 p 1(rt) ... (29) 

It is clear from (24a) and (29) that g or g 1 and fl_ decay to zero 
exponentially if a> 0 i.e. 'A< 2 (1 + J). This fixes the upper limit of),, 
The lower limit of~, is given by that value of 'A('A < 0) for which skin 
friction parameter fw vanishes. 

NUMEf!:C,t,,L SOLUTION 

The partial differential equations (8) and (9) under with the 
boundary condition (10) and initial conditions (12) and (13) and 
ordinary differential equations (17) and (18) under with the 
boundary condition (19) have been solved numerically using an 
implicit finite difference scheme in combination with 
quasilinearization technique. 

The effect of step size t.ri and M* and the edge of the 
boundary layer T]

00 
on the solutions have been studied and optimum 

'. 
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value of L'.111, M~ and 11
00 

have been obtained. consequently we have 

taken fl.r) ,= 0.05 and M* = 0.1 for computation. Also we have taken 
the value of edge of the boundary layer (11

00
) between 4 and 8 

depend:x1g on the value of parameters. 
F1.·r computation the free stream velocity distribution have 

beer: iY ';en in the form 

an.d 

'¢((') ""' l ± E t* 

1 + E l COS u/'f'' 
"·'t' tH ; = --·- -1 ;~-

' ~I 

\'>'here E'-' and E 1 are c;1nstants and u.:" is the frequency parameter. 

CONCLUSION A~iD D!SCUSS!ON 

T'.1c ;.;kin friction and heat transfer results are found to be 
signifieo.nt.!y affec'·13d by the stream velocity, magnetic field and wall 
velocity However, their effects on the heat transfer is comparatively 

Y-ax;, - - ·-· -+-At --------- I 

2.0 I 

2.2 -·------------ . ~I 

• R .lr ___..---I LI ' ------- I Lor r . · 
I i4i JW ~ 
I .. + / 

i , 
' / 'l '"". ~ /,6 

_,, , .. I ,./ 
0-0 1"4 / l..V ! 

: ): 
~ 

0.6 

0.4 

-gw 

-~------- -------..____ 
. ----.____ --------..._----...... 

0.2 
-2 -- l 0 

),,, ··-------o> 

Fig. 1 

_......__ ·-·--

1 
j_>X-axis 

Compar!sion o'. skin-friction and heat transfer results (t;, g~) for 

¢( f) = (i - A.()- 1 [Self similar case], M = b ""j = 0, f,. =o 0. 7, present results. 
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I 
1; 

Y-a,-y;is 

3 

2 

-------------

... _____ ,,. ....... {) 
// 

// 

// 
// 

l_. 
0 

--<>--· X-axis 
2 3 

t* 

Fig. 2 
Skin friction parameter (f;:,,) for <j>(t*) == 1 +et*, E. = 0.25, b == 0.5, j== 0, .. ., -i. · 

less as compared to that on the skin friction .. The self simil~r 
solution exists when the free stream velocity, wall velocity and the 
square of magnetic field vary inversely as a linear function of time. 
The skin friction and heat transfer increases as the magnetic 
parameter increases. However, the skin friction decreases as the 
wall velocity increases, but the heat transfer increases: The skin 
friction and heat transfer for the axisymmetric flow are found to be 
less than those of the two dimensional flow. 

Computations have been carried out for various values of the 
parameters M, b, j and 'A. However, the results are presented only 
for some representative values of these parameters. Figure 1 and 
Figure 2 present the comparison with the results of the previous 
investigators. · 

The results corresponding to the accelerating free stream 
velocity <jl(t*) = 1 +Et", E > 0 are presented. 
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