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ABSTRACT 

The authors establish a new expansion formula for multivariable 

H-function due to Srivastava and Panda [13] in terms of a series of 

products of the multivariable H-function and the generalized Legendre's 

associated function due to M enlenbeld [9]. A result given earlier by 

Annndani [2] followH as a special case. 

J. INTRODUCTION 

The multivariable H-function is defined by means of the folJowing 

r-tuple contour integral [ J 4, p, 25 I, Eq. (c. 1) ] : 

O, n: m1' n1; ... ;mr, n, [z1 \(aJ; «/, ... ,oc/'l)h.P 
(I. 1) H[z" ... ,zr] .,,, H : 

P1 q: Ph ql; ... ;p,, qr Zr (bJ; ~/, ... ~/'1)ha 

_, [1/(2rcw)r] J L, 

(c 1 y ') • . (c (r) y (rl) 
I ' ; I ,qt ' ... ' ; ' ; J ,p, J 

1 ,, • • (rl <rl (d1,a1; 1 ,. • .,(d, ~1 )1 q ,ql , r 

f Lr .P1(/;1) ... .p.(i;r) 'Y (~w .. ,i;r)z.1;1 
... z.~· 

• d/;1 ... d~r, 

where w.,.. .V(-1) and for the definition of the functions 'P( ... ) and 
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¢.(~;) (i = 1, ... ,r) and as also the condition of existence of the multi

variate:H-function, we refer to [14, p. 251-253, Eqns. (c. 2)-(c.8)]. 

The various conditions of existence of the multivariate H-function 

are assumed to be sa.tisfied for multivariate H-function occuring in 

this paper. 

In this paper we evaluate an integral involving generalized associ

ated Legendre function and the multivariate H-function due to Sriva

stava and Panda and apply it in deriving an expansion for the multiv• 

ariate H-function in series of products of associated Legendre function 

and the multivariable H-function. 

2. The· Integral 

The integral to be evaluated is 

(2. 1) f 
1 u,11 

(1-x)P-ufa (l+x) .. l"/2 P (x) 
-1 k- (u-v)/2 

• H[(l--x)"1 (l-x)~1 z11 ... ,(l-x)oi:r(l+xl' Zr] dx 

= 2P-u+v+cr+I ~ (-k)t (v-u+k+l)t 
t=O r(1-~+t) ti 

O, n+2:mu n1; ... ;mr, nr [ 2e1 1t~1 z1 I (-cr-v;~h····~r); 
• H p+2, q+l:ph 01; ... ;pr, qr 2"'+~, Zr (b;;~/, ... ,~j(rl)hq! 
( t ' ) , ( ., , I (rl) , (i.' I y ') • • u-p- ,au ... ,ar , r.1,rA1 , .. .,a1 J p · 1 • ; I p , ... , 

' ' l 

(u-v-p-a-t-1; a,+~1 .... ,tX,+~.) : {d/, 81') 1, q
1

; ... ; 

(c/'\ y,<rl) 
1, pr] 

(d;(rl, 8/'1) J, qr , 

Tbe integral (2. 1) is vali<i un<ter the following set of condition.s: 
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(i) (~1, oc1) l> 0; V1 E {J, ... ,r}; k- u 
2 

v is a positive integer, k is an 

integer > O; 

r d <;1 r d/il 
(ii) Re(p-u + ~ 0t1~-1<.- > - l; Re(cr+v+ ~ ~·~(.1 -)>-1; 

i=l Oj Z) i=l 01 z 

(j = 1, ... ,m,; i=l,. .. ,r) 

and the conditions given in [14, p. 252--253; Equs. (c. 4), (c. 5) and 

(c. 6)] are also satisfied. 

Proof. On expressing the multi variable fl-function in the integrand 

as a multiple Mellin-Barnes type integral ( 1.1) and inverting the order 

of integrations, which is justified due to the absolute convergence of 

the integrals involved in the process, the value of the integral 

= (2~w)-• J Li ... f Lr 'Y(s1,. .. ,s,) i~l {ip;(s1) z1~ 1 } 
r r 

{ f 
1 p-u/2 + ~ a1 ~' a+ v/2 + Z: ~· ~1 

. (1-x) 1'"1 (l +x) ;~1 
-1 

u,v 
.P (x)dxd~1 ... d~r· 

k-(u-v)/2 

On evaluating the x-integral with the help of the integral [JO, p. 

343, ~q. (38)]: 

J
I m, n 

(2. 2) (1-x)P (l-x)" P (x)dx 
-1 k-(m-n)/2 

p+a-(m-n)/2 m 
11 

2 l'(p-~ ·y + I) f'(IT + 2' + I) .... 
r ( 1-m) I'( p + C1 

m-n + 2) 

( m m-n 
• aF2 -k, n-m+k+ I, p- i ·+I; l-m. p-cr---;r- +2; I), 
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provided that Re(p - ~) i> - 1, Re(a + ; ) i> - l; and mterpret· 

ing the result with the help of ( 1.1 ), the integral (2.1) is established, 

3. Expansion Theorem 

Let the following conditions be satisfied: 

(i) ~1 ..... ~, i> O; oc1,. .. ,a, ;> 0 (or ~1, ... ,~, ;> O; cxh ... ,oc, i> O); 

(ii) n, p, q, m;, nt, p1 and q1 are integers such that 

0 < n < p, q ;> 0, 1 < m, < qi and 0 < m <;; p1, 

'V- i e: {1 .... ,r}, and the conditions given by (14, p. 252-253, Eqns, 

(c. 4), (c. 5) and (c. 6)] also satisfied. 

... ( R ( ( r diw (Ill) Rev)~ -1, e u)>J, Rep - u + ~ ai -.--) > - 1; 
i= 1 /3;h) 

~ diW • Re( a+ v + ~ ~1 -.- ) > - 1, (1 = J, ... ,m,; i = l, ... ,r). 
i=l 13/il 

Then the following expansion formula holds: 

(3. IJ (1-x)p·Uf2 (l+x)a+v/ 2 H[ (1+x)a. 1 (l+x)~1 

. z1, ••• ,(l-x)°'' (l+xl' z,] 

oo N (2N-u+v+I) r(N-u+l) r(l+v-u+N+µ.) (-N) 
"""2P+cr I; ~ -·-----· ... ······· ·-· ···· ··--·· ..... ___ µ. 

N=O µ.=0 NI ;.d r{l + v+ N) r(l-·u+µ) 

u, V 0, n+2: mi, n1; ... ;mr, nr [ 2a1+~1 Zt 
p (~.H : 

N-(u-v)/2 p+2, q+ l:ph q1; ... ;pr, qr 20!.+~, Zn 

(-v-a;~U'" .~,); (u-p .. µ.;cx1,. .. ,a, ), (ai ;ex/, ... ,oc1< 7 >) 0 v:(c/,y/) 1 • ,pi, 

(bi;~/, .•.• ~1<'>)11a; (-1-p-cr-µ. + u-v; oc1 + ~h .. .,oc, + ~,): (d/,?l/) 1 ,q. 



; ... ; Cj', Y; 1,p, ( ( ) (rl) ··1 
I . (d (rl ?)Ct!) j • ; .. ., ; ' l, q, 

Proof. Let 

(3. 2) /(x) = (l-x)P-u12 (l+x)cr·1•/2 fl[ (l-x)a 1 (l+x)~ 1 z1 ; ... ; 

(l-xt' (l+x)~' Zr] 

00 u, v 
- :E CNP (x) 

N=O N-(u-v)/2 

Hil 

Equation (3. 2) is valid since f(x) is continuous am.I of bounded vari· 

ation in tbe interval (-1, I). 
u, v 

Now, multiplying both the sides uf (3. 2) by P (x) and 
k-(11-v)/2 

integrating with respect to x from -1 to l; evaluating the L. H. S. with 

the help of (2. 1) and on the R. H. S. interchanging the order of sum~ 

mation, using [4, p. 176, Eq. (75)] and then applyin~ orthogonality 

property of the generalized Legendre's associated functions [10, p. 

340, Eq. (26) and Eq. (27) ]: 

(3. 3) f 
1 u, v u, v 
· P (x} P (x) dx 
-1 k~(u-v)/2 N-(u-11)/2 

0, if k ::;!: N 

= {. 2•n:~~~} r(k+ v + 1) - - ···-- ; 
(2k-u+\J+I) r(kw.u+l) l'(k-u+v+ l) 

if k. = N 

provided that Re(u) < l, Re( v) > - I; we obtain 

(3.4) c,. = 2P+" (2k-u+v+ l)P(k-u+ 1) ~ (-k),. I'(l+k+v-u+.~L 
kl I'(k+ v+ I) µ=0 µI ro-u+µ) 
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0, n+2: m1, n1; ;m,, nr I 2(1X 1 +(:)1 l I (-v-0';~., .... ~,); 
H Z1 

· . , . ,,lar+(:)r) • , .(rl • p+2, q+l.pi,q1, · ,p,,q,L ,_ Zr (b1, (:); , ... ,f'i )h q, 

(u-p-µ; UIJ·•·,ar); (a;, rx/, ... ,a;< 1 >Ji, p 

(-l-p-0'-µ+u v; a1+f'i, .. .,ar+f'r}: 

( / ') . ·(c (rl y trl) 
Ci' YI l,P1 ' .. ., 1 ' J l,pr J 

(d I " ') 0 
•' d (1) " (d) 1 ' a; l ,q1 ' .. .,' 1 ' 

0
' l ,qr ' 

Now on substituting the value of Ck in (3. 2), the result foUows. 

4. A Special CaS'e 

For n = p = O, q = O, ,the multivariate H•fut:rcdon brea'k's up into 
a product of r H-functions and consequently, (3. 1) reduces ·to 

(4. 1~ (1-x)P-mJ2'(1 +x)'il'H112 .n i If • {1-:XJll'! (1 + x)~1 z; r { mj, nj [ I 
1= I pj, q, . 

(c1 'Yi 1,p1 . <O W) ] 

d ("I " Cl!). . . ' ( i •• Ot . :Ii, Ii}'; ' 

= 2li+cr t : i(2N-cu+v-P l) T'(N-u+ l)T(I + v-u.f. N+,u)(•N),. 
N=O µ=0 nl µI r(l+v+N').'P(11-u"t-µ) 

UV 0 2·m n • ..... ·n [ 2Coci+~ 1 ~·z ( v·a· , , • b '•", '"', r 1. .... - ' 
• P (x) H ! 

N-(u-v)/2 2, l:P1o q1 ; ... ;pr. q, _ 2(ocr+'~,') Zr, (-1-p-a-µ 

... ;~lt"''(:)r); (u-p-µ; ai, ... ,oc,) 

+u-v; IXd ~,, ... ,a,+~~) 

·( c ' y ') • • (c lrl (rl) 
' ·i , I .' , ... ' I x y; 'I . ]' ,p. .• . ,p,. 
•( d ' "' ') • • (d (r) "' Ir>) ,. 
, I , 'Ji J 

1 
qt,,., i i ' 1JI J t qr 

f'or r= ),,(4. ~)'gives rise tolhe result Cloe to Anandani r2J. 
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