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In this paper the author has obtained three expansion fQrI:Q,ulae .for 
generalized M~ijer's G-functions of two variables in series of circul~r func
tions of two variables in series of circular· functions using known Fourier 
series. Further these results have been employed to deduce some finite 
integrals and a recurrence relation involving generalized Meijer's G~functions 
in two variables. 

I. INTRODUCTION 

Generalized Meijer's G-function of two variables 

Recently, Agarwal r(2), p. 537] has defined an extension of Meijer's 
G-function in two variables by mearis ~of a do1,1ble Mellin-Barnes contour 
int'egral in the form I 

(1.1) 
G [ x l _ Gp, q, s, r, t 

y J , A, [C, E], B, [D, F] 
i. 

r : 
L 

(a) l (c) ; (e) _ 
(b} -

(d) ; (f) J 
ic:o ico 

(2 1T i) 2 s s <P [g+lJ] ifs [~. lJ] x ~ y lJ d ~ d 'I) 

-ic:o -ic:o 
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where (a) denotes the sequence of A parameters a 11 a 2 , ...... ,aA , i.e. there 

are A of the a parameters, B of the b parameters and so on, 

o ~ p ~ A, o E;; q E;; C, o E;; r E;; D, o E;; s E;; E, o E;; t ~ F. 

The Meijer's G-function in two arguments that we discuss here is a 
slight var~ , • u. he one defined by Agarwal [(2)]. We introduce the genera
lized Meijer's G·function of two variables as 

(1.2) 

where 

p, q, s, l, r. t 
=G 

A, [C, E], B, [D, F] 

ioo ioo 

(c) ; (c) = {a) ] 
(b) 

{d) ; {f) 

(2 'IT i) 2 f f <f> [~+1'] "' [~. 'II] x ~ y 'I d ~ d 11 

-i co -i O:I 

p I 
.n r r1-a1 +~+-..1 .n r [b1 -~-11J 

<P [~+'I] - JAi . JB I 

n r (a1 -~-11J n r r1 -h1 +~+11] 
j=p+I j=l+I 

·and ip [~, 71] remains the same as given in (J. l )a nd o E;; p E;; A, o E;; l E;; B, o '!Si; 
q E;; C, o E;; r E;; D, o ~ s E;; E, o E;; t E;; F, the sequences of parameters 
a 1 , a2 , ...... , aP; b 1 , b 2 , ...... , b1 ; Cv c2 , •••••• , Cq; dv d2 ,. ..... , dr; e11 eiu···e, .. 
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.and fu f2 , •••••• , ft arc such that none of the poles of the integrand coincide, 
.and the paths of integration arc indented, if necessary, in such a manner that 

.all the poles of r [di-§], j = 1, 2, ...... , r, r [fk-'111, k = 1, 2, ...... , t and 

T £bi-§-,,] , j = I, 2, ...... , l, lie to the right and those of r [c1+§],. 

j =I, 2, ...... , q, r[ck+11], k =I, 2, ...... , sand r[I-a1+§+'1] ,j =I, 
-2, ...... , p, lie to the left of the imaginary axu. 

The integral (l.2) converges if 

2 (p+l+q+r)> [A+B+C+D] 

2 (p+l+s+t)> [A+B+E+F] 

1 arg (x) l < [p + l + q + r-! (A+B+C+D)] 1T. 

l arg (y) I < [p + l + s + ,t-l (A+B+E+F)] 1T. 

The following results are required in the present investigation. 

Fourier series lty Paras1t.ar [(II), p. 1084, (2.2)] and MacRokrt 
'{(9), p. 79; (10), p. 143]: 

<(1.3) ...;-:;; r (s+l) 
1T r (s+!) 

co 

(cos ! 6) 2 ' = l + 2 "1 (-l)r (-s)r cos r8, 
" (s+l)r 
r=l 

{ o !6; 8 !6; 1T , Re (11) > ~-- ! } , 
co 

,(1.4) ..; 1T r (2-s) (sin 8)1-2• = ~ (s)r sin (2r+lJ (} ' 
2 r C3/2-•) LA c2-s)r 

r=O 

{ o !6; (} !6; 1T , Re (s) !6; - ! } , 

CX> 

JI 5) . i- J0l-s) (sin I 8)-28 = I + 2 ~ (s)r cos r (), 
' · v 1T r a-s) !" LA <t-s)r 

r=l 

{ o ~ () ~ 11 , Re (s) ~ l } , 

Relations [(4), p.3 (3) and p.5, (14)]: 

{1.6) r (-z+n) = (-l)D r (z+l) 'and r (-z) r (z-n+l) 
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(l. ) ....;;;. f' (2z) = z:.1z-1 f' (i} f' (z+t). 

r 
Some researchers have made an attempt to unify and to extend deve--

lopments of some spe~ial · fun~tions into Fourier series. Carlson and Greiman 
[(6) have given a cosine series for Gegenbauer~s function. MacRobert [(9) 
and (I 0)) has given a cosine and a sine series for the E-functions. Roop 
Narain [(12)] and Jain R. N. [(7)] have obtained Fourier series for Meijer's 
G-functions. Parashar [(II)] and Anandani P. [(S)j have gi'1en Fourier series 
for H-functions. Recently, Shah Manilal [(13), (14) and (15)] has estab
lished :-(i) Some Fourier series for Generalized Hypergeometric Polynomials 
which include Fourier series for polynomials of Bedient, Hermite, Laguerre 
and generalized Sister Celine [(16)], (ii) Some results on Fourier series for 
H-functions and (iii) Fourier series for generalized Meijer functions. 

The object of this paper is to establish three expansion formulas for 
generalized Meijer'11 G-functions of two variables in series of sine and cosine 
functions. Some finite integrals and a recurrence relation for Meijer's 
G-functions of two variables have been derived with the help of these 
formulae. Certain known and interesting results are also obtained on specia
lizing the parameters, as particuiar cases of these formulae. 

2. Expansion Formulae for Generalized Meijer's G-functions: 

We establish the following thr~e results : 

(2.1) ....;-:;; G P' q' s, l, r, t r · x cos 2 i e 
I 

I 
L 

,., (a) l 
I (c) (b) (e) I = 

I (d) ; tf) j A, [C, E], B, [D, F] y -~os 2 i e 
I 

.. :; 

r p+l, q, s, l, r, t x 
- G 

t A+ l, [C,. E], B+ 1, [D, F] y 

~ (a) I 
(c) (e) I + 
(b) ' 0 J 
( d) (f) 

o:i p+2, q, s, l, r, t f i. o, 

2 2: x (c) + cos f" () 
G A+2, [C, E], B+2, [D, F] l ; 

y (b), f" ' 
J.!=l (d) 

\ 

(a) 1 (e) 

J --µ, 
(f) 
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-where o !6; (} !6; TT and valid under the ~conditions stated in (1.2). 

..;- p, q, s, ·l, r, t 
(2.2) + sin (} G 

A, [C, E], B, [D, FJ 
f sin~(} 
I ,_y_ 
l sin2 

(} 

(a) l 
(c) ; (e) 

(b) I 
(d) ; (f) j 

·~ p 1 1, q, s, l+l, r, t 

= L,,, G A+2, [C, E], B+2, [D, F] 

f x 1-µ.+l, (a), µ.+2 

I 
(c) ; (e) 

I 3/2, (b), I l sin ( 2µ + I) 9 

!L=O LY (d) ; (f) 

·valid for o !6; 8 !6; TT and conditions referred to ( 1.2). 

p, q, ·s, l, r, t f sin: !fJ I 
·(2.3) ..;-;-- G ' I 

A, [C, E], B, [D, F] l sin; !8 I 

(a) 1 
(c) ; (e) I 

(b) I 
(d) ; (f) J 

p, q, s, l+I, r, t 
=G 

A+ I, [C, E], B+ I, [D, F] 

( 
I x 
I 
I y 
L 

(a) , l l 
(c) (e) j + ! , (b) 
(d) (f) 

J 

co p+l,q,s,l+l,r,t r x 
+ 2 G I 

-µ+I, (a), µ+J 
(c) ; (e) 

A+2, [C, E], B+2, [D, F] I y 
µ=I l 

!, (b) , I . 
(d) ; (f) 

where o !6; (} ~ TT and valid under the given conditions (1.2). 

Proof: 

l 
lcosl'O 
I 

J. 

To establish (2.1), expressing the Meijer's G-function on the left as 
Mellin-Barnes type of integral (1.2), we obtain 

i.co i co 

-----,-,-- I f 
-ico -ico 

~ 1J 2~+21J 
<P [~+11] ip [~, 11] X y (cos! 8) d ~ d 1J. · ..;--:,; 

(2 1T i).2 
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Now using (1.3) and (1.6), the expression reduces to 

lCO io:i .. f f , E 11 { r (i+E+11) 
-<~2-'Tf-,.,,-i)~2 <P[~+ 11Jr1' ;,1IJ )( v r (1+~+11) 

-i o:i -i o:i 

On chainging the order of integration and summation, the above
expression takes the form 

o:i ioo io:i 

+ 2 ~ cos µ (j (2 ~ i)2 f J q, [~+11] "'[~."I] 
µ=1 -ioo -io:i 

which yields the expression on the right of (2.1) in view of (1.2). 

Regarding the interchange of the order of integration and summation,. 
it is observed that :-(i) the double contour integral converges under the
conditions given in (1.2), (ii) the series 

uniformly convergent when o ~ 8 ~ TT a.d (iii) Meijer's G-function in twe> 
variables is a continuous function of x and y for all values of x ~ x0 ~ 0 and 
y > y0 ~ 0. Hence the order of integration and summation is easily justi
fied due to Bromwich [(5), p. 500]. 



( 4l )' 

Expansion formulae (2.2) and (2.3) are proved in an analogous manner
by using (1.4) and (1.5). 

3. Corollaries: 

From (2.1), we have 

1T 

f 
p.q,s,l,r,t 

(3.1) G 
A, [C, E], B, [D, FJ 

0 

f 
l x cos2 ! e l y cos 2 ! 0 

(a) l 
(c) ; (e) I 

(b) j 
(d) ; (f) 

cosYOde 

p+2, q, s, l, r, t [ xy - v-:;; G 
A+2, [C, E], B+2, [D, F] 

f, o, (a) l 
(c) ; (e) j 
(b), Y,-Y 
( d) ; (f) . 

Similarly (2.2) yields 

(3.2) 

7T 

f 
p, q, s, l, r, t 

G 
A, [C, EJ, B, [D, FJ r~o I (a) l 

sm (c); (e) I sin (2Y+1) (}sin(} d (}> 

v I (b) J L sin2 o (d) ; {f) 0 

p+I, q, s, l+l, r, t -Y+I, (a), r+2 l 
- v;;- G 

A+2, [C, E], B+2, [D,F] r : 3/2, (b) , I 
(c) ; (e) J 
( d) ; (f) • 

Also (2.3) leads to 

7T 

(3.3) J 
0 

p, q, s, l, r, t 
G 

A, [C, E], B, [D, F] 

l 

r . 2x I (a) l 

I sin ! (} ., I ( c) ; ( e) j 
y (b) cos 'Y () d (} 

l sin2 i (} l (d) ; (f) 

f 
p+I, q, s, l+I, r, t l x 

-== v;- G 
A+2, [C, E], B+2, [D, F] y 

-'Y+l, (a), 'Y+l l 
(c) ; (e) I 

!, (b) , I J 
(d) ; (f) • 
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Now the integral (3.3) can be written 

r_x l 
p, q, s, l, r, t sin2 <p I 

cos (2Y<p) G I y I 
A, [C, E], B, [D,F] . -.-2- I l sm <p 

(a) l 
(c) ; (e) 

(b) 
(d) ; (f) J 

d <p 

:and, since this is equal to the same integral from o to 'IT, (3.3) can be 
written 

'IT f ~I (a) J 
{

3.4) J p, q, s, l, r, t I sin2 <p I (c) . (e) 
cos (2-Y<p) G (h) d <p 

o A, [C, E], B, [D, F] l si::i <p I (d) ; (f) 

p+l, q, s, l+l,r,t 
= y;; G 

A+2, [C, E], B+2, [D, FJ 
r x I -Y+l, (a), -Y+l J 

(c) ; (e) 

l 
I !; (b) • I 

Y I (d} ; (f) 

Hence, on writing sin {2Y +I) (J sin () in (3.2) in the form 

t { cos 2 )' 0 - cos (2 )' + 2) () } 

.and applying (3.4), we obtain the recurrence relation 

p+l, q, s, l+l, r, t r x 
-r+l, (a), r+l l 

{3.5) G (c) ; {e) 

J A+2, [C, E], B+2, [D, F] l 
i. (b) ' 1 

y ( d) ; (f) 

r I --Y, (a), Y+2 ) 
p + I , q, s, l + 1, r, t x (c) ; (e) I 

G I j= A+2, [C, E], B+2, [D, F] y I !. (b) ' 1 

L (d) ; (f) 

f -r+l, (a), r+2 I 
p+l, q, s, l+l, r, t I x (c) ; (e) I 

=2 G l I 
A+2, [C, E], B+2, [D, F] 3/2, (b) ' I 

J y (d) ; (f) 

which can be easily varified by comparing coefficients in case A=B=C=D 
=E=F=o and using (1.7). 

.. '~ 
. , 
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4. Particular Cases: 

We know that the function G r x l is in a more generalized from 
l y J 

which not only yields the Meijer's G-function or the product of two G-func-
tions, as its specialized cases, but it also includes most of the commonly used 

I I 
functions in two argument e.g. Kampe de Feriet's [(8)] double hypergeomet-
ric functions which in turn, lead to the Appell functions [( 1)] F 1 , F 2 , F 3 

and F 4 the Whittaker function of two variables. 

In (2.2), (2.3), (3.2), (3.3) and (3.5), setting A=p, l=B, E=s, t=l" 
f 1 =o, and replacing A+C by A, B+D by B, A+q by K together with the 
appropriate changes in the parameters etc., and then making y~o, we can 
obtain the well-known results on Fourier series and integrals for Meijer's 
G-functions due to Roop Narain [(12), p. 149, (I.1), (l.2) and P· 151, sec. 31 
and a recurrence relation [( 11), p. 1035, (2.1 O)] : 

(4.1) 
m+l, n+l ( 

2G x 
p+2, q+2 1 

1-r, aP, 2+r ) 

3/2, b11 , I 

m+l,n+l( , 1-r,ap, l+r) m+l,n+lc , -r,ap, 2+r) 
=G x l -G x 

p+2, q+2 1/2, bq, l p+2, q+2 I f• bq, 1 • 

Ifwe make use of the relation [(4), p. 215]: 

where E (.) denotes Mac Robert's E-function [(4), p. 203], the formulae can 
be reduced to the Fourier series for E-functions [(9), p. 79, (I) and (2)] and a. 
recurrence relation associated with E-functions [(ll), p. 1085, (2.ll)]. 
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