Jadnabha, Vol. 18, 1988

OBTAINING THE HORIZONTAL DEFLECTION OF A
FALLING OBJECT WITHOUT THE KNOWLEDGE
OF CORIOLIS FORCE

By

S. N. MAITRA
Department of Mathematics, National Defence Academy,

Khadakwasla, Pune-411023, Iadia

( Received : December 20, 1985 ;- Revised : March 9, 1987 )

ABSTRACT

‘The horizontal deflection relative to the rotating earth is determi-

ned of an object dropped from rest from the top of a tower. A salient
feature of the present quest is that the relevant equations of motion
are formed without bringing in the concept of coriclis forces .

1. INTRODUCTION

The well-known problem of horizontal or eastward deflection of a
body dropped from rest from a certain height has been worked out in
many text-books of classical dynamics (see (2] and {4] ) introducing

the idea of coriolis force that arisesi due to the interaction between
the rotation of the Farth ard the velocity of the body as observed
relative to the Earth . J. M. Potgieter {1] while solving thé problem
in an alternativ method, first derived the equation of the path of the
object with respect 1o an inerdal frame (non-rotating) and then
obtained the exact horizontal deflection by transforming the former

equation to those with respect to a rotating frame relatively fixed to
the earth . Stirling [3] derived the same result almost with the same

technique as that of Potgieter {1] but only when the object is allowed
to fall in the equatorial plane (zero latitude) .



88}

Potigieter [1] tackled the problem in unnecessary details incorpor~
ating many redundant equations . However, the present design brings

forth altogether a different method of attacking the same problem .
2. SCLUTION TO THE PROBLEM

Case 1. Let the particle fall from the top of a tower of height
h situated in the equatorial plane and (x,y) be the instantaneous posit-
ion of the particle with reference to a non-rotating frame XOY, O
being the centre of the earth . If g be the acceleration due to gravity,
o the angular velocity of the Earth about the polar axis and aits

radius then the equations of motion of the particle are given by

d2x ‘

~5 = — &cos wt (1)

azy . '

ol g sin wt 2) .
along with the initial conditions thatat s = 0,x = a + h, i.e. y=0,
%":— = 0, CZ = (a + h) o due to the earth’s rotation .3
[£

The solutions of equations (1) and (2) with the help of (3) can
be obtained as

x=a+h-g(1l-coswt)]uw? (4
y=/’((l—}—h)wt—g(-sil’lwt)/w (5)

which, on expanding cos (wt) and sin (wt) in series aud neglecting the

square and other higher terms of w, reduce to the form

x=a—l—h—%—g12 sen (6)



= (a +h)wt—§-‘ﬁé-3 e (D

If T be the time taken by particle to reach the surface of the earth
thenat =T, x= a cos (WT') and y=d (say) so that by the use of eqns
(6) and (7) along with the foregoing approximation we get :

h=% gT? (®)

d= (n+h) oT - g_%rf ©)

Eliminating T from (g), (9) and taking into consideration that the
foot of the tower in the meantime has already moved eastward a
distance equal to a sin (\wT) =~ agwT, the eastward or horizontal dcf-
lection, from the foot of the tower, of the object is given be'

1
D=d-awT =} gul3 = -;- 2hw (_:7‘../3..)2 (19)
, 3 3 g

Case 2. 1f the particle be 'dropped from the top of a tower situated
in the northern hemispbere at the latitude A then because of - the

Earth's rotation about the polar axis, it initially acquires the velocity

— — A

Vo= w x{ath)r

%
= kwx(a+h)(icos A+ ksind)

= jw(a+h)cosA e (1D
where the right-handed inertial frame OXYZ consists of the X-axis
whicn is the line of intersection of the equatorial plane with the plane

passing through the polaraxis and the radius vector joining the centre
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O of the Eatth to the top of the tower, the Y-axis pei-pendicular to
the former axis and the Z-axis coinncident with the polar axis, (7. j.k)
hemg the unit vectors associated with the system of axes, Equaiion
(11) revea]s that the partlcle initjally galns a ve]ocuty equal to w(a+h)
cos A and that too in tne ‘eastward dxrectxon mdxcated by Ihe Y-axis.

If (x,y,2) be the position of the particle at any instnant of time
¢ with respect to this non-rotating frame f{ixed in space, the equations
of motion can be written as

d?x gx dy gy d’z

= qz
== e ey e == T = e * e ]
dr2 rde r di® r (12)

(r2=x2+y2+22)
where the initial conditions are

t=0, x=(a+ h)cos A, y=0, z=={a+1) sin A,

dx dz dy "
——n = L T, - — v = l ",
- = 0 and o (a+h) w cos A (13)

1t isa formadible task to obtain solutions to eauations (12) subj:ct
to the initial conditions . However, approximate closed form solutions
can be found out the equations, in the followirg way

If w is considered to be so small as to be totally neghglble obvi-
ously the path of the particle is- vertical, 7, e.,” one dimensional
“accounting for no deflection eastward or otberwise, which is tanta-
mount to solving equations (12) wherejn thhe parameters x, y,z as a
way of the first approximation are replaced by their initial values
from (13). Because of this fiast approximation, equations (12)reduce
to the form
d?y a2z

d*x _ o .
'-;[: -geos A, —/ = 0:7;:“ = ~ g SinA cee (14)
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which, as a consequence of (13; and neglecling «, yleld

x=(a+ k) cosA — % gcos A2

y=10 A

z={(a+h)sind — ygsin)i® . (135)
The second approximate solutions to equations {14), which can be
carried out by not neglecting » in (13), become

y=(a+h)(wcosh)t : (16)
where the expressions for x and z remain the same as in (16), In order
to obtain the the third approximate solutions to the equations of set
(12), we ban paproximate in its s3cond equationy and rby w (a+#h)
cos Atand ( a+h ) respectively ; in view of the second approximation
(16), initial conditions (13), and «? and other powers of w being negli-
gibly small, then, by virtue of (13). the integrations of (12) lead to

v=(ath)w(cosA)t-(1l6)gw (cosA)i - tn
d= (a+h)w(cosA)T-(1/6)gw(cosA) T3 T e (18)
h:%gj‘z .. (19)

whrre T is the time taken by the particle to fall on the surface of the
earth. Combinivg equations (18) and '(i19) on the lines of (8)and (9),
the easiward deflection of the particle relative to the foot of the tower
can be cbtained as
D=d-aw(cos A)T

= (1/3)g{wcos A)T?

== ( 1/3)2h (cos A)(2h/g)LI2 (20)
To continue this approximation process, we need to replace in the
secord equation of (12) y by its expression from (17)and r by its
initial value as mentioned earlier, so as to obtain with the help of
equations (13) and (19) the more accurate deflection .

1

h 2h \%
1 = '3 2/ 1— B T — IAY IR, “oe 2
D 1/ Zw[ 50 Cat i) ](6052\)<“g ) (12)

The comparision of (20) with (21) reveals thatsince h < < @, the
former gives the most ideal result. Howsever, from the theoretical
point of view, further o ntinuation of this process eatails greater
ac.uracy in determining the deflection of the particle,
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