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There has been given a series of extensions of the well-known
Banach Contraction Principle. Caristi [1] gave an important theorem
where the function is not of contraction type, not even continuous. In
this paper we prove a theorem where the function is not necessarily
continuous and then we derive several known results as corollaries .

We need the following terminologies .

Let X be a metric spaceand f: X — X be a self mapping . Then,
for x& X, O(x,o<)=(x, fx,/2x...... ) is called the orbit.of x. X is said
to be orbitally complete if each Cauchy sequence in O(x,o5) converges
trere. If Xis a complete métric space then it is orbitally complete,
however, an orbitally complete metric space is mot necessarily
complete .

Let us recall the following well-known results.

_ Theorem 1. Let f:X — X be a contraction map ona complete
metric space. Then f has a nnique fixed point,

Theorem 2. Let f:X — X and ®:X — [0,00), where Xis a
complete mefric space and @ is alower semicontinuous function-
If for each x€ X

d( x, /%) < ©x - O( fx )

then f hasa fixed point,

Note that f is not even continuous in this case.
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We state our main result as follows .

Theorem: 3. Let f: X — X be a function, where X is an orbitally
complete metric space , Assume further that

(i) foreach e>0thereisa 8(c)>0 such that if d(x, fx)<<3(e)
then /[ B(x,¢)] € B(x,¢), and

(ii) d(frxp frtlxg) > 0as n — oo for some xp€X .
Then the sequence { f"xg} converges to a fixed point of f,

Proof . LetO(x, o0 ) = {x fx,/2x, .} .We want to show that
{ faxe} is a Cauchy sequence .

Given ¢>>0 we choose N such that d( frxg, f*tlxy )< 8(e) for all
n>> N. For simplicity, we set xn = f"xo, for all n& N.

Now d( xn, x4 ) = d (xi, fxn ) <3 (e) so we get f [Blxw, c)] C
B( xn, €) . In particular xy41 € B(xn, ). By induction, we get
that fixy = xv+4 € B( xy, ¢) for all i 2>0. Thus d(x;, x- ) < 2¢ for
i, r> N. This shows that {fixo } is a Cauchy sequeuce . Since X is
an orbitally complete metric space {f*xg} converges to some x in X,

We show that /x=x .
If x = fx, then d( X, fx) = a> 0. We seek a contradiction .

We choosen sufficiently large such thai xn = fxg € B( x,0/3)
andd ( Xn, Xn41 ) <8(a[3). S0 f[BCxw,af3)}C B(xs, /3 ). This

gives that fx € B( xn, «/3).

However, .
A( Xnofx ) 2d{ fx, xy=d(x,xn) 2(2/3)a.

So fx @& B( xa, «/3 ), a contradiction .

This implies that d(x,fx ) = 0, i. e., x is a fixed poini of f,

Now, we derive several known results as corollaries.



Remark., 1ff:X — X is a contraction map, i.e.,d{( fX, fr) <
hd( x,y) for any x, y € X, wherc 0 < k < 1, then (i) and (ii) of
Theorem 3 are satisfied . Indeed, for any given > 0, let § = ( 1-k *e.
Now, if d( x, fx) < 8, thenfor z € B( x, = ) we have that

d(fz, x ) < d(fz, fx )+ d( fr, x) < kd( z, x ) + d( fx, x )
< ke +{(l-k)e=c¢
Hence (i) is satisfied .

Moreover,

d( frx, frtix )y < knd( x, fx) for any x&€y.

Hence (i) is satisfied, too .

We close this note with the following result .

Corollary ( see [2] ). Let f: X — X satisfy the condition
d(fx, fy) < 4 x,p))

where X is an orbitally complete metric space, ® : R* — Rt is a mon-
otone, increasing function such that @ () — 0 for each fixed ¢ >0.
Then fhasa uvnique fixed point x,and xa» = f2% converges to x.

Proof. Clearly d( frx, f+*lx) — 0 as n — oo. Now, since
di frx, frtlx Y < O (d(x, fx) ), let >0 be given. Choose §=¢-D(z).
I d( x, fx) < §then forz € B{x,¢) we get d(x, fz)<d(x, fx)+
dijx, fz ) <e~ ®e) + ®(d (x,z ) ). Being ® monotone increasing,
Wwehave ihat f(z) € B(x,z),80 f{B(x,e)) CB(x,¢)
Then the result follows from Theorem 3.
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