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ABTTRACT 

In this paper, inspired by a recent. result of Fisher [4], 

we point out a comqion fixed point theorem for four self mappings of 

a complete metric space, using a well known contractive condition of 

Meade and Singh [ 13] and the concept of weak commutativity of the 

second author [16]. Our theorem generalizes results of Chang [l], 

Imdad and Khan [8], Sessa and Fisher [17] and Singh and Singh [19]. 

1. INTRODUCTION 

Let R+ be the set of nonnegative reals and let (X, d) be a complete 

n~etric space. Meade and Singh [13], improving a result of Husain and 

Sehgal [6], prcved a common fixed point theorem for two selfmapp

ings of (X, d) considering a real function f : (R+)5 -+ R+ satisfying 

the following properties : 

li) f is upper semi-continuous 
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(ii) f is. non-decreasing in each coordinate variable, 

(iii) f (t, t, at, ht, t) < f for any t > 0 where a > 0, b ;;?: 0 and 

a+ b = 3. 

Let F be the family of such functionsf. Many authors studied cont

ractive cohditions with funetions f" Fox using fur.cfions with similar 

properties: fot instance, see C. Chang[T], S. Chang [2], Danes [3], 

Guay, Singh Whitfield [5], Husain and Sehgal [7]. Imdad and Khan 

[8], Imdad, Khan and Sessa'[9]; Kasahara arid Singh [10], Matkowski 

[12], Park and Rhoades [14], Rhoadesr[l5], Sessa and Fisher [17}, 

Sharma [18.], and Yeh [20, 21]. 

Inspired by a recent paper of Fisher[4], we prove a common fixed 

point theorem for four self mappings of (X, d) exten9ing the results of 

[l]. [8]. [13], [17], and [18]. 

Wealso;use the'following·notion~of· weakly· commuting· ~elfmapp

ings of (X, d) given in,[ lq]. 

:Qefi~i~io,n. Two selfmapp,i11gs tS' and I of (X, d) weakly coin mute if 

rf (SJx,JS.1:) ~ d(Jx, Sx) 

for any x "X. 

Obviously, 1f S commutes with l, then S also weakly-commutes with 

J but when S weakly commutes with J, t11en S does not necessarily com

mute with I as is shown in Example '1 below . 

. 2. A fix~d point theorem! 

As in ln. [5] we put 
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y(t) =c max { f(t, t, t, t, t), J(t, t, 2t, 0, t),f(t, t, 0, 2t, t)} 

for any t > 0 and further, we assume a slight modified version of the 

property (iii), i. e. 

(iii') y(t) < t for any t > 0. 

Now let S, T, I and J be four self mappings of (X, d) such that 

(I) T(X) C !(X) and S(X) C J(X) 

(2) d(Sx, Ty) .;;;; f( d(!x, Jy), d(fx, Sx), d(!x, Ty), 

d(Jy, Sx), d(Jy, Ty)) 

for all x, yin X, where f satisfies (i), (ii) (iii'). 

Let x0 be an arbitrary point of X and x1, x2 in X such that Sx0 

= Jx1, Tx1 = lx2• This can be done since (l) holds. [n according to 

Fisher [4], we can inducti'tely define a sequence 

(3) Sxo, Txi. Sx2, Txa ,. .. , Sx2,., Tx211+i, Sx2n-;-2, ... 

such that Sx2,. = Jx211+i. Tx2n+i = lx2n+2 for each integer 

n e N = { 0, 1, 2, ... }. Employing the method of proof of [13), it is 

proved that 

Lemma. The sequence (3) is a Cauchy sequence. 

See also an analogous res ult in [ 17]. 

Meade and Singh [13] established the following result : 

.THEOREM I. Lets and T two self mappings of (X, d) satisfying 

d(Sx, Ty) <,; f(d (x, y), d(x, Sx), d(x, Ty) 

d(y, Sx), d(y, Ty)) 
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for all x, yin X, where f" F. Then S and. T have a unique common 

fixed point. 

Bearing in mind the proofs of the results of [I], [5]. [18], it is not 

hard to verify that Theorem 1 holds also under the assumption (iii') 

instead of (iii). Analogous consideration holds for the main Theorem 

of [8]. Drawing inspiration from Fisher [4], we generalize· Theorem 1 

with the following 

Theorem 2. Let S,T, I and J are four self mappings of (X,d) sat;sfying 

conditions (I) and (2), where f satifies properties (i), (ii), (iii'). If one 

of S, T, I and J is continuous and if S and T weakly commute with I 

and .! respectively, then S, T, I and J have a unique common fixed 

point z. Further, z is the unique common fixed point of S and I and 

of TandJ. 

Proof. It is similar to that of Fisher and Sessa [ 17]. 

However we outline the essential steps in order to show where the 

weak commutativity plays the key role 

By Jeimria, the sequence (3) converges to a point z. 

Suppose that I is continuous. Since the sequen;;es 

{ Sx2n} = {Jx2n+I} and {Tx2n_ 1} = {/x2n} 

converge also to z, we have that the sequence {/Sx2'.} converges to lz. S 

being '\\eakly commuting with /, we deduce 

d(.Six211, lz).,:;:; dl.5'lx2n, !Sx2n) + d(IS>/2n, lz) 

.,:;:; d(lx2rt, Sx2n) + d(ISx.,., lz), 

which implies, al! ,,_,..001 that {S/x2n} converges to lz. As in [ 17],using 
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twice (2) and properties (i), lii), (iii') and the fact that {/2x2 .. } conver

ges also to /z, we ascertain /z = Sz = z. Since the range of J contains 

the range of S let z be a point in X such that Jz' = z. Then using (2) 

we have 

d(z, Tz') = d(Sz, Tz) ~ 

f(O, O~ d(z, Tz'), 0, d(z, Tz')) ~ y (d(z, Tz')), 

which implies z = Tz' by property (iii'). Since Tis weakly commuting 

with J, we have 

d(TJz', JTz') ~ d(Jz', Tzr) = d(z, z) = 0 

and then 

Jz = JI'z' = TJz' = Tz. 

Using again (2) and (iii ), one deduces Tz = Jz = z. Therefore z 

is a common fixed point of S, T, ! and J. 

Ar;alogous proof can be given if one supposes the continuity of 

J instead of /, 

Now we suppose the continuity of S. Then the sequence {Slx2,.} 

converges to Sz. Since S weakly commutes with I, we have 

d(ISx2,., Sz) ~. d(ISx2,., Slx2n) + d(Slx2n, Sz) 

~ d(Sx2,., lx2n) + d(Slx2,., Sz) 

which implies, as n -'>- oo, that the sequerice.{/Sx,.} converges to Sz. By 

(2) and properties (i), (ii), (iii), and observing that {S2x2,.} converges 

al.so to S z, one proves that Sz = z. As above, one shows that 

Jz = Tz = z. Since the range of J contaias the range of T, let z" be a 
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point in X such that lz" = z. Using again (2), we have 

d(Sz", Z) == d(Sz", Tz) ~ 

f(d(lz", Jz), d(lz", Sz"), d(lz", Tz), d(Jz, Sz"), d(Jz, Tz)) ~ 

f(O, d(z, Sz"), 0, d(z, Sz", 0) ~ y (d(z, Sz")), 

which implies Sz" = z by property (iii'). Since S weakly commutes 

with !, we have 

d(S/z", !Sz") ~ d(lz\ Sz") = d(z, z) = 0 

and therefore 

lz = !Sz" = S!z" = Sz = z. 

Thus z is a common fixed point of S, T, I and J and making a 

similar prnof, the same conclusion is achieved supposing the contmuity 

of T insetead of S. 

The uniqueness of z is easily proved. 

3. Some remarks. 

Remark 1. Assuming 1 = J = identity of X, Theorem 2 becomes 

Theorem l. 

Remark 2. Recently S. L. Singh and S. P. Singh [19] proved a 

common fixed point theorem for three self mappings S, T, I of (X, d) 

satisfying the following condition : 

(4) d(Sx, Ty) ~ h max { d(Ix, ly), d(Ix, Sx), 

1/2 [ d(lx, Ty)+ d(Iy, Sx) ], d(Iy, Ty)} 

for all x, y in X, where 0 .~ .h <; 1. 
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C. C. Chang [l] studied the following condition 

(5) d(Sx, Ty) < /( d(lx, ly), d(Ix, S,\), d(Ix, Ty), 

d(fy, Sx), d(ly, Ty)) 

for all x, yin X, where f verifies properties (i), (ii), (iii'). 

Further, the cited authors assume I continuous and commuting 

with Sand T. S(X) C l(X), T(X) C J(X)-

Of course (4) is a consequence of (5) assuming 

f(ti. t2, t3, t4, t5) = h. max {t1, t2, (t3 + t4)/2, t5} 

for any ti. t2 , t3 , t4 , 15 ;> 0. However, (2) becomes (5) for I = J and 

moreover our assumptions of Theorem 2 are more general than those 

cited. 

Remark 3. lmdad and Khan [8] proved a co.nmon fixed point 

theorem for three self mappings S, I, J of (X,d) satisfying the following 

condition 

(6) d(Sx, Sy) < f( d(Ix, Jy), d(lx, Sx), d(lx, Sy), 

d(Jy, Sx), d(Jy, Ty)) 

for all x, y in X, where f e F. These authors assume I and J continu

ous, S commuting with I and J and S(X) C I(X) nJ(X). Clearly (2) 

becomes (6) for S = T and therefore our Theorem 2 is a stronger 

result. 

Example 1. Let X = [O, lj with euclidean metric d and let S, T, I 

and J defined by 

Sx = x/(x + 2), Tx = x/(x + 3), Ix = x/2, Jx = x/3 
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for any x in X. As shown in [16], S weakly commutes with I. Since 

d(TJx, JTx) = x/(x + 9) - x/(3x + 9) = 2x2f(x + 9). (2x + 9) 

::;;;; x2/(3x + 9) = x/3 - xf(x + 3) = d(Jx, Tx) 

for any x in X, then T weakly commutes with J but T does not comm

ute with J being T Jx -=!= JTx for any non-zero x in X. Let 

f(t1, t2, t3,° t4, t5) = t1/(6 + t1) = g(t1) for all t1, t2. t3, t4, t5 > O. It 

is immediately seen that f enjoys properties (i), (ii) and (iii'). 

Further we have 

T(X) = [O, 1/4] C [O, 1/2] = I(X), S(X) = (0, 1/3] = J(X) 

and 

d(Sx, Ty) = I 3x - 2y I / (x + 2). (v + 3) ::;;;; 

::;;;; I 3x-2y l /(6 + ! 3x - 2y I ) 

= g( d(lx, Jy)) 

for all x, y in X. Being one of S, T, I and J continuous, then all the 

assumptions of Theorem 2 are verified resulting 0 the unique common 

fixed point of S, T, I and J 

The idea of this example appears in [17]. 

Remark 4. Fisher and Sessa [17), generalizing the results of [4], 

established a common fixed point theorem for four self mappings S, T, 

I and J of (X, d) satisfying the following condition 

(7) d(Sx, Ty) ::;;;; cp ( max { d(lx, Jy), d(lx, Sx), d(Jy, Ty) }) 

for all x, yin X, where ,p : R+ - R+ satisfies properties (i), (ii) and 
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(iii") rfo(t) < t for any t > 0. 

Obviously, by putting f(t1, 12, 13, t4, t5) = <P (max {11, t2, ts}) for 

any t1, t2, t3, t4, t5 > 0, the condition (2) becomes (7). Now we give 

an examle showing that our Theorem 2 is a m6re general than result 

of [17], even if one supposes I= J = identity of X. 

Example 2. Let X = {A, B, C, D, E} the subset of R2, where 

A =: (- 1, 0), B = (0, 0), C =: (0, 1/2), D = (0, l), E =: (-1, 1), 

with euclidean metric d. Let Sand T tv. o self mappings of X defined as 

SA =SB= SC= SD = C, SE= D and TA = B, 

1B =TC= TD= C, TE= D. 

Then it is not hard to verify that condition (2) is satisfied if we 

choose 

f(tl> t2. £3, f4. t5) = (2t1/5 + t2/6 (t3 + t~)/5 

for ally t 1 , t 2 , ta, t4, t5 ;> 0. Condition (7) does not hold otherwise if 

there exists a function satisying properties (i), (ii), (iii'), we sho.uld 

obtain for x = E and y = A : 

d(SE, TA)= d(D, B) = 1 :::;;;; <fo (max{ d(A, E), d(E, D), d(A, B)})= 

cp (1, 1, 1), 

a contradiction to the required condition (iii"). 

The idea of this example appears in [11). 
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