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ABSTRACT 

In this paper some fi:>ied point theorems in orbitally complete 

metric spaces for orbitally continuous functions are obtained; these 

theorems generalize some results of D.S. Jaggi [2]. 

I~ Introduction 

' Ciric [l] has introduced the concept of orbitally continuous 

mappings and orbitally complete spaces. 

Let (x, d) denote a metric space and f a self-map defined on 

. it. An orbit off at a point x EX is the set 

O(x, f) = {x, f(x) , ... , f"'(x), ... }. 

Definition I. Xis mid to be (x, !)-orbitally complete if O(x,f), 

the closure of O(x, f ), is complete. Further, Xis said be !-orbitally 

complete if it is (x,f)-orbitally complete for all x EX. 

Definition· 2. A self-map f difined on X is said to be x_:_orbitally 



[139 

continuous if f/O(x, f) is continuo:is and f is said to be orbitally 

continuous if it is x-orbitally continuous for all x E: X. 

It is known that every complete metric space is orbitally comp

lete and every continuous function of X into itself is orbitally contin

uous, but the converse of these statements are not true [I). 

2. Main Results 

Theorem I. Let f be a self-:n1p defined on a metric space (X, d) 

satisfying 

(*) d(j(x), f(y) ) ~ a1 d(x, f(x) ) d(y, f(y) ) 
d(x, y) 

+ <>:2 d(x.f(y) ) d(y, f(x) )_ + a3 d(y, f(x) ) d(y, f(y) ) 
d(x, y) d(x, y) 

+ a4 d(x,f(x) ) d(y,f(x)_)_ 
d(f(x),f(y)) 

+ ~1 d(x, y) + ~2 d(x, f(x) ) + ~3d(y, f(y) ) 

+ ~4d(x, j(y) ) + ~5d(y, f(x) ) 

for all x, y E: X, x -F y, f(x)-Ff(y) and for some rJ.·1, ~i E: [O, 1), where 

i= 1, 2, 3, 4 and j = l, 2, 3, 4, 5 with a1 + 2a3 + 2a4 + ~l + ~2 + ~3 
2p5 < land <X2 + ~1 + ~ 4 + ~5 < 1. It there exists sane xo E: X such 

that Xis (xo, f )-orbitally complete and f is x 0-orbitally continuous,. 

thenf has a unique fixed point. 

Proof. Let {xri} be a sequence of iterates off at x. 

If Xn = Xn+i for some n, then the result is immediate. 

So let Xn # XnH for all n. Now 
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< a1d(xn,J(xn) ) d(xn_1,J(Xr1-1) ) + a2d(xn, f(x,q)) d(xn_1, f(xn) ) 
d(xn, x,q) d(xn, x1._1) 

· + r;.3d(xn_1, f(xn) ) d(x,q, f(xn_1)) + r;.4d(x,,J(xn) ) d(xn_1,J(xn) ) 
d(xn, x,q) d(j(xri), f(xn-1) ) 

+ ~id(xn, X,q) + ~2d(xn, f(xn)) + ~3d(xn_1,f(xn_1)) 
+ ~4d(xn, f(x;q)) + ~5d(xn_1J(xn) ) 

which implies that 

Using triangle inequality, we can easily check that d(xn,Xm) __,. 0 as 

m, n __,. oo independently. Therefore, { x,..} is a Cauchy sequence. Since 

Xis (xJ, f )-orbitally complete, there exists au E: 0 (xo,J )such that 

{xn} __,. u as n __,. oo. Asf is x0 -orbitally continuous, we have 

f( ) r( l i m , l im f( ) 
U = J . Xn ; = Xn = U. 

r1-)>00 11-700 

This shows that u is a fixed point of f The uniqueness of u follows 

immediately from the condition (*)and the fact ()( 2 + ~ 1 + p4 + p5 

«: 1. 

Corollary. Let f be a continuous self-map difined on a complete metric 

space (X, d). If f satisfies the condition (*),then f has .a unique fixed 

point. 

It is interesting to note that there exist functions which may not 

be x-orbitally continuous for any x E: X, yet some of their iterates 

may he x-orbitally continuous, in fact orbitally continuous. This 
inspires the following result. 
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Theorem. 2. Let J be a self-map defined on a metric space (X, d) 

such that the condition (*) holds. If, for some xo and a positive integer 

m,Jm is x0-orbitally continuous and X is (xo, fm)-orbital!y complete, 

then f has ,a unique fixed point. 

Proof. It immediately follows that the sequence {x,,} of iterates of 

fat x0 is Cauchy sequence. Therefore, its subsequence {x (m = km) nk 
is also Cauchy. Further the subsequence is in O(x0, f"') which is 

complete, so there exists u E 0 (x0,f11 ) such that {x _,.. u ask_,.. oo. 
nk 

Since Jrn is .to-orbitally continuovs, we have 

fm(u) =f"' ( lim x ) = lim f"'( ) 
k _,.. oo n1c. . k __,. oo xnk 

lim 
k ->- 00 

x =· u. 
/11i+1 

Therefore u is a fixed point ?f f 111 • 'We now show that f(u) = u. 

If f(u) #- u, then 

d(f(u), u) = d( f(u), f' 11 (u) ) 

~a.: 1 d(u,f(u)) d(.f11•-1(u),frn(u) )+ cx 2 d(u._Jm(u)) J(fm-1(u),j(u)) 

d(u, f"'-1 (u) ) d(u, f"' 1 (u) ) 

+ a3d(.fi>.-l(u), f(u) ) d(jm-I(u), f1 11(u) ) 

d(u, f"' l (u) ) 

+ cx4 d(u.f(u) ) d( f'"-1(u), f(u) ) 
d(f(u),f'"(u) ) --

+ ~l d(u, f"'-1(u) ) + ~2 d(u, f(u) ) ~3 d(Jm-1(u), fm(u) ) 

+ ~4 d(u,Jm(u) ) + ~5 d( Jm-1(u), f(u) ) 



which implies that 

d(f(u), u) ·~· Kd(u, fri.-I(u) ), 

It is easy to see that 

d(u,Jm-I(u) ) = d(f"'(u), f'1.-l(u)) 

Therefore, d( f(u), u) ~ K"' (d( f(u), u), a contradiction since K < I. 

Hence f(u) = u. The uniqueness·of-u follows easily. 

We observe that Theorem 1 can be further generalized to 

Theorem 3. Let f be self-map defined on a metric space (X, d) such 

that, for some positive integer m, f satisfies the condition 

d( f"'(>:), Jm(y) ) ~ ix 1 d(x, f"'(x) ) d(y. f"'(y) ) 
d(x, y) 

+ a2 d(x) f'"'(y)) d y,f"'(x)) 
d(x, y) 

+ aa d(y, f"'(x) ) d(Ji:_/"'(y) ) + a4 d(x, fm(x)) d~J!_._[::(x)) 
d(x, y) dCf(x), j(y)) 

+ \31 d(x,y) + \32 d(x, f"'(x)) + (33 d(y,Jm(y)) 

+ (34 d(x, f""(y) ) + (35 d(y, f"'(x) ) 

for all x, y E X, x =I= y.f"'(x) =l=f"'(y) and for some (J.;, (31 E (0, IJ,, 
where i=I, 2, 3, 4, and j=l, 2, 3, 4, 5 with (/.1 + 2aa + 2a4 + (31 + (32 

+ (3a + 2(35 < 1 and a2 + ?1 + p4 + p5 < 1. If there exists some xo 



[143 

such thatf"' is xo--orbitally continuous and Xis (xo, f"')-orbitally comp

lete, then f has a unique fixed point. 

Proof. The existence of a unique fixed point u (say) ofjm follows from 

Theorem 1. Also, 

f(u) = f(f"' (u) ) = Jm (u) ) · 

This implies thatf(u) = u. Further, since a fixed point of/is also a 

fixed point ofJ111 and u is a unique fixed point ofjm, it follows that u 

is a unique fixed point of/. 

Remark. If we take ex;= o(i = 2, 3, 4) and~; = o (j=2, 3, 4, 5) in 

the above results, we obtain some results, due to Jaggi ([2], Theorem I 

(including Corollary), Theorem 2 and Theorem 3). 
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