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I. DEFINITIONS AND NOTATIONS 

Let T {>..,,.), n, k = O; !, 2, be a triangular· Toeplitz matrix 

so that it satisfies the Silverman....:.Toepiitz conditions 'Of fegtilar;ty· '(See 

Hardy[!], p. 43, Theorem 2) and An» = 0, fork> n . 

An infinite series .Eun with partial surris Sn is SJ.id to be summable 

by matrix-Cesaro product means or summable (T) ( C, I) to s, if 

(1.1) 
n 
~ (,\,.,1.:) cr11 _,.. S, as n ...+ oo, 

k=O 

\vhere u11 stand;; for the ( C; 1) transform of S 11 • 

Let the Fourier series associated \Vi~h t,he functi.o.n./(x), ·\vhich is 

integrable is Lebesgue sense over (- n-, n") an-.:l periodic \Vi th pe_riod 

2a. be 

(1.2) l an 
= 

+ £ (a11 cos nx + bn sin nx). 
n=l 

The dt!fived series o'. the Foarier series ( 1.2) is 

= = 
( 1.3) Z n (bn cos nx - a. sin nx) = E n Bn (x). 

n ~1 1 

The sequence (nBn(x)} is . known as the sequence of. Fourier 

coefficients. 

.i II .. ;.--~ 
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We shall use, for a fixed x, the following notations ; 

if (t) =f(x+t) :_f(x-t). 

g (t) = 'Y (t)/(4 sin t/2) 

h, (t) = { 2 (/ - cos kt) + sin kt. _ sin kt}· 
kt2 kt t 

D,(t) = Sin kt 
t 

k,(t) = D1(t) + D2(t) + ... + D,(t). 

2. IN:fRODUCTIQN 

The following result concer-ning the m~trix summability of the 

seque11ce of Fourier coefficients is due to Katha] [2) : 

Theorem A. If, for 'Yx(I) = f(x+t) - f(x~t) -/, 

f
t •, 

(2.1) 'Yx(t) _: / 'Y,(I) ~ dt ~ o (1), as t..; 0 
II 

and 

n 
(2.2) 2 k ! (An, ,, - A., A+J) J = 0 (!), as n -+ =, 

k=l 

then the sequence (n Bn (x)} is summable (T) ( C, I) to I/rt. 

The .product summability (E, 'q) ( C, 1) of the derived Fo~rier 

series has recently been studied by Sachan and Katha! [3]. Otir object 

here is to extend Theorem A to the derived Fo~irier series by proving 

Theorem. If 
t 

(2.3) G(t) = J 
0

1 g(u) I du = o (1), as t-+ o 

(" --· 
. .; 

-~~ 

.( 

{'---~--·-

Ji.· 

... 

)-

f 

' 

1'" 

... 

-~ 

For ti 

e3timates, w 

(3.1) I 1i,,(1 

(3.2) K,(t) 

(3.3) I K,(. 

We shall als 

If g(t) be i. 

then the (C 

Fourier seri 

(4.J) Gn = 

+ 
PROOF. 

Lemma 2) ' 

Then th 

written as 

Sn= 

No\V, sine 

( C,J) trans[ 

-'( 
and I Gn = 

n-1 . 
(2.4) E k /(An,,, - An,'k+I) ! = 0 (/),as n-+ =, 

k=O 

·~he1Phe.derivedfourter·series (+.3) is sum1nable (T) (E, 'l), itt the point 

x, to zero. 

~ -

'<'' 
____ l.~-- -~ 
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3. PRELIMINARY ESTIMATES 

For the proof of above theorem \Ve shall require the follo\ving 

e-:.timates, which may easily be verified : 

(3.1) / h,(t) I= 0 (k), forO <I< ljk, 

'r" (3.2) K,(t) = K,_
1 

(t) + D;,(t) = sin (k+ !) t12 sin kt/2 
t sin t/2 

"'- --· - [ 

,. 

l' 
1 

* 

l _,_ 

I 
i 
'---

(3.3) I K,(t)I = 0 (1 /t2), for t > l /k. 

4. PRELIMINARY LEMMA 

We shall also requ.ire the following lemma In the sequel : 

If g(t) be integrable (L) and 3, any positive real number less than "· 

then the (C,J) transform Gn of the nth partial sums. of the derived 

Fourier series (1.3) is given by 

( 4.1) 2 Ja 
Gn = - g(t) 

TC 0 

+ 0 (!). 

{ 2 (1-:os nt) + s}!!_t!_t 
nt 

_ sin 
1
nt }dt 

PROOF. The proof of (4.1) is due to Sachan and Katha! ([3), 

Lemma 2) and is given here only for the sake of completeness. 

Then th partial sum Sn of the derived Fourier series (1.3) may be 

written as 

Sn = - !_ J" '¥(1) ~J sin (~ + ~)t} dt. 
r. 0 dt l 2 Siil t/2 _ 

Now, since g(I) is integrable (L) and 3, fixed with 0 < 3 < r., the 

(C,J) transform Gn of Sn is obtained as 

I" [nd{ Gn = - - J 'f'(t) J: -
nr. o k=l di 

" -- -'-_! J 'Y(t) 
- ll1' 0 

d [ I 
-di 4 sin2 1/2 

sin (k + !)t 
2 sin t/2 

n 
2 

k=l 

}] di 

--- r 
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(4.2) 

{cos kt - cos (k+ l)r} Jar 

_ _1__ i·" 'YCiJ -~I cos 1 - cos cn+1i1 J ai 
4n" o . dt L sin2 (t/2) 

_ _ l_ J" ~(I) - [- cos t/2 + 
nn o .._ ' stn2 ti2 

+ (n+l) sin (n+l)t].dr 
sin 112 

cos t/2 cos (n+ lit 
sin2 t/2 · 

~ _L J" (t) [cos t/2 _ cos (n+!)t 
nn o g sin'!. t/2 sin.2' t/2 

n sin nt (i-2sin2 t/2) 
_sin t/2-

- 2n cos nt cos t/2 Jdt 

_!_ J" g(I) [cos t/2 \I-cos nt) + sin nt _ sin nt J .dt 
" o , n sm2 t/2 · n sin t/2 sin t/2 ,. 

2 " - J• g(t) cos·(n+ l)t-dt 
" 0 . 

~ !_fa g(t) [cos t/2(/--,cos nt) + 
" o · 1fsm2·· t/2 

+ 0 (/), 

sin· nt 
nsfn·t/2 

sin nt la1 
sin•t/2 J 

as n.,.-?oo, since in (4.2) the part..of the lirst-integ_ral over(?, it) and 

the second integral - each is o ( /) by Rie1n-ann-Lebesgue theorem. 

= J la g(t) [?_·fJ ·cos'nt)' + sin nt _ _ s-in-nt .].dt + o __ (l), 
" o nt2 nt n ~. 

as n ___,.. oo, where the 1ast.two . .term.S·:in the" above integ-ra1 are due 
to the Riemann-Leb'esgiie- theOrem- and 'the first, since 

---~-.,.~. 

I }.. 

--~ 

_,_r .. 

< ~ 

i 

l'-

... 

~ 

. ..,,,.,-- "' 

1 ' 
Ii J, 

<-

=0 

Using (1.1 

ln ~ 

0 

( 5.1) 

(2.3) hold 

By ('. 

If 
Con: 

(5.2) ~1 

Furt 

integer l 



l-2sin2 tf2) 
l. t/2--

cos 1/2 ]11 

'nt J - dt 
' 1/ 2 

"l 
n nt ld1 
-,, 112 J 

· (B, re) and 

!orem. 

' + 0 (!), 

al are due 

.,, 

,.. 

-- :: -~~ 

.. 

< ... 

... --" :--::::~ ., 

_!_ J8 
__ g(I) (I-cos nt) [ cos 112 ' - _!_ l dt 

n O _ sin2 1/2 12 I 
. : t( • .J 

2 - 8 - I 12 . 

.;:;; Ti f I g(t) 11 [ - s _ .4] I dt 
0 /2j4 I" 

a 
= _!_ f I g(tl I dt 

n 0 

= o (!),as n-+ oo, by continuity of J I g(IJJdf, 

5. PROOF OF THE THEOREM 

[ 51, 

Using ( 1.1 ), (4.·l) a1:1~ denoting ~.he matrix transfoyrp. of crn by 111, we get 

2 n _ 8 { 
In =· ~ · E_ (>.,, ,,) J .. _-_ g(t) -• 2 (I-so~ kt) 

TC k=J 0. /([2 
\i ' 

+ sin.kt 
----rt 

_ sin 
1
kt 1 dt + o (1) ' 

2 n r I /k 
= -- - ;;, (>.,.,,,) I J 

I 1 -
+ j. I g(1) 1i,(1) dt + o Ul 

TC k= l l 0 l/k J - . - . 

(5. I) = ~ (~1 • + ~2) +, o (1), say, where a is re , - ;. - ·- - -

(2.3) holds fort < a ( (4], § 13.34, p. 415). 

By(~.!) and (2,3)~ we obtain 

chosen such that ,. 

' 

l /k I 1 /k f 
0 

g(t) h1.(t) dt = f O ! g(t) \ O(k) dt 

= o (I). 

Consequently, by regularity of the method of summation 

(5.2) ~1 = o (I), as n_-+ oo. 

Further, since 0 is fixed, we can assume, for a fixed positive 

integer N 

<11 _ :1 -T 
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(5.3) I/k < 8, fork;;;, N and 

(5.4) ""·' = 0, fork = 1, 2, ... , (N-1), without loss of generality. 

Now, by virtue of regularity of the method of summation, (5.3) 

and (5.4), we have 

I '2 l = \ ~ (,\n,k) J' 
8 

g(t) l 2 (/-cos kt) 
k=l J[k l 

-'- sin kt 
' --kt 

_ sin 
1
kt }dt I 

,--- 0 (1) + \ ~ (An,l) 
k=N 

8 . 

J. g(I) sm kt di I 
/!k I 

since the first term of the in.tegral is easily o (1), by partial integration 

and (2.3) and the second is also so, by the second mean value and 

Riemann-Lebesgue theorems. 

Next, we write, in view of (3 .2) 

I '2 I = I ~ (""'') J·
8 

g(I) [K,(1) - K,_,(1)] dt I + Q (/) 

k=N l/k 

< r1n;EJ 
L k=N 

(An,k - An, k+I) J
8 

g(t) K,(1) dt I 
1/k • 

I 
n l/(k-1) I + E (A.,,) f g(t) K1._1 (1) dt . 

k=N+l l/k 

8 
+ [ (An,.) J g(t) Kn(t) di l + 

1 Jn 

I (An,N) J8 
g{t)K (1) di I l + 0 (Jj 

... JjN . N-1 j .• 

= [Ji + J2 + J3 + J4] + O (I), say. 

! 
.. l. 

{ 

. .,.. 

< 

" 

~ 

>-

r< l : 
j 

.. :. 

'( 
't 

.,,. ·~ 

l-srng 

i J 

(3.5) 

Also, 

and the h• 

(5.6) K ( 

By (5 

Ji • 

By (5.5) a 

h· 

Lastly, by 

J2 " 

Thus 

(5.7)1,21 

Finally, 

f71 ::::: 

This con 
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ttion, (5.3) 

in kt 
kt 

integration 

value and 

t 1 + o (/) 

it I 
t I 

.{ 

' 

< 

,., -

11 
11 

j! _, 

ii 

- :)j< 

~ 

)-

_, 
' 

.. 

l 
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Using (3.3), (2.3) and irltegrhlirtg 'h'y p·rirts, \Ve easily obtain 

3 3 

f g(t) h"(t) .dt I = J . _ 1 g(t) I o (!__) dt 
1 /k 1/k 12 . . . 

(5.5) = o (K). 

Also, we o_bserve that the regularity condition, J.: I An;' / = O .(I) 

and the hypothesis, SK I(,\,,,, - ,\•»+1) / = 0 (/), iil)ply 

(5.6) K (,\n,h) = 0 (/),as n '-* "'" 

By (5.5) arid (2.4), we have 

n~J - - . 
Jj = s . I (,\,,. - ).,,,,-'!) I 0 (K) 

K=N 

= o (/);as n ~>&i. 

By (5.5) and (5.6), we easily get 

J" = o (I), as n ----7 oo, for" = 3, 4· 

Lastly, by (3.3), (2.3) and integrating by parts, we have 

Thus 

n 
J2 = J.: 

k=1V+l 

11 

i: 
k=N+l 

n 
s 

k=N+I 

I/(k-1) 
/ An,h I J / g(I) / 0 (1//2) dt 

Jjk . 

r1{ l }1/(k-1) I I slj(k~J) . - . •11 
I A.,, I 0 I I - + I //2 dt I 

L t I/le I/le IJ 

I:\;,,, Io (!) 

= o (1), as n __,. oo, by regularity of the matrix {A.;-,). 

(5.7) I ~2 I = o (I), as n --> oo. 

Finally, from (5.1), (5.2) and (5.7), we find 

In = o (!), as n __,. oo, 

This completes the proof of the theorem, 

,- K 
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6. REMARKS 

It may be noted that on replacing (An,,) by (i) l /n (ii) (I-x)x1
', 

x t 1 (iii) (/-x)Hl (A+l) (A.+ 2) ... (A+k) x'', A+l > 0; x t 1 and 
I. 2 ... k 

(iv) (-log ( 1-x) 1-1 ~" , 0 < x < I; the matrix {An,,) is transformed 

into the (C,l), Abel, (A, A) and (L) matrices respectively, which 

n-1 
satisfy the condition, L k j i\11,1; - .\11 , k+l ! = 0 (1), as n---? oo • 

k=l 
Consequently, our theorem gives, in particular, the results on (C.,/) 

(C,1), (A) (C,/), (A,A) (C,J) and (L) (C,I) summabilities of the derived 

Fourier series. I-lowever, it may be i~teresting to work out independent 

proofs for these results. 
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