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Abstract

For an absolutely continuous circular random variable, a probability distribution is
called a circular distribution if its total probability is concentrated on the circumference
of a unit circle. Several circular distributions have been introduced by various authors
and researchers. In this paper, we consider a symmetric unimodal distribution on the
circle used in the modelling of the circular data by discussing its several distributional
properties and characterizations.
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1 Introduction
As pointed out by Jammalamadaka and SenGupta [12], a probability distribution is called a
circular distribution if its total probability is concentrted on the circumference of a unit circle.
Further, according to them, since each point on the circumference represents a direction, such
a distribution is a way of assigning probabilities to different directions or defining a directional
distribution. The range of a circular random variable X, measured in radians, may be taken
to be 0 ≤ x < 2π or −π ≤ x < π. For an absolutely continuous circular random variable X,
(with respect to the Lebesgue measure on the circumference), a probability density function
f(x) exists and has the following basic properties:
(i) f(x) ≥ 0,

(ii)
∫ 2π

0
f(x)dx = 1,

(iii) f(x) = f(x+ 2πk), for any integer k (that is, f(x) is periodic).
For an absolutely continuous circular random variable X, several circular distributions

have been introduced by various authors and researchers; see, for example, Mardia and
Jupp [15], and Jammalamadaka and SenGupta [12], among others. A general family of
symmetric unimodal distributions on the circle was introduced by Jones and Pewsey [13] for
an absolutely continuous circular random variable X, that is, X ∼ JP (µ,Ψ), which has the
following probability density function (pdf):

fΨ(x) ∝ [1 + tanh(κψ) cos(x− µ)]
1
Ψ , µ− π < x ≤ µ+ π, (1.1)

where µ is the location parameter, κ ≥ 0 is a concentration parameter, and ψ ∈ <. For
details, the interested readers are referred to Jones and Pewsey [13]. Following Jones and
Pewsey [13], without loss of generality, considering the case, when ψ = 1 and employing

the parametrization 0 ≤ tanh(κ)
2

≤ 1
2
, we observe that the pdf (1.1) of the general family of
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Jones and Pewsey symmetric unimodal distributions on the circle reduces to the following
pdf:

fψ(x) = C[1 + tanh(κ) cos(x− µ)], µ− π < x ≤ µ+ π (1.2)

where C is the normalizing constant to be determined. Thus integrating (1.2) with respect
to x in the interval µ− π < x ≤ µ+ π, it is easy to see that

C =
1∫ µ+π

µ−π [1 + tanh(κ) cos(x− µ)]dx

=
1∫ π

−π [1 + tanh(κ) cos(t)]dt
, (substituting x− µ = t),

=
1

2
∫ π

0
[1 + tanh(κ) cos(t)]dt

, ( since 1 + tanh(κ) cos(t) is an even function of t),

=
1

2π
,

in view of which the pdf (1.2) of the general family of Jones and Pewsey symmetric unimodal
distributions on the circle reduces to the following pdf:

fψ (x ) =
1

2π
[1 + tanh (κ) cos (x − µ)] , µ − π < x ≤ µ + π (1.3)

For the sake of simplicity, taking tanh(κ) = 2ξ in (1.3), we obtain the following pdf of
the general family of Jones and Pewsey symmetric unimodal distributions on the circle:

f(x) =
1

2π
[1 + 2ξ cos(x− µ)] (1.4)

where 0 ≤ ξ ≤ 1
2
, and ξ and µ are concentration and mean direction parameters respectively.

From now onward, for the sake of simplicity, we will denote above-said circular distribution
of X by X ∼ JP (µ, ξ) and call it the Jones and Pewsey standard symmetric unimodal
distribution on the circle. The polar representation of (1.4) is a cardioid curve or heart-
shaped. It is interesting to note that the Jones and Pewsey standard symmetric unimodal
distribution on the circle was also considered by Jeffreys [11], and is used in the modelling
of the circular data. In view of this, X ∼ JP (µ, ξ) is also referred as the Jeffreys
circular distribution of X, that is, X ∼ JD (µ, ξ). For ξ = 0, the Jones and Pewsey
symmetric unimodal distribution on the circle reduces to a circular uniform distribution.
The cumulative distribution (cdf) F (x) corresponding to the pdf (1.4) is easily given by

F (x) =

∫ x

µ−π

1

2π
[1 + 2ξ cos(t− µ)]dt

=
1

2π
[x− µ+ π + 2ξ sin(x− µ)], (1.5)

where µ− π < x ≤ µ+ π, and 0 ≤ ξ ≤ 1
2
. It is easily seen that the mean ofX ∼ JP (µ, ξ) is

given by

Mean = E(X) =

∫ µ+π

µ−π
x

[
1

2π
[1 + 2ξ cos(x− µ)]

]
dx = µ.

Using Maple software, the plots of the pdf (1.4) and cdf (1.5), for some values of the
parameters, are provided below in Figures 1.1-1.2.
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Figure 1.1: PDF f(x) of X ∼ JP (µ, ξ). 

 
 

Figure 1.2: CDF F (x) of X ∼ JP (µ, ξ)
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The effects of the parameters can easily be seen from these graphs. Similarly, we can
draw graphs of the pdf (1.4) and cdf (1.5) for other values of the parameters. We note that,
since the pdf in (1.4) is an even function, it is easily seen that it is symmetric about the
mean, E(X) = µ, for different values of the parameters.

2 Distributional Properties
We present some distributional properties of X ∼ JP (µ, ξ) in this section.
2.1 Median
Since the graph of the pdf of X ∼ JP (µ, ξ) is symmetric about the mean E(X) = µ, its
median MD is also be given by MD= µ.
2.2 Mode
Further, the mode of the Jones and Pewsey symmetric unimodal distribution on the circle,
X ∼ JP (µ, ξ), is the value of x = xm (say), for which its pdf (1.4), that is,

f(x) =
1

2π
[1 + 2ξ cos(x− µ)],

is maximum. Now, differentiating f(x) with respect to x, we have
df(x)

dx
= − ξ

π
sin(x− µ),

which, when equated to 0, and solving for x, easily gives x = xm = µ. It can be easily seen

that d2f(x)
dx2 = − ξ

π
cos(x− µ) is < 0, when x = xm = µ, and thus the mode of the Jones and

Pewsey symmetric unimodal distribution on the circle, X ∼ JP (µ, ξ), is xm = µ, and the
maximum value of the pdf (1.4) is given by fX(xm) = fX(µ) = 1

2π
(1+2ξ). Clearly, the Jones

and Pewsey circular distribution, X ∼ JP (µ, ξ), is unimodal.
2.3 Inflection Points
By solving the following equation

d2f(x)

dx2
= − ξ

π
cos(x− µ) = 0

for x, it can easily be seen that the pdf f(x) given by (1.4) is concave up in the intervals
(−π, µ − π

2
) ∪ (µ + π

2
, π) and concave down in the interval (µ − π

2
, µ + π

2
), and, hence, its

inflection points are given by x = µ± π
2
.

2.4 Moment Generating Function
The moment generating function MX(t) of X ∼ JP (µ, ξ) is given by

MX(t) = E(eXt) =

∫ µ+π

µ−π
etx

1

2π
[1 + 2ξ cos(x− µ)]dx

from which, on substituting x− µ = z, and using the well-known integral formula∫
eax cos bxdx =

eax

a2 + b2
(a cos bx+ b sin bx) + C,

and noting that sinh(z) = 1
2
(ez−e−z), it is easy to see that, after simplification, the moment

generating function MX(t) is given by

MX(t) =

{
1, t = 0
[1+(1−2ξ)t2]eµt sinh(πt)

πt(t2+1)
, t 6= 0

(2.1)

Remark 2.1. Using the above expression (1.6) for the MGF, MX(t), and by applying the
L’Hospital’s rule, it is easily seen that

E(X) = lim
t→0

dMX(t)

dt
= µ,

which is true since we already have E(X) = µ, as shown above.
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2.5 Characteristic Function
Following in the same manner as above, the characteristic function ΦX(t) of X ∼ JP (µ, ξ)
is easily obtained as follows:

ΦX(t) = E(eitX),−∞ < t <∞, i =
√
−1,

or,

ΦX(t) =

∫ µ+π

µ−π
eitx

1

2π
[1 + 2ξ cos(x− µ)]dx

=

{
1, t = 0
[1+(1−2ξ)i2t2]eiµt sinh(iπt)

πit(i2t2+1)
, t 6= 0

=

{
1, t = 0
[1+(1−2ξ)i2t2]eiµt sin(πt)

πt(i2t2+1)
, t 6= 0,

(2.2)

since sinh(iπt) = −i sin(i(iπt)), where i =
√
−1.

2.6 nth Moment
When n is a positive integer, using the pdf (1.4) of X ∼ JP (µ, ξ), we have the following
expression for the nth Moment:

E(Xn) =

∫ µ+π

µ−π
xn[

1

2π
[1 + 2ξ cos(x− µ)]]dx, (2.3)

which cannot be evaluated analytically in closed form. Hence, (2.3) should be solved
numerically by some appropriate numerical quadrature rules, such as the Newton-Cotes
or Gaussian quadrature formulas. However, using the expression (2.2) for the characteristic
function of X ∼ JP (µ, ξ), we can easily find all of its moments. Thus, in view of the following
definition of the nth moment in terms of the characteristic function, that is,

E(Xn) = .(−i)n d
nΦX(t)

dtn
|
t=0
, (2.4)

we can easily obtain all of the moments of X ∼ JP (µ, ξ) by the differentiation of (2.2).
Hence, in view of (2.2) and (2.4), and noting that i =

√
−1 and i2 = −1, the first moment,

second moment, and variance of X ∼ JP (µ, ξ) are easily obtained, as described below.
Using the above expression (2.4) for the nth Moment, E(Xn), and by applying the

L’Hospital’s rule, it is easily seen that
First Moment: E(X) = lim

t→0
[(−i)dΦX(t)

dt
] = (−i)iµ = µ, (since i2 = −1), which is true since

we already have E(X) = µ, as shown above.
Second Moment:

E(X2) = lim
t→0

[(−i)2 d
2ΦX(t)

dt2
] = (−i)2(

1

3
i2π2 + i2µ2 − 4i2ξ)

=
1

3
π2 + µ2 − 4ξ,

and

Variance: V ar(X) = E(X2)− [E(X)]2 =
1

3
π2 − 4ξ.

Similarly, we can obtain other moments using (2.2) and (2.4).
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2.7 Entropy
An entropy provides an excellent tool to quantify the amount of information (or uncertainty)
contained in a random observation regarding its parent distribution (population). A large
value of entropy implies the greater uncertainty in the data. As proposed by Shannon
[18], entropy of an absolutely continuous random variable X having the probability density
function φX(x) is defined as

H[X] = E[− ln{φX(x)}] = −
∫
s

φx(x) ln{φx(x)}dx,

where S = {x|ϕX(x) > 0}. Thus, Shannon entropy of the Jones and Pewsey symmetric
unimodal distribution on the circle, X ∼ JP (µ, ξ), with the pdf (1.4), is given by

H[X] = E[− ln{f(x)}]

= − 1

2π

∫ µ+π

µ−π
[1 + 2ξ cos(x− µ)] ln{ 1

2π
[1 + 2ξ cos(x− µ)]}dx,

which cannot be evaluated analytically in closed form, and hence should be solved
numerically by some appropriate numerical quadrature rules, such as the Newton-Cotes or
Gaussian quadrature formulas. However, Shannon entropy, H[X], of the Jones and Pewsey
symmetric unimodal distribution on the circle, X ∼ JP (µ, ξ), are computed for some selected
values of the parameters by using Maple software, which are provided in the Table 2.1.

Table 2.1: Shannon Entropy, H[X], of X ∼ JP (µ, ξ)

Paramters Shannon Entropy, H[X]
µ = 0, ξ = 0.03125 1.836900027
µ = 0, ξ = 0.0625 1.833963148
µ = 0, ξ = 0.125 1.822127376
µ = 0, ξ = 0.25 1.773238935
µ = 0, ξ = 0.5 1.531024247

The effects of the parameters on Shannon entropy, H[X], of the Jones and Pewsey
symmetric unimodal distribution on the circle, X ∼ JP (µ, ξ), can easily be seen from the
above Table 2.1. It is obvious from these computations that, when µ = 0, Shannon entropy,
H[X], decreases as ξ increases, that is, Shannon entropy, H[X], is a decreasing function of
ξ, when µ = 0. Similarly, we can compute the Shannon entropy, H[X], of the Jones and
Pewsey symmetric unimodal distribution on the circle, X ∼ JP (µ, ξ), for other values of the
parameters, and study the effects of the parameters on Shannon entropy.

3 Reliability
Recalling the definition of the hazard (or failure) rate for non-repairable populations as the
instantaneous rate of failure for the survivors to time, say, x, during the next instant of
time, the survival (or reliability), the hazard (or failure) rate functions, and cumulative
hazard function H(x) of X ∼ JP (µ, ξ) are respectively given by

R(x) = 1− F (x) = 1− 1

2π
[x− µ+ π + 2ξ sin(x− µ)],

h(x) =
f(x)

1− F (x)
=

1
2π

[1 + 2ξ cos(x− µ)]

1− 1
2π

[x− µ+ π + 2ξ sin(x− µ)]
,
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and

H(x) = − ln(R(x)) = − ln[1− 1

2π
[x− µ+ π + 2ξ sin(x− µ)]],

where µ − π < x ≤ µ + π, and 0 ≤ ξ ≤ 1
2
. Further, X ∼ JP (µ, ξ) has an increasing failure

rate (IFR), since it is easily seen that its hazard rate, h(x), has the following property:
h′(x) ≥ 0, that is, f ′(x)[1 − F (x)] + [f(x)]2 ≥ 0, for all x in µ − π < x ≤ µ + π, and for
all values of the parameters. Also, we observe that the hazard rate, h(x) ofX ∼ JP (µ, ξ),
is concave up, that is, bathtub shaped, since it can easily be seen that h′′(x) > 0, for all
x in µ − π < x ≤ µ + π, and for all values of the parameters. Using Maple software, the
graphs of the reliability function R(x), hazard function h(x), and cumulative hazard function
H(x) of X ∼ JP (µ, ξ), are sketched for some selected values of parameters in the following
Figures 3.1 - 3.3, respectively. Similarly, we can draw these graphs for other values of the
parameters. The effects of the parameters are obvious from these figures. The increasing
and bathtub shape behaviors of the hazard (or failure rate) function, h(x), are also evident
from the Figure 3.2.

 
 

 
Figure 3.1: Reliability Function, R(x), of X ∼ JP (µ, ξ).
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Figure 3.2: Hazard Function, h(x), of X ∼ JP (µ, ξ). 

 
 

Figure 3.3: Cumulative Hazard Function, H(x), of X ∼ JP (µ, ξ).
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4 Percentile Points
Here we compute the percentile points of X ∼ JP (µ, ξ), with the pdf (1.4) and cdf (1.5). For
any 0 < p < 1, the 100pth percentile (also called the quantile of order p) of X ∼ JP (µ, ξ), is
a number xp such that the area under fX(x) to the left of xp is p. That is, xp is any root of
the equation given by F (xp) =

∫ xp
µ−π fX(u)du = p. The percentile points xp associated with

the cdf of X ∼ JP (µ, ξ), that is, F (x) = 1
2π

[x − µ + π + 2ξ sin(x − µ)], are computed for
some selected values of the parameters by using Maple software, which are provided in the
Table 4.1 below.

Table 4.1: Percentile Points of X ∼ JP (µ, ξ)
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${{x}_{p}}$ associated with the cdf of $X\sim JP( \mu ,\xi)$, that is, $F(x)=\frac{1}{2\pi }[ x-\mu +\pi 
+2\xi \sin ( x-\mu) ]$, are computed for some selected values of the parameters by using Maple software, 
which are provided in the Table 4.1 below. 

Table 4.1 

Percentile Points of ( ),X JP µ ξ  

     Percentiles  
              p  
 
 
Parameters 

 0.6 0.7 0.75 0.8 0.85 0.9 0.95 0.99 

0, 0µ ξ= =  px  0.62832 1.25664 1.57080 1.88500 2.19911 2.51327 2.82743 3.07876 

0, 0.0625µ ξ= =  px  0.56174 1.14291 1.44676 1.76224 2.09063 2.43182 2.78364 3.06980 

0, 0.125µ ξ= =  px  0.50694 1.04092 1.32812 1.63548 1.96864 2.33233 2.72665 3.05785 

0, 0.1875µ ξ= =  px  0.46138 0.95132 1.21880 1.51063 1.83736 2.21298 2.65063 3.04116 

0, 0.25µ ξ= =  px  0.42305 0.87338 1.12061 1.39285 1.70351 2.07565 2.54760 3.01626 

0, 0.3125µ ξ= =  px  0.39044 0.80578 1.03377 1.28526 1.57412 1.92765 2.40981 2.97532 

0, 0.375µ ξ= =  px  0.36242 0.74704 0.95749 1.18897 1.45421 1.77956 2.23850 2.89751 

0, 0.4375µ ξ= =  px  0.33810 0.69578 0.89055 1.10369 1.34611 1.64040 2.05166 2.72347 

0, 0.5µ ξ= =  px  0.31680 0.65081 0.83171 1.02845 1.25010 1.51484 1.87264 2.41277 

 

5. Characterizations: Since fitting of a particular probability distribution to the real-world data is also an 
important area of research, it becomes necessary to justify whether the given probability distribution 
satisfies the underlying requirements by its characterizations. The characterizations of probability 
distributions have been investigated by many researchers; see, for example, Ahsanullah [2], Ahsanullah 
and Shakil [3], Ahsanullah et al. [4, 5, 6], Galambos and Kotz [8], Glänzel [9], Glänzel et al. [10], Kotz 
and Shanbhag [14], and Nagaraja [16], among others. As pointed out by Glänzel [9], these 
characterizations may serve as a basis for parameter estimation, and may also be useful in developing 
some goodness-of-fit tests of distributions by using data whether they satisfy certain properties given in 
the characterizations of distributions. It appears from the literature that no attention has been paid to the 
characterizations of the Jones and Pewsey symmetric unimodal distribution on the circle, 

( ),X JP µ ψ . Therefore, in view of the importance of the characterization problem in the fields of 
probability and statistics, in this section, we present some new characterizations of the Jones and 
Pewsey symmetric unimodal distribution on the circle, ( ),X JP µ ψ , by considering its special 

case when 1ψ =  and employing the parametrization ( )tanh 10
2 2
κ

≤ ≤ , that is, 10
2

ξ≤ ≤ , where 

( )tanh 2κ ξ= , which we refer as the Jones and Pewsey symmetric unimodal distribution on the circle, 

that is, ( ),X JP µ ξ . In order to prove our main results (Theorems 5.1 – 5.5) on characterizations, we 

5 Characterizations
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Ahsanullah [2], Ahsanullah and Shakil [3], Ahsanullah et al. [4, 5, 6], Galambos and
Kotz [8], Glänzel [9], Glänzel et al. [10], Kotz and Shanbhag [14], and Nagaraja [16],
among others. As pointed out by Glänzel [9], these characterizations may serve as a
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fit tests of distributions by using data whether they satisfy certain properties given in the
characterizations of distributions. It appears from the literature that no attention has been
paid to the characterizations of the Jones and Pewsey symmetric unimodal distribution on
the circle, X ∼ JP (µ, ψ). Therefore, in view of the importance of the characterization
problem in the fields of probability and statistics, in this section, we present some new
characterizations of the Jones and Pewsey symmetric unimodal distribution on the circle,
X ∼ JP (µ, ψ), by considering its special case when ψ = 1 and employing the parametrization
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0 ≤ tanh(κ)
2
≤ 1

2
, that is, 0 ≤ ξ ≤ 1

2
, where tanh(κ) = 2ξ, which we refer as the Jones and

Pewsey symmetric unimodal distribution on the circle, that is, X ∼ JP (µ, ξ). In order to
prove our main results (Theorems 5.1-5.5) on characterizations, we will need some assumption
and lemmas, which are provided as Assumption 1, and Lemmas 1 and 2, in the Appendix I.
5.1 Characterizations by Truncated Moment
Here, we will provide the characterizations by the truncated moment method.

Theorem 5.1. Suppose that X is an absolutely continuous random variable with cdf F (x)
with F (µ − π) = 0, and F (µ + π) = 1, and E(X) exists. Then, E(X|X ≤ x) = g(x)τ(x),
where

g(x) =

∫ x
µ−π θ[1 + 2ξ cos(θ − µ)]dθ

[1 + 2ξ cos(θ − µ)]
,

and τ(x) = f(x)
F (x)

, if and only if f(x) = 1
2π

[1 + 2ξ cos(x − µ)], which is the pdf of the Jones

and Pewsey symmetric unimodal distribution on the circle, X ∼ JP (µ, ξ).

Proof. Since E(X|X ≤ x) =
∫ x
γ θf(θ)dθ

F(x)
and τ(x) = f(x)

F (x)
, we have g(x) =

∫ x
γ θf(θ)dθ

f(x)
. Now, if

the random variable X satisfies the Assumption 1 and has the Jones and Pewsey symmetric
unimodal distribution on the circle, X ∼ JP (µ, ξ),with the pdf f(x) = 1

2π
[1 + 2ξ cos(x−µ)],

then we have

g(x) =

∫ x
µ−π θf(θ)dθ

f(x)
=

∫ x
µ−π θ[1 + 2ξ cos(θ − µ)]dθ

[1 + 2ξ cos(θ − µ)]
.

Consequently, the proof of “if” part of the Theorem 5.1 follows from Lemma 1.
Conversely, we will now prove the “only if” condition of Theorem 5.1. Suppose that

g(x) =

∫ x
µ−π θ[1 + 2ξ cos(θ − µ)]dθ

[1 + 2ξ cos(θ − µ)]
,

from which, after differentiation and simplification, we easily have

g′(x) = x+ g(x)
2ξ sin(x− µ)

1 + 2ξ cos(x− µ)
,

or,
x− g′(x)

g(x)
= − 2ξ sin(x− µ)

1 + 2ξ cos(x− µ)
.

Consequently, by using Lemma 1, we obtain
f ′(x)

f(x)
=
x− g′(x)

g(x)
= − 2ξ sin(x− µ)

1 + 2ξ cos(x− µ)
,

which, on integrating with respect to x, we obtain f(x) = c[1 + 2ξ cos(x− µ)], where c is a
constant to be determined. Using the boundary conditions F (µ−π) = 0, and F (µ+π) = 1,
we have c = 1

2π
, and thus f(x) = 1

2π
[1 + 2ξ cos(x − µ)], which is the pdf of the Jones and

Pewsey symmetric unimodal distribution on the circle, X ∼ JP (µ, ξ). This completes the
proof of Theorem 5.1.

Theorem 5.2. If the random variable X satisfies the Assumption 1 with γ = µ − π and
δ = µ+ π, then E(X|X ≥ x.) = h(x)r(x), where r(x) = f(x)

1−F (x)
, and

h(x) =

∫ µ+π

x
θf(θ)dθ

f(x)
=

∫ µ+π

x
θ[1 + 2ξ cos(θ − µ)]dθ

[1 + 2ξ cos(θ − µ)]
,

if and only if f(x) = 1
2π

[1+2ξ cos(x−µ)], which is the pdf of the Jones and Pewsey symmetric
unimodal distribution on the circle, X ∼ JP (µ, ξ).

Proof. The proof is similar to the Theorem 5.1, and easily follows from Lemma 2.
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5.2 Characterizations by Order Statistics
Here, we will provide the characterizations based on order statistics, for which we first recall
the following well-known results.

LetX1, X2, ..., Xn be n independent copies of the random variable X having absolutely
continuous distribution function F (x) and pdf f(x). Suppose that X1,n ≤ X2,n ≤ ... ≤
Xn,nare the corresponding order statistics. It is known that Xj,n|Xk,n = x,for 1 ≤ k < j ≤
n,is distributed as the (j − k)th order statistics from (n− k) independent observations from

the random variable V having the pdffV (v|x) wherefV (v|x) = f(v)
1−F (x)

, 0 ≤ v < x, see, for

example, Arnold et al. [1], chapter 2, among others.Further, Xi.,n|Xk,n = x, 1 ≤ i < k ≤ n,is
distributed as ith order statistics from k independent observations from the random variable
W having the pdf fW (w|x) where fW (w|x) = f(w)

F (x),
, w < x. Let Sk−1 = 1

k−1
(X1,n + X2,n +

...+Xk−1,n), and Tk,n = 1
n−k (Xk+1,n +Xk+2,n + ...+Xn.n).

In the following two theorems, we will provide the characterizations the Jones and Pewsey
symmetric unimodal distribution on the circle, X ∼ JP (µ, ξ),based on order statistics.

Theorem 5.3. Suppose the random variable X satisfies the Assumption 1 with γ = µ − π
and δ = µ+ π, then E(Sk−1|Xk,n = x) = g(x)τ(x), where τ(x) = f(x)

F (x)
and

g(x) =

∫ x
µ−π θ[1 + 2ξ cos(θ − µ)]dθ

[1 + 2ξ cos(θ − µ)]
,

if and only if f(x) = 1
2π

[1 + 2ξ cos(x− µ)].

Proof. It is known, see David and Nagaraja [7], that
E(Sk − 1|Xk, n = x) = E(X|X ≤ x).

Thus the result follows from Theorem 5.1.

Theorem 5.4. Suppose the random variable X satisfies the Assumption 1 with γ = µ − π
and δ = µ + π, then E(Tk, n|Xk, n = x) = h(x)r(x), where r (x) = f(x)

1 − F (x)
and

h(x) =

∫ µ + π

x
θ [1 + 2 ξ cos (θ − µ)] dθ

[1 + 2 ξ cos (θ − µ)]
,

if and only if

f(x) =
1

2 π
[1 + 2 ξ cos (x − µ)] .

Proof. It is known, see David and Nagaraja [7], that
E(Tk, n|Xk, n = x) = E(X|X ≥ x).

Thus the result follows from Theorem 5.2.

5.3 Characterization by Upper Record Values
Here, we will provide the characterizations based on upper record values, for which we first
recall the following definitions. Suppose that X1, X2, ... is a sequence of independent and
identically distributed absolutely continuous random variables with distribution function
F (x) and pdf f(x). Let Yn = max(X1, X2, ..., Xn) for n ≥ 1. We say that Xj is an upper
record value of {Xn, n ≥ 1} if Yj > Yj−1, j > 1. The indices at which the upper records
occur are given by the record times {U(n) > min(j|j > U(n + 1), Xj > XU(n−1), n > 1)}
and U(1) = 1. We will denote the nth upper record value as X(n) = XU(n). In the following
theorem, we will provide the characterization of the Jones and Pewsey symmetric unimodal
distribution on the circle, X ∼ JP (µ, ξ), based on upper record values.
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Theorem 5.5. Suppose the random variable X satisfies the Assumption 1 with γ = µ − σ
and δ = µ+ σ, then E(X(n+ 1)|X(n) = x) = h(x)r(x), where r(x) = f(x)

1−F (x)
and

h(x) =
∫ µ+π
x θ[1+2ξ cos(θ−µ)]dθ

[1+2ξ cos(θ−µ)]
,

if and only if f(x) = 1
2π

[1 + 2ξ cos(x− µ)].

Proof. It is known, see Nevzorov [17], that E(X(n + 1)|X(n) = x) = E(X|X ≥ x). Thus
the result follows from Theorem 5.2.

6 Concluding Remarks
Several circular distributions have been introduced by various authors and researchers. A
general family of symmetric unimodal distributions on the circle was introduced by Jones and
Pewsey [13] for an absolutely continuous circular random variable X, that is, X ∼ JP (µ, ψ),
which has the probability density function (pdf), given by (1.1), that is,

fψ(x) ∝ [1 + tanh(κψ) cos(x− µ)]
1
ψ , µ− π < x ≤ µ+ π.

In this paper, without loss of generality, we considered a special case of the Jones and
Pewsey symmetric unimodal distribution on the circle, X ∼ JP (µ, ψ), that is, when ψ = 1

and employing the parametrization 0 ≤ tanh(κ)
2
≤ 1

2
, that is, 0 ≤ ξ ≤ 1

2
, where tanh(κ) = 2ξ,

which we referred as the Jones and Pewsey symmetric unimodal distribution on the circle,
that is, X ∼ JP (µ, ξ). We discussed several distributional properties and characterizations
of X ∼ JP (µ, ξ). It is hoped that the findings of the paper will be useful for researchers in
the fields of probability, statistics, and other applied sciences.
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APPENDIX I

Assumption 1: Suppose the random variable X is absolutely continuous with cumulative
distribution function (cdf) F (x) and probability density function (pdf) f(x). We assume
that γ = {x|F (x) > 0} and δ = inf{x|F (x) < 1}. We further assume that E(X) exists.

Lemma 1: Under the Assumption 1, if E(X|X ≤ x) = g(x)τ(x), where τ(x) = f(x)
F (x)

and

g(x) is a continuous differentiable function of x with the condition that
∫ x
γ
u−g′(u)
g(u)

du is finite

for all x, γ < x < δ, then f(x) = ce
∫ x
γ
u−g′(u)
g(u)

du = ce
∫ x
γ
f ′(u)
f(u)

du, where u−g′(u)
g(u)

= f ′(u)
f(u)

, and c is

determined by the condition
∫ δ
γ
f(x)dx = 1.

Proof. For proof, see Ahsanullah and Shakil [3].

Lemma 2: Under the Assumption 1, if E(X|X ≥ x) = g(x)r(x), where r(x) = f(x)
1−F (x)

and

g(x) is a continuous differentiable function of x with the condition that
∫ δ
x
u+g′(u)
g(u)

du is finite

for all x, γ < x < δ, then f(x) = ce−
∫ δ
x
u+g′(u)
g(u)

du = ce
∫ δ
x
f ′(u)
f(u)

du, where −u+g′(u)
g(u)

= f ′(u)
f(u)

, and c

is determined by the condition
∫ δ
γ
f(x)dx = 1.

Proof. For proof, see Ahsanullah and Shakil [3].
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